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"HnB  bonk  wH'a  prepared  for  tbe  use  of  the  studentii  In  the 
author's  i:litSBes.  It  hns  been  used  ill  lilhogmphed  sheets  tor  a 
numher  nf  years  in  very  nearly  tlie  present  form,  and  has  given 
Itatlafaction  auHlcient  to  Buggest  putting  It  In  print.  An  effort 
ii  been  made  to  hnve  the  dcmonslvatioiiB  simple  and  direct, 
id  special  care  has  been  given  to  the  arrangement  and  the 
^fpograpby,  in  order  to  secure  oleamesa  and  oonciseiiess  of 
■'iDMheinatical  statement.  Mucli  of  tlie  material  in  the  earlier 
^tiTt  of  Uie  tiook  is  necessarily  similar  to  that  found  in  one  or 
V  of  several  excellent  field  books,  although  the  metliods  of 
tfamonatration  are  in  many  cases  new.  Tliia  will  be  found  trtie 
tepetikUy  in  Compound  Curves,  for  which  simple  treatment 
H  been  found  quite  possible.  New  material  will  be  found  in 
iBobapterson  Turnouts  and  on  "y'Trocks  and  Crosalngs. 
STm  Spiral  Easement  Curve  is  treated  originally.  The  chapters 
a  Earthnork  are  esaentinlly  new  ;  they  include  Staking  Out ; 
Computation,  directly  and  with  Tables  mid  Diagrams;  also 
Saul,  treated  ordinarily  and  by  Mass  Diagram,  Most  of  the 
oaterial  relating  to  Earthwork  is  not  elsewhere  readily  available 
IV  students'  use. 
The  book  has  been  written  especially  to  meet  the  needs  of 
engineering  colleges,  but  it  is  probable  that  it  will 
B  found  useful  by  many  engineers  in  practice.  Tbe  sixe  of 
■ge  Etllows  it  to  lie  used  as  a  pocket  book  in  the  fleld.  It  is 
IfficuU  to  avoid  typographical  and  clerical  errors  ;  tlie  author 
iriU  consider  it  a  favor  if  lie  is  notified  of  any  errnrs  found  to 

C.  FRANK  ALLEN. 


PREFACE  TO  FIFTH  EDITION 

The  revision  of  this  edition  has  been  extensive.  Few  pages 
dealing  with  curves  have  escaped  some  change.  In  consider- 
able part  it  has  been  a  matter  of  refining  or  clearing  up  points 
shown  by  teaching  to  admit  of  improvement.  A  considerable 
amount  of  new  material  has  been  added  and  a  few  less  impor- 
tant problems  omitted ;  by  rearrangement,  and  condensation 
in  places,  the  size  of  the  book  has  not  been  appreciably  in- 
creased. The  chapter  on  Turnouts  has  been  almost  completely 
rewritten ;  railroad  practice  in  Turnouts  has  progressed  mate- 
rially in  late  years  and  complete  revision  of  this  chapter  seemed 
advisable.  The  chapter  on  Connecting  Tracks  and  Crossings 
has  been  materially  extended.  The  chapter  on  Spirals  has 
largely  been  rewritten  and  adapted  to  the  use  of  the  Spiral  of 
tlie  American  Railway  Engineering  Association,  the  merits  of 
which  appeal  to  the  author  aside  from  the  official  sanction 
which  establishes  it  as  standard.  A  few,  but  not  many,  im- 
portant changes  have  been  made  in  the  chapters  on  Earthwork. 

It  is  still  tnie  that  while  this  text  was  prepared  primarily  for 
students,  nevertheless  this  book  has  proved  to  be  well  adapted 
to  the  requirements  of  the  practicing  railroad  engineer  or 
other  engineer  who  has  to  deal  vrith  curves  or  with  earthwork 
computation. 

C.   FRANK   ALLEN. 

January,  1014. 
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Kailroad  curves  and  earthwork. 


CHAPTER  I. 

1.  The  operaUoHR  of  '■locating"  tt  railvoail,  w 
ntcUced  in  this  ouuntry,  are  three  in  number :  — 

I.    KltCONNOiggANCK. 
U.     pRKLIMlNiBT     SuHVET. 

III.    U«■A■rlf^^^  Sihvev. 

I.   RECONNOISSANCE. 

Ttw  BcconnoissaDCe  is  a  rajilil  survey,  or  rather  a  critical 
iDiinatlon  of  ununtry,  wlUiuut  tlie  use  of  the  ordinary  instrn- 
■Bienta  of  mirveyiiig.    Certain  inHti'umentH,  however,  are  ubgcI. 
Aneroid  Barouieter,  for  insutnce.     It  la  very  couiuioiily  the 
ibac  the  termini  of  the  railroad  are  Used,  and  often  Intei^ 
idiate  points  alxo.    It  In  dcHlrablc  that  no  unuacessury  r 
itione  as  to  intenuedlate  points  should  be  imposed  on  th;^ 
>  prevent  hia  Belectliig  wliat  he  Hnds  to  be  the 
le,  and  for  this  reason  it  is  advisable  that  the  reconnoisai 
luld,  where  posslhle,  pi'ecede  the  drawing  of  the  charter. 
3.  The  flrsc  step  in  reuonnoisBance  should  be  to  prucnre  tl 
It  available  maps  of  the  eoontry  ;  a  study  of  these  will  geiifl 
lly  fumiah  to  the  engineer  a  guide  as  to  the  rout«B  arBectloBfl 
country  that  should  be  exainiued.    If  maps  uf  the  UnKea'l 
(teologlcnl  Survey  are  at  hand,  with  contour  Hues  andf 
topography  carefully  shown,  the  reconnolesHUce  c 
[ely  detemincd  upon  these  maps,    l.inea  clearly  impraot  J 
ible  Will  be  thrown  out,  the  inaxiiimui  grade  closfly  iiet« 
I,  and  the  Held  exam  I  national  reduced 
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route  should  be  accepted  finally  from  any  such  map,  but  a 
careful  field  examination  should  be  made  over  the  routes  indi- 
cated on  the  contour  maps.  The  examination,  in  general, 
should  cover  the  general  section  of  country,  rather  than  be 
confined  to  a  single  line  between  the  termini.  A  straight  line 
and  a  straight  grade  from  one  terminus  to  the  other  is  desirable, 
but  this  is  seldom  possible,  and  is  in  general  far  from  possible. 
If  a  single  line  only  is  examined,  and  this  is  found  to  be  nearly 
straight  throughout,  and  with  satisfactory  grades,  it  may  be 
thought  unnecessary  to  carry  the  examination  further.  It  will 
frequently,  however,  be  found  advantageous  to  deviate  con- 
siderably from  a  straight  line  in  order  to  secure  satisfactory 
grades.  In  many  cases  it  will  be  necessary  to  wind  about  more 
or  less  through  the  country  in  order  to  secure  the  best  line. 
Where  a  high  hill  or  a  mountain  lies  directly  between  the 
points,  it  may  be  expected  that  a  line  around  the  hill,  and 
somewhat  remote  from  a  direct  line,  will  prove  more  favorable 
than  any  other.  Unless  a  reasonably  direct  line  is  found,  the 
examination,  to  be  satisfactory,  should  embrace  all  the  section  of 
intervening  country,  and  all  feasible  lines  should  be  examined. 

4.  There  are  two  features  of  topography  that  are  likely  to 
prove  of  especial  interest  in  reconnoissance,  ridge  lines  and 
valley  lines. 

A  ridge  line  along  the  whole  of  its  course  is  higher  than  the 
ground  immediately  adjacent  to  it  on  each  side.  Tliat  is,  the 
ground  slopes  downward  from  it  to  both  sides.  It  is  also  called 
a  watershed  line, 

A  valley  line,  to  the  contrary,  is  lower  than  the  ground  im- 
mediately adjacent  to  it  on  each  side.  The  ground  slopes 
upward  from  it  to  both  sides.  Valley  lines  may  be  called  water- 
course lines. 

A  pass  is  a  place  on  a  ridge  line  lower  than  any  neighboring 
points  on  the  same  ridge.  Very  important  points  to  be  deter- 
mined in  reconnoissance  are  the  passes  where  the  ridge  lines 
are  to  be  crossed ;  also  the  points  where  the  valleys  are  to  be 
crossed  ;  and  careful  attention  should  be  given  to  these  points. 
In  crossing;  a  valley  through  which  a  large  stream  flows,  it  may 
be  of  great  importance  to  find  a  good  bridge  crossing.  In  some 
cases  where  there  are  serious  difficulties  in  crossing  a  ridge,  a 
tunnel    may   be    necessary.      Where    such    structures,   either 
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bridges  or  tunnels,  are  to  be  built,  favorable  points  for  their 
construction  should  be  selected  and  the  rest  of  the  line  be  com- 
pelled to  conform.  In  many  parts  of  the  United  States  at  the 
present  time,  the  necessity  for  avoiding  grade  crossings  causes 
the  crossings  of  roads  and  streets  to  become  governing  points 
of  as  great  importance  as  ridges  and  valleys. 

5.  There  are  several  purposes  of  reconnoissance :  first,  to 
find  whether  there  is  any  satisfactory  line  between  the  proposed 
termini ;  second,  to  establish  which  of  several  lines  is  best  ; 
third,  to  determine  approximately  the  maximum  grade  neces- 
sary to  be  used;  fourth,  to  report  upon  the  character  or 
geological  formation  of  the  country,  and  the  probable  cost  of 
construction  depending  somewhat  upon  that ;  fifth,  to  make 
note  of  the  existing  resources  of  the  country,  its  manufactures, 
mines,  agricultural  or  natural  products,  and  the  capabilities  for 
improvement  and  development  of  the  country  resulting  from 
the  introduction  of  the  railroad.  The  report  upon  reconnois- 
sance should  include  information  upon  all  these  points.  It  is 
for  the  determination  of  the  third  point  mentioned,  the  rate  of 
maximum  grade,  that  the  barometer  is  used.  Observing  the 
elevations  of  governing  points,  and  knowing  the  distances  be- 
tween those  points,  it  is  possible  to  form  a  good  judgment  as  to 
what  rate  of  maximum  grade  to  assume. 

6.  The  Elevations  are  usually  taken  by  the  Aneroid  Barome- 
ter. Tables  for  converting  barometer  readings  into  elevations 
above  sea-level  are  readily  available  and  in  convenient  form  for 
field  use.     (See  Table  XI.,  Allen's  Field  and  Office  Tables.) 

Distances  may  be  determined  with  sufficient  accuracy  in 
many  cases  from  the  map,  where  a  good  one  exists.  Where 
this  method  is  impossible  or  seems  undesirable,  the  distance 
may  be  determined  in  one  of  several  different  ways.  When 
the  trip  is  made  by  wagon,  it  is  customary  to  use  an  Odometer^ 
an  instrument  which  measures  and  records  the  number  of 
revolutions  of  the  wheel  to  which  it  is  attached,  and  thus  the 
distance  traveled  by  the  wagon.  There  are  different  forms  of 
odometer.  In  its  most  common  form,  it  depends  upon  a  hang- 
ing weight  or  pendulum,  which  is  supposed  to  hold  its  position, 
hanging  vertical,  while  the  wheel  turns.  The  instrument  is 
attached  to  the  wheel  between  the  spokes  and  as  near  to  tba 
hub  as  practicable.    At  low  speeds  it  registers  atccMt^X^Vj  \  «&\Xia 
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speed  is  increased,  a  point  is  reached  where  the  centrifugal  force 
neutralizes  or  overcomes  the  force  of  gravity  upon  the  pendu- 
lum, and  the  instrument  fails  to  register  accurately,  or  perhaps 
at  high  speeds  to  register  at  all.  If  this  form  of  odometer  is 
used,  a  clear  understanding  should  be  had  of  the  conditions 
under  which  it  fails  to  correctly  register.  A  theoretical  discus- 
sion might  closely  establish  the  point  at  which  the  centrifugal 
force  will  balance  the  force  of  gravity.  The  wheel  striking 
against  stones  in  a  rough  road  will  create  disturbances  in  the 
action  of  the  pendulum,  so  that  the  odometer  will  fail  to  register 
accurately  at  speeds  less  than  that  determined  upon  the  above 
assumption. 

A  cyclometer,  manufactured  for  automobile  use,  is  con- 
nected both  with  the  wheel  and  the  axle,  and  so  measures 
positively  the  relative  motion  between  the  wheel  and  axle, 
and  this  ought  to  be  reliable  for  registering  accurately.  Many 
engineers  prefer  to  count  the  revolutions  of  the  wheel  them- 
selves, tying  a  rag  to  the  wheel  to  make  a  conspicuous  mark 
for  counting. 

When  the  trip  is  made  on  foot,  pacing  will  give  satisfactory 
results.  An  instrument  called  the  Pedometer  registers  the 
results  of  pacing.  As  ordinarily  constructed,  the  graduations 
read  to  quarter  miles,  and  it  is  possible  to  estimate  to  one- 
tenth  that  distance.  Pedometers  are  also  made  which  register 
paces.  In  principle,  the  pedometer  depends  upon  the  fact  that, 
with  each  step,  a  certain  shock  or  jar  is  produced  as  the  heel 
strikes  the  ground,  and  each  shock  causes  the  instrument  to 
register.  Those  registering  miles  are  adjustable  to  the  length 
of  pace  of  the  wearer. 

If  the  trip  is  made  on  horseback,  it  is  found  possible  to  get 
good  results  with  a  steady-gaited  horse,  by  first  determining  his 
rate  of  travel  and  figuring  distance  by  the  time  consumed  in 
traveling.  Excellent  results  are  said  to  have  been  secured  in 
this  way. 

7.  It  is  customary  for  engineers  not  to  use  a  compass  in 
reconnoissance,  although  this  is  sometimes  done  in  order  to 
trace  the  line  traversed  upon  the  map,  and  with  greater  accu- 
racy. A  pocket  level  will  be  found  useful.  The  skillful  use  of 
pocket  instruments  will  almost  certainly  be  found  of  great  value 
to  the  engineer  of  reconnoissance. 
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It  may,  in  cases,  occur  that  no  maps  of  any  value  are  in 
existence  or  procurable.  It  may  be  necessary,  in  such  a  case, 
to  make  a  rapid  instrumental  survey,  the  measurements  being 
taken  either  by  pacing,  chain,  or  stadia  measurements.  This 
is,  however,  unusual. 

8.  The  preliminary  survey  is  based  upon  the  results  of  the 
reconnoissance,  and  the  location  upon  the  results  of  the  pre- 
liminary survey.  The  recoimoissance  thus  forms  the  founda- 
tion upon  virhich  the  location  is  made.  Any  failure  to  find  a 
suitable  line  and  the  best  line  constitutes  a  defect  which  no 
amount  of  faithfulness  in  the  later  work  will  rectify.  The 
most  serious  errors  of  location  are  liable  to  be  due  to  imper^ 
feet  reconnoissance;  an  inefficient  engineer  of  reconnoissance 
should  be  avoided  at  all  hazards.  In  the  case  of  a  new  railroad, 
it  would,  in  general,  be  proper  that  the  Chief  Engineer  should 
in  person  conduct  this  survey.  In  the  case  of  the  extension  of 
existing  lines,  this  might  be  impracticable  or  inadvisable,  but 
an  assistant  of  knovni  responsibility,  ability,  and  experience 
should  in  this  case  be  selected  to  attend  to  the  work. 


CHAPTER   II. 
II.    PRELIMINARY  SURVEY. 

9.  The  Preliminary  Survey  is  based  upon  the  results  of  the 
reconnoissance.  It  is  a  survey  made  with  the  ordinary  instru- 
ments of  surveying.  Its  purpose  is  to  fix  and  mark  upon  the 
ground  a  first  trial  line  approximating  as  closely  to  the  proper 
final  line  as  the  difficulty  of  the  country  and  the  experience  of 
the  engineer  will  allow  ;  further  than  this,  to  collect  data  such 
that  this  survey  shall  serve  as  a  basis  upon  which  the  final 
Location  may  intelligently  be  made.  In  order  to  approximate 
closely  in  the  trial  line,  it  is  essential  that  the  maximum  grade 
should  be  determined  or  estimated  as  correctly  as  possible,  and 
the  line  fixed  with  due  regard  thereto. 

It  will  be  of  value  to  devote  some  attention  here  to  an  ex- 
planation about  Grades  and  "  Maximum  Grades." 

10.  Grades.  — The  ideal  line  in  railroad  location  is  a  straight 
and  level  line.  This  is  seldom,  if  ever,  realized.  "When  the  two 
termini  are  at  different  elevations,  a  line  straight  and  of  imi- 
form  grade  becomes  the  ideal.  It  is  commonly  impossible  to 
secure  a  line  of  uniform  grade  between  termini.  In  operating 
a  railroad,  an  engine  division  will  be  about  100  miles,  some- 
times less,  often  more.  In  locating  any  100  miles  of  railroad, 
it  is  almost  certain  that  a  uniform  grade  cannot  be  maintained. 
More  commonly  there  will  be  a  succession  of  hills,  part  of  the 
line  up  grade,  part  down  grade.  Sometimes  there  will  be  a 
continuous  up  grade,  but  not  at  a  uniform  rate.  With  a  uni- 
form grade,  a  locomotive  engine  will  be  constantly  exerting  its 
maximum  pull  or  doing  its  maximum  work  in  "hauling  the 
longest  train  it  is  capable  of  hauling ;  there  will  be  no  power 
wasted  in  hauling  a  light  train  over  low  or  level  grades  upon 
which  a  heavier  train  could  be  hauled.  Where  the  grades  are 
not  uniform,  but  are  rising  or  falling,  or  rising  irregularly,  it 
will  be  found  that  the  topography  on  some  particular  5  or  10 
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miles  is  of  such  a  character  that  the  grade  here  must  be  steeper 
than  is  really  necessary  anywhere  else  on  the  line ;  or  there 
may  be  two  or  three  stretches  of  grade  where  about  the  same 
rate  of  grade  is  necessary,  steeper  than  elsewhere  required. 
The  steep  grade  thus  found  necessary  at  some  special  pr^int  or 
points  on  the  line  of  railroad  is  called  the  "  Maximum  Grade" 
or  "Ruling  Grade"  or  **  Limiting 'Grade,"  it  being  the  grade 
that  limits  the  weight  of  train  that  an  engine  can  haul  over  the 
whole  division.  It  should  then  be  the  effort  to  make  the  rate 
of  maximum  grade  as  low  as  jMJSsible,  because  the  lower  the 
rate  of  the  maximum  grade,  the  heavier  the  train  a  given  loco, 
motive  can  haul,  and  because  it  costs  not  very  much  more  to 
haul  a  heavy  train  than  a  light  one.  The  maximum  grade 
determined  by  the  reconnoissance  should  be  used  as  the  basis 
for  the  preliminary  survey..  How  will  this  affect  the  line? 
Whenever  a  hill  is  encountered,  if  the  maximum  grade  be 
steep,  it  may  be  possible  to  carry  the  line  straight,  and  over 
the  hill ;  if  the  maximum  grade  be  low,  it  may  be  necessary  to 
deflect  the  line  and  carry  it  around  the  hill.  When  the  maxi- 
mum grade  has  been  once  properly  determined,  if  any  saving 
can  be  accomplished  by  using  it  rather  than  a  grade  less  steep, 
the  maximum  grade  should  be  used.  It  is  possible  that  the 
train  loads  wUl  not  be  uniform  throughout  the  division.  It 
will  be  advantageous  to  spend  a  small  sum  of  money  to  keep 
any  grade  lower  than  the  maximum,  in  view  of  the  possibility 
that  at  this  particular  point  the  train  load  will  be  heavier  than 
elsewhere  on  the  division.  Any  saving  made  will  in  general 
be  of  one  or  more  of  three  kinds :  — 

a.    Amoimt  or  "  quantity  "  of  ex:cavation  or  embankment ; 

6.   Distance ; 

c.    Curvature. 

11.  In  some  cases,  a  satisfactory  grade,  a  low  grade  for  a 
maximum,  can  be  maintained  throughout  a  division  of  100 
miles  in  length,  with  the  exception  of  2  or  8  miles  at  one  point 
only.  So  great  is  the  value  of  a  low  maximum  grade  that  all 
kinds  of  expedients  will  be  sought  for,  to  pass  the  difficulty 
without  increasing  the  rate  of  maximum  grade,  which  we  know 
will  apply  to  the  whole  division. 

12.  Sometimes  by  increasing  the  length  of  line,  -we  ^t^  ?Jc\^ 
to  reach  a  given  elevation  with  a  lower  rate  oi  gia-dft.    ^om^ 
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times  heavy  and  expensive  cuts  and  fills  may  serve  the  pur. 
pose.  Sometimes  all  such  devices  fail,  and  there  still  remaiufi 
necessary  an  increase  of  grade  at  this  one  point,  but  at  this 
point  only.  In  such  case  it  is  now  customary  to  adopt  the 
higher  rate  of  grade  for  these  2  or  3  miles  and  operate  them  by 
using  an  extra  or  additional  engine.  In  this  case,  the  **  ruling 
grade  "  for  the  division  of  100  miles  is  properly  the  "  maximum 
grade  "  prevailing  over  the  division  generally,  the  higher  grade 
for  a  few  miles  only  being  known  as  an  "  Auxiliary  Grade  "  or 
more  commonly  a  **  Pusher  Grade."  The  train  which  is  hauled 
over  the  engine  division  is  helped  over  the  auxiliary  or  pusher 
grade  by  the  use  of  an  additional  engine  called  a  "Pusher." 
Where  the  use  of  a  short  "  Pusher  Grade  "  will  allow  the  use 
of  a  low  "  maximum  grade,"  there  is  evident  economy  in  its 
use.  The  critical  discussion  of  the  importance  or  value  of 
saving  distance,  curvature,  rise  and  fall,  and  maximum  grade, 
is  not  within  the  scope  of  this  book,  and  the  reader  is  referred 
to  Wellington's  "  Economic  Theory  of  Railway  Location." 

13.  The  Preliminary  Survey  follows  the  general  line  marked 
out  by  the  reconnoissance,  but  this  rapid  examination  of  coun- 
try may  not  have  fully  determined  which  of  two  or  more  lines 
is  the  best,  the  advantages  may  be  so  nearly  balanced.  In  this 
case  two  or  more  preliminary  surveys  must  be  made  for  com- 
parison. When  the  reconnoissance  has  fully  determined  the 
general  route,  certain  details  are  still  left  for  the  preliminary 
survey  to  determine.  It  may  be  necessary  to  run  two  lines, 
one  on  each  side  of  a  small  stream,  and  possibly  a  line  crossing 
it  several  times.  The  reconnoissance  would  often  fail  to  settle 
minor  points  like  this.  It  is  desirable  that  the  preliminary 
survey  should  closely  approximate  to  the  final  line,  but  it  is 
not  important  that  it  should  fully  coincide  anywhere. 

An  important  purpose  of  the  **  preliminary  "  is  to  provide  a 
map  which  shall  show  enough  of  the  topography  of  the  country, 
so  that  the  Location  proper  may  be  projected  upon  this  map. 
Working  from  the  line  of  survey  as  a  base  line,  measurements 
should  be  taken  sufficient  to  show  streams  and  various  natural 
objects  as  well  as  the  contours  of  the  surface. 

14.  The  Preliminary  Survey  serves  several  purposes :  — 
First   To  fix  accurately  the    maximum    grade  for  use  in 

Location. 
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fff.ennd.    To  deteniiine  which  of  aevernl  liuea  is  best. 
Third.   To  provide  6,  map  as  a  baais  upon  wblcli  tlie  T.( 
can  properly  be  inadH. 

fourth.   To  Biake  a  close  estiinaW  of  tlie  ufiitt  of  i.ho  work. 
Fifth.   To  Beoure,  in  certain  oases,  legal  rights  by  filing  plans. 

15.  It  sliould  bu  understood  tliat  tlie  preliminary  surrey 
is,  in  general,  simply  a  means  to  an  end,  and  rapidity  and 
economy  are  desirable.  It  1b  an  iUBtrumentol  survey.  Meae- 
urements  of  distance  are  taken  usually  witli  tlie  otiaiu,  altliough 
a  tape  is  Bometimea  used.  Angles  are  taken  generally  witli  a 
transit;  eoine  advocate  the  use  of  a  compastt.  The  line  is 
ordinarily  run  as  a  broken  line  with  angles,  but  is  occanioualiy 

a  with  curves  connecting  the  straight  stretchee,  generally  for 
on  tliBt  a  inap  of  sucli  a  line  is  available  for  filing,  and 
r  certain  legal  rights  result  from  such  a  filing,  With  a  compass, 
I  no  backsight  need  be  taken,  and,  in  passing  small  obstacles,  a 
[  oiiiupasB  will  save  time  on  this  account.  A  transit  line  can  be 
I  eairied  l>aBt  an  obstacle  readily  by  »  zigi^  line.  Common 
I  practice  among  engineers  favors  the  use  of  the  transit  rather 
I  than  the  compass.  Stakes  are  set,  at  every  "  Station,"  lOQ  feet 
I  qtart,  and  the  stakes  are  marked  on  ttie  face,  tlie  first  0,  the 
I  Sext  I ,  then  2,  and  so  to  the  end  of  the  line.  A  stake  set  1025 
I  leet  from  the  beginning  would  be  marked  ID  +  25. 

Levels  are  taken  on  the  ground  at  the  side  of  tlie  stakes,  and 
s  much  ofteiier  as  there  is  any  change  in  the  inelination  of  the 
All  the  surface  heights  are  platted  on  a  profile,  and 
'  the  grade  line  adjusted. 

16.  The  line  should  be  run  from  a  governing  point  towards 
country  allowing  a  choice  of  location,  that  is  from  a  pass  or 
from  an  important  bridge  crossing,  towards  country  offering  no 
great  dlfBcuIties.  There  is  an  advantage  in  running  from  a 
Bunimit  downhill,  subject,  however,  to  the  above  considera- 
tions. In  running  from  a  summit  down  at  a  prescribed  rate 
of  grade,  an  experienced  engineer  will  carry  the  line  so  that,  at 
the  end  of  a  day's  work,  the  levels  will  show  the  line  to  be 
aliout  where  it  ought  to  be.  For  this  purpose,  the  levels  must 
be  worked  up  and  the  profile  platted  to  date  at  the  close  of 

,   each  day.     Any  slight  change  of  line  found  necessary  can  then 
f  be  made  early  the  next  morning.    A  method  somelimee  adopted 
rorking  down  from  a  summit  is  for  the  locating  enginetT  \o 
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plat  his  grade  line  on  the  profile,  daily  in  advance,  and  then 
during  the  day,  plat  a  point  on  his  profile  whenever  he  can 
conveniently  get  one  from  his  leveler,  and  thus  find  whethei 
his  line  is  too  high  or  too  low. 

17.  Occasionally  the  result  of  two  or  three  days'  work  will 
yield  a  line  extremely  unsatisfactory,  enough  so  that  the  work 
of  the^e  two  or  three  days  will  be  abandoned.  The  party 
^^ backs  up'*  and  takes  a  fresh  start  from  some  convenient 
point.  In  such  case  the  custom  is  not  to  tear  out  several 
pages  of  note-book,  but  instead  to  simply  draw  a  line  across 
the  page  and  mark  the  page  **  Abandoned."  At  some  future 
time  the  abandoned  notes  may  convey  useful  information  to 
the  effect  that  this  line  was  attempted  and  found  unavailable. 
In  general,  all  notes  worth  taking  are  worth  saving. 

Sometimes  after  a  line  has  been  run  through  a  section  of 
country,  there  is  later  found  a  shorter  or  better  line. 


In  the  figure  used  for  illustration,  the  first  line,  "  A  "  Line» 
is  represented  by  AEBCD,  upon  which  the. stations  are  marked 
continuously  from  A  to  D,  850  stations.  The  new  line,  "  B " 
Line,  starts  from  E,  Sta.  102  +  60,  and  the  stationing  is  held 
continuous  from  O  to  where  it  connects  with  the  •'  A  "  Line  at 
C.  The  point  C  is  Sta.  312  +  27  of  the  "A"  Line,  and  is  also 
Sta.  307  4-  13  of  the  "  B"  Line.  It  is  not  customary  to  restake 
the  line  from  C  to  D  in  accordance  with  •*  B  "  Line  stationing. 
Instead  of  this,  a  note  is  made  in  the  note-books  as  follows :  — 

Sta.  312  4-  27  "  A  "  Line  =  307  +  13  "  B  "  Line. 

Some  engineers  make  the  note  in  the  following  form :  — 

Sta.  307  to  313  =  86  ft. 

The  first  form  is  preferable,  being  more  direct  and  less  liable 
to  cause  confusion. 
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IB.  All  notes  should  be  kept  clearly  and  nicely  in  a  note- 
biHik  —  niiver  on  small  pieces  of  pnper.  The  dale  and  the 
names  of  members  of  the  pirty  nliould  be  entered  eaoh  day  in 
the  upper  luft-liaud  corner  of  tbe  page.  An  office  copy  should 
be  made  as  soon  aa  opportunity  offers,  both  for  safety  and  con- 
venience. The  original  tiolei  fhtiuld  alaiai/if  br.  preaerted ;  tliey 
would  he  sdnilsaible  as  evidence  in  a  court  of  law  wliere  a.  copy 
would  be  rejected.  When  two  or  more  separate  or  altentue 
lilies  are  ruii,  they  may  be  designated 


1 


"  Line 


"  Lme"C," 
e,  "C"  Line 


19.   The  Organization  of  Party  in: 

ly  lie  an  follows  ;  — 

1     LocitiMs  LnRinfer 

2     Irnn^lLuiiui 

3    ircadlhiinmm 

4  St-ii^  nnn 

5  h.irChiMiinM 

,  Transit  farty. 

8     BuktUt 

7.   Asemen  (oneor  more). 

8.    Leveler.                               i 

■  Level  Party. 

10.  Topographer.                          j 

11.  Aasiatiint.                            i 

'  Topograpbical  Party 

Vi.   Cook. 

i;{.    Teamster. 

80.   The  Locating  Engineer  is  the  chief  of  party,  and  Ib 

rBaponsible   for   the   business   management  of  the   camp  and 

parly,  aa  well  as  for  the  conduct  of  the  survey.    He  deter- 

uinVB  wliere  the  line  ehall  run,  keeping  ahead  of  the  transit, 

I  nnd  eatabltshlng  points  as  foresights  or  tumlng-pointH  for  the 

tnnaitiaao.     In  open  country,  the  extra  axemau  can  assist  by 

V  bolding  lb«  flag  at  tuniinu-pointB,  and  thus  allowing  the  locat- 

g  engineer  to  push  un  and  piok  out  other  points  in  advance. 

nte  locating  enguicer  keeps  a  special  note-book  or  raemorandum 

k ;  in  It  he  notes  on  the  ground  the  quality  of  material,  rock, 

',,  or  whatever  it  may  be;  takett  notes  to  determine  the 

II  Uk)  positions  of  bridges,  culverts,  and  other  structures ; 

K  Uui  idealities  of  timbut',  building  stnues,  bijrrow  pitK,  a,nd 
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other  materials  valuable  for  the  execution  of  the  work ;  m  fact, 
makes  notes  of  all  matters  not  properly  attended  to  by  the 
transit,  leveling,  or  topography  party.  The  rapid  and  faithfni 
prosecution  of  the  work  depend  upon  the  locating  engineer, 
and  the  party  ought  to  derive  inspiration  from  the  energy  and 
vigor  of  their  chief,  who  should  be  the  leader  in  the  work.  In 
open  and  easy  country,  the  locating  engineer  may  instill  life 
into  the  party  by  himself  taking  the  place  of  the  head  chain- 
man  occasionally.  In  country  of  some  diflBculty,  his  time  will 
be  far  better  employed  in  prospecting  for  the  best  line. 

21.  The  Transitman  does  the  transit  work,  ranges  in  the 
line  from  the  instrument,  measures  the  angles,  and  keeps  the 
notes  of  the  transit  survey.  The  following  is  a  good  form  for 
the  left-hand  page  of  the  note-book :  —  / 


Station 

Point 

Deflection 

Observed 
Bearing 

Calculated 
Bearing 

7 
6 

0+24 

33°  02'  R 

N   3°30'E 

N   3°38'E 

5 

N  29°  30'  W 

N  29°  24'  W 

4 

0 

12^  09a 

3 

2 

1 

N  I7°I5'W 

N  I7°I5'W 

0 

0 

Notes  of  topography  and  remarks  are  entered  on  the  right- 
hand  page,  which,  for  convenience,  is  divided  into  small  squares 
by  blue  lines,  with  a  red  line  running  up  and  down  through  the 
middle. 

The  stations  run  from  bottom  to  top  of  page.  The  bearing  is 
^  taken  at  each  setting  and  recorded  just  above  the  corresponding 
point  in  the  note-book,  or  opposite  a  part  of  the  line,  rather 
than  opposite  the  point.  Ordinarily,  the  transitman  takes  the 
bearings  of  all  fences  and  roads  crossed  by  the  line,  finds  the 
stations  from  the  rear  chainraan,  and  records  them  in  their 
proper  place  and  direction  on  the  right-hand  page  of  the  note- 
book.  Section  lines  of  the  United  States  Land  Surveys  should  be 
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iilisefveil  in  Ihe  same  way.  Tlie  tranaitman  is  next  in  authority 
to  ttie  locMiiig  engineer,  and  directs  the  work  when  the  la(t«r 
ia  not  iinmedintely  presout.  The  trarisitnmn,  while  ninving 
from  point  to  point,  setting  up,  and  ranging  line,  limits  the 
speed  ot  the  entire  party,  and  should  waste  no  time. 

22.  The  Head  Cbainman  carries  a  "11^"  and  tliu  forward 
end  of  the  tap*,  wliith  should  be  held  level  and  firm  with  one 
band,  while  tin-  tla^  is  moved  into  line  witli  the  olher.  He 
should  always  put  himself  nearly  in  line  before  receiving  a 
signal  from  the  tranaitman  ;  plumbing  njay  be  done  with  the 
fllig,  When  the  point  is  found,  the  Htakeinan  will  set  the  atske. 
When  a  suitable  place  for  a  turning-point  is  reached,  a  signal 
Aould  be  given  the  transitmnn  In  that  effect.  A  nail  shoidd  be 
set  in  top  of  a  "plug"  at  all  turning-poiiit.i.  A  proper  under- 
standing should  be  bad  witii  tlie  tnuiHltman  as  to  signals. 

SignaU  from  the  Transftmitii. 

A  horizontal  movement  of  the  hand  indicates  that  the  rod 
flhould  be  movud  as  directed. 

A  swinging  luovoment  of  tlie  hand,  ''Pliunb  the  rod  as 
indicated." 

A  movement  of  both  hands,  nr  waving  the  band  kerchief 
ireely  above  the  head,  means  "All  right. 

At  long  distances,  a  iiandkerchief  can  bu  seen  to  advant«{^] 

ben  snow  Is  on  tlie  ground,  something  black  is  better.  ~ 

Signala  from  the  Bead  Chtinman. 

getUng  the  bottom  of  flag  on  the  ground  and  waving  the 

mna  "  Give  the  line." 

Raising  the  flag  above  the  head  and  holding  it  horizontal 
I'Willi  both  hands:  "Give  line  for  a  turning-point," 

Tlie  "  (lit  right "  signal  is  tbe  same  as  from  tbe  transitman, 

In  (dl  measurements  less  than  100  feot  (or  a  full  tape),  the 
iKsd  obaimnan  holds  tlie  end  of  the  tape,  leaving  the  reading 
tf  tbs  meaauvement  to  tbe  rear  chaJnman. 

TtiebMd  chninman  regulates  the  speed  of  the  party  during 
thne  that  the  instrument  is  in  place,  and  should  keep  alive 
the  time.  The  rear  chainman  will  keep  up  as  a  matter  of 
veoesslty, 

33.  The  Stakeman  carries,  marks,  nnd  drives  the  stakes  at 
tlM  pofntA  Indicated  by  tlie  head  cliaiiinian.    The  atAkeb  fXi 
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Levels  should  also  be  taken  of  high-water  marks  wherevei 
traces  of  these  are  visible.  The  rodnian  carries  a  small  note- 
book in  which  he  enters  the  rod  readings  at  all  turning-points. 
In  country  which  is  open,  but  not  level,  the  transit  party  is 
liable  to  outrun  the  level  party.  In  such  cases  greater  speed 
will  be  secured  by  the  use  of  two  rodmen. 

29.  The  Topographer  is,  or  should  be,  one  of  the  most  val- 
uable membei-s  of  the  party.  In  times  past  it  has  not  alwa3r8 
been  found  necessary  to  have  a  topographer,  or  if  employed, 
bis  duty  has  been  to  sketch  in  the  general  features  necessary  to 
make  an  attractive  map,  and  represent  hills  and  buildings  suffi- 
ciently well  with  reference  to  the  line  to  show,  in  a  general 
way,  the  reason  for  the  location  adopted.  Sometimes  the  chief 
of  the  party  has  for  this  purpose  taken  the  topography.  At 
present  the  best  practice  favors  the  taking  of  accurate  data  by 
the  topography  party. 

The  topographer  (with  one  or  two  assistants)  should  take  the 
station  and  bearing  (or  angle)  of  every  fence  or  street  line 
crossed  by  the  survey  (unless  taken  by  the  transit  party) ;  also 
take  measurements  and  bearings  for  platting  all  fen<;es  and 
buildings  near  enough  to  influence  the  position  of  the  Location; 
also  sketch,  as  well  as  may  be,  fences,  buildings,  and  other 
topographical  features  of  interest  which  are  too  remote  to  re- 
quire exact  location;  and  finally  establish  the  position  of 
contour  lines,  streams,  and  ponds,  within  limits  such  that  the 
Location  may  be  properly  determined  in  the  contoured  map. 

The  work  of  locating  contours  is  usually  accomplished  by  the 
use  of  hand  level  and  tape  (distances  carefully  paced  may,  in 
many  cases,  be  sufficiently  accurate).  The  level  party  has  de- 
termined the  elevations  of  the  ground  at  each  ''station  "  set  by 
the  transit  party.  These  elevations  are  given  the  topographers 
to  serve  as  bench  marks  for  use  in  locating  contours.  It  is  cus- 
tomary to  fix  on  the  ground  the  points  where  the  contours  cross 
the  center  line,  where  they  cross  lines  at  right  angles  to  the 
center  line  at  each  station,  and  occasionally  additional  points  ; 
then  to  sketch  the  contours  by  eye  between  these  points.  Cross 
section  sheets  in  blocks  or  in  book  form  are  used  for  this  pur- 
pose.    The  usual  contour  interval  is  5  feet. 

A  point  on  a  contour  is  found  as  follows.  The  topographer 
stands  at  the  station  stake ;  a  measurement  is  taken,  by  tape 
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r  rod,  of  Ihe  dintaiice  from  the  topographer's  fett  to  his  eye  ; 
tliia  added  to  the  surface  lie<Klil  at  center  stakt:  (as  obtained 
from  tha  level  party)  sives  the  "  heiglit  of  eye  "  al>ove  datum. 
The  diSerence  between  this  "  height  of  eye  "  and  tile  elevatinn 
of  the  contoar  gives  the  proper  md  reading  for  fixing  a  point 
be  contour,  and  tiie  rod  is  carried  vertically  along  the  ground 
until  this  reading  is  ohtAlned.  Tiie  point  thus  fuund  is  then 
located.  The  topographer  usee  this  point,  already  fixed,  as  a 
tuniing  poini,  finds  anew  his  '■  height  of  eye,"  and  proceeds  to 
a  point  on  the  next  contour.  It  is  more  convenient  at  times 
to  carry  on  the  process  in  reverse  order  \  that  is,  to  hold  the  rod 
n  Wtn  ground  at  the  station,  and  let  the  topographer  phice  hlni- 
Belf  where  hlH  feet  are  on  the  contour.  Tlie  "height  of  eye" 
must  be  the  distance  from  topographer's  feet  to  eye  added  to  the 
elevation  of  contour.  The  rod  reading  at  the  station  will  be  the 
diSerence  between  this  "  height  of  eye  "  and  the  elevation  of 
the  ground  at  the  station. 

The  band  level  is  somewhat  lacking  in  precision,  but  by  mak- 
ing ft  freah  start  at  each  station  hs  a  bench  mark,  cumulative 
rs  are  avoided,  and  fair  results  secured  by  cai'eful  work. 
Instead  of  a  hand  level,  some  topographers  use  a  clinometer, 
*nd  take  and  record  side  slopes  as  a  basis  for  contour  lines. 

Topography  can  he  taken  rapidly  and  well  by  stadia  sarvey  or 
"by  plane  table.  This  is  seldom  done,  as  many  engineers  are 
.not  sufBciently  familiar  with  their  use.  Mucli  more  accui^te 
reHulla  may  be  reached  by  plane  table,  and  a  party  of  three, 
well  skilled  in  plane  table  work,  will  accomplish  more  than  a 
party  of  throe  with  hand  level. 

30.  Some  engineers  advocate  making  a  general  topographi- 
oal  survey  of  the  route  by  stadia,  instead  of  the  stu-vey  above 
described.  In  this  case  no  ataking  out  by  "stations"  would  he 
!.  All  points  occupied  by  the  transit  shniild  be  marked  by 
fdugs  properly  referenced,  whicb  can  be  used  to  aid  in  marking 
the  I.iocation  on  llie  (jround  after  it  la  determined  on  the  contour 
map.  This  method  has  been  used  a  number  of  times,  and  is 
.^etainied  to  give  economical  and  satisfactory  results  ;  it  is  prob- 
Ablti  that  It  will  iiave  constantly  increasing  use  in  Che  future, 
'wid  may  prove  the  best  method  in  a  large  sliaru  of  cnses. 


CHAPTER   III. 
ni.    LOCATION  SURVEY. 

31.  The  Location  Survey  is  the  final  fitting  of  the  line  to 
the  ground.  In  Location,  curves  are  used  to  connect  the  straight 
lines  or  ^^  tangents/*  and  the  alignment  is  laid  out  completei 
ready  for  construction. 

The  party  is  much  the  same  as  in  the  preliminary,  and  the 
duties  substantially  the  same.  More  work  devolves  upon  the 
transitman  on  account  of  the  curves,  and  it  is  good  practice  to 
add  a  '*  note-keei)er  "  to  the  party ;  he  takes  some  of  the  tran- 
sitman's  work,  and  greater  speed  for  the  entire  party  is  secured. 
More  skill  is  useful  in  the  head  chainman  in  putting  himself  in 
position  on  curves.  He  can  readily  range  himself  on  tangent 
The  form  of  notes  will  be  shown  later.  The  profile  is  the  same, 
except  that  it  shows,  for  alignment  notes,  the  P.  C.  and.  P,T.  of 
curves,  and  also  the  degree  and  central  angle,  and  whether  to 
the  right  or  left. 

It  is  well  to  connect  frecjuently  location  stakes  with  prelimi- 
nary stakes,  when  convenient,  as  a  check  on  the  work. 

In  making  the  location  survey,  two  distinct  methods  are  in 
use  among  engineers :  — 

32.  First  Method  of  Location.  —  Use  preliminary  survey  and 
preliminary  profile  as  guides  in  reading  the  country,  and  locate 
the  line  upon  the  ground.  Experience  will  enable  an  engineer 
to  get  very  satisfactory  results  in  this  way,  in  nearly  all  cases. 
The  best  engineers,  in  locating  in  this  way,  as  a  rule  lay  the 
tangents  first,  and  c«>nncct  the  curves  afterwards. 

33.  Second  Method.  —  Use  preliminary  line,  preliminary  pro- 
file, and  especially  the  contour  lines  on  the  preliminary  map ; 
make  a  paper  location,  and  run  this  in  on  the  ground.  Some 
go  so  far  as  to  give  their  locating  engineer  a  complete  set  of 
notes  to  lain  by.     This  is  going  too  far.     It  is  sufficient  to  fix, 
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QD  tbc  map,  the  location  of  tangents,  and  specify  the  degree  ot 
curve.  The  Becond  method  is  much  mure  desiialDle,  hut  the 
first  method  has  ntill  sonic  use.  It  m  weil  accepted,  among 
eDKi»eers,  that  no  reversed  curve  slioulil  be  iiaed ;  200  feet  of 
tan^nt,  at  least,  shDuld  Intervene.  Neither  should  an;  curve 
be  very  short,  Bay  less  than  300  feet  in  lenj^h, 

St  diQicu.lt  matter  ia  the  laying  of  a  long  tangent, 
■o  that  It  flhall  be  straight.  Lack  of  perfect  adjuntineiit  and 
of  instrumeiit  will  cause  n  "swing"  In  the  tan- 
gent The  best  way  is  to  run  for  a  distant  loreslght.  Another 
Wa7  is  to  have  the  transit  as  well  adjusted  as  possible,  and  even 
snds  every  time  in  reversing,  so  lliat  eiTors  siiHll 
BOt  accumulate.  It  will  be  noticed  that  t!ie  preliminary  is  nin 
In  without  curves  because  more  economical  in  time  ;  sometimes 
eurvBB  are  vaa  however,  either  because  the  line  can  be  run 
ISoser  to  its  proper  position,  or  sometimes  in  order  .to  allow  of 
filing  plans  with  the  United  States  or  separate  States. 

35.   In  Location,  a  single  tangent  often  takes  the  place  of  a 
Wolien  line  In  the  preliminary,  and  it  becomes  important  tO-^^^ 
Betennlne  the  direction  of  tiiu  tangent  with  reference  to  soni^^^H 
Wrt  of  the  broken  line.    This  is  readily  done  by  finding  tn^^^f 
EofirdlnatcB  of  any  given  point  with  reference  to  that  part  ^f^^^| 
the   broken  line    aaaumed    temporarily  aa  a.   meridian.     The^^^ 
.^irne  of  each  line  is  calculated,  and  the  coQrdinates  of  any 
bolnt   thus  found.     It  simplifies  the  calculation  to  nse  sonie 
MrC  of  tha  preliminary  sr  an  assumed  meridian,  rather  than  to 
ttte  die  actual  bearings  of  the  lines.     The  coordinates  of  two 
.titB  on    the   propOHeil   tangent  allow  the   direction  of   the      ' 
igeoit  to  he  determined  with  reference  to  any  part  of  the 
ilnary.     When  the  angles  are  small,  an  approximaUOD,— 
lily  close  will  be  secured,  by  assuming  in  a1 
eofline  of  the  angle  is  l.OOOOOO  and  that  the  fines  are  direct^ 
xjrtional  U)  the  angles  tliemselves.    In  addition  to  this,  talS 
dlatarnces  at  the   nearest   even   foot,   and  the   calculatioi 
H  mnch  simplified. 

The  located  line,  or  "  Location,"  as  It  is  often  called,  Ia| 
out  ordinarily  by  center  stakes  which  mark  a  sucoessfei 
lines,  connected  bv  curves  to  which  tlie  straight  litu 
tutgent     The  str^glit  lines  are  by  general  usage  call 
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37.  The  curves  most  geiiurally  in  use  are  ciriMikr  ciuree, 
IhouBb  parabolic  and  other  curvea  are  Bometimea  used.    CircniM 
curves  may  be  classed  as  Simple,  Compound,  ReTorsed,  or  SpinL 

A  Simple  Curve  m  s.  uircular  arc,  extending  from  one  tan- 
gent to  the  next.  The  poiut  where  the  curve  leaves  the  BthI 
lAUgent  is  called  the  "  P.  C.,"  meaning  the  point  ot  curvature, 
and  the  pulut  where  the  curve  joins  the  second  tangent  is 
caJled  tbu  "P. T.,"  meaning  the  point  o(  tangency.  The  P.C. 
and  P.T.  are  often  called  the  Tangent  Points.  If  the  tan- 
gents be  pnxluced,  they  will  meet  in  a  point  of  Intersectioii 
called  the  "Vertex,"  V.  The  distance  from  the  vertex  to  t!ie 
P.  C.  or  P.  T.  is  called  the  "  Tangent  Distance,"  T.  The  dl* 
tance  from  the  vertex  to  the  curve  (measured  towards  the 
center)  Is  called  the  External  Distance,  E.  The  line  joiuing 
the  middle  of  the  Chord,  C,  with  the  middle  of  the  curve  sub- 
tended by  this  chord,  is  called  the  Middle  Ordinate,  31.  The 
radius  of  the  curve  is  called  the  Radius,  R.  The  angle  of 
deflection  between  the  tangenls  is  called  the  Intersection  Angle, 
I.  The  angle  at  the  center  aubteiwJeii  by  a  chord  of  100  feet  is 
called  the  Degree  of  Curve,  D.  A  chord  of  less  than  100  feet 
is  called  a  sub-chord,  c ;  its  central  angle  a  sub-angle,  d. 

38.  The  measurements  on  a,  curve  are  made : 

(a)  from  P.C.  by  a  sub-chord  (sometimes  a  full  chord  of 
100  ft.)  tn  the  neW  full  station,  then 

(A)  by  chords  of  100  feet  each  between  full  stations,  and 
finally, 

(c)  from  the  last  station  on  the  curve,  by  a  sub-chord  (aome- 
Umes  a  full  chord  of  100  ft.)  W  P.  T.  The  total  distance  from 
P.  C.  to  P.  r.  tneaaured  In  Mk  way,  is  tlie  Length  of  Curve,  L. 

19.  The  Degree  of  Curre  is  defined  as  the  angle  subWnded 
by  a  Oiorti  of  100  feel,  rather  t!ian  by  an  arc  of  100  feet 

20 
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Either  assumption  requires  approximate  methods  either  in  cal- 
culations or  measurements,  if  the  convenient  and  customary 
metliods  are  followed.  On  the  merits  of  the  question,  it  is  best 
to  accept  the  definition  given,  and  the  practice  in  this  country 
is  largely  in  harmony  with  this  definition,  which  is  adopted  by 
the  American  Railway  Engineering  Association. 

Outside  of  the  United  States  a  curve  is  generally  designated 
by  its  Radius,  B.  In  the  United  States  for  railroad  purposes, 
a  curve  is  generally  designated  by  its  Degree,  D, 

40.  Problem.    Given  B. 

Required  D, 

i?siniZ)=i22 

smiZ)  =  |  (1) 

41.  Problem.     Given  D.  ^  _     60  .^n 

Hequired  B.  ~  sin  J  D 

Example.    Given  Z)  =  1°. 

^  60  60  log        1.698970 

^     sin  i  Z)     0°  30'  log  sin  7.940842 

Ri  =  6729.6  log        3.768128 

42.  Problem.    Given  Bi  (radius  of  1°  curve)  or  Di. 

Bequired  Ba  (radius  of  any  given  curve  of 

degree  =  /)„). 

p  -     50  P  60 


sin  J  Z>i  sin  J  Da 

f  =  S|nMl  ij,  =  B,?ini|i  (3) 

jBi     smJZ>a  ami  Da 

In  the  case  of  small  angles,  the  angles  are  proportional  to  the 
sines  (approximately), 

Ba  =  Bii^;  Ba  =  Bi^  (SA) 

■J  Da  Da 

But  Bi  =  6730  to  nearest  foot, 

ft 

JBa  =  ^  (approx.)  (4) 

Example.  Bio  =  573.7  by  (3),  or  by  Allen's  Table  I. 

=  673.0  by  (4)  (approx.) 
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Some  engineers  use  shorter  chords  for  sharp  curves,  as  1''  to 
7°,  100  ft.  ;  8°  to  16°,  60  ft. ;  16°  to  20°,  26  ft. 

Values  of  i?  and  D  are  readily  convertible.  For  this  purpose, 
use  Table  I.,  Allen  [rather  than  formula  (1)  or  (2)],  when  ac- 
curate results  are  required.  In  problems  later,  where  either  B 
or  D  is  given,  both  will,  in  general,  be  assumed  to  be  giveu. 
Approximate  values  can  be  found  without  tables  by  (4).  The 
radius  of  a  1°  curve  =  6780  should  be  remembered.  Precise 
results  are,  in  general,  necessary. 


43.   Problem.     Given  /,  also  B  or  D. 

Beqiiired  T, 

AOB 
A  V         N 


A0  = 


NVB  =  J 
OB  =5 


AV  =  VB  =  r 
r=i?tanj/ 


(6) 


Example.    Gimn  Z>  =  9  ;  /=  60^  48^. 
Bequired  7». 

Table  I.,       B9  log  =  2.804327 
30°  24'  log  tan  =  9. 768414 

79  =  373.9  log  2.672741 
Note  that  log  B9  is  taken  directly  from  Table  I. 

44.  Approximate  Method. 

ri  =  i?itanj/;  r«  =  i?«tanj/ 


I^  =  ^  =  ^  =  Jl  (approx.) 
Ti     Bi     Da     Da  ^  ^ 

2;  =  ^  (approx.) 


(«) 


Table  III.,  Allen,  gives  values  of  7i  for  various  values  of  L 
Table  IV.,  Allen,  gives  a  correction  to  be  added  after  divid* 


'a* 
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Example. '  As  before.    Given  Z>  =  9 ;  J  =  60°  48'. 

Hequired  T9. 

Table  IIL,  Ti  60^  48'  =  3361.6(9 

r»  =   373.61  (approx.) 

Table  IV.,  correction,  9°  and  61°  =         ..38 

r»  =  373.9    (exact) 

the  same  as  before 

45.  Problem.    Given  /,  also  B  or  D. 

Bequired  E. 

Using  previous  figure,  ^iH  =  E  =  R  exsec  \  I  (7) 

Table  XXXIII.  sliows  definition  of  exsecant. 
Table  XIX.  gives  natural  exsec. 
Table  XV.  gives  logarithmic  exsec. 
Approximate  Method. 

By  method  used  for  (6),  Ea=^~  (approx.)  (8) 

JJa 

Table  V.  gives  values  for  E\. 

46.  Problem.     Given  /,  also  R  or  D. 

Required  M. 

FH  =  i¥  =  /;versi/  (9) 

Table  XXXIII.  shows  definition  of  versine. 

Table  XIX.  gives  natural  vers. 
Table  XV.  gives  logarithmic  vers. 
Table  II.  gives  certain  middle  ordinates. 

47.  Problem.     Given  /,  also  R  or  D, 

Required  chord  AB  =  C 

C  =  2  i?  sin  i  /  (10) 

Table  VI IL  gives  values  for  certain  long  chords. 
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48.  Transposing,  vre  find  additional  formulas,  as  follows : 

(11) 
(12) 

tl3) 
(W) 


(6) 

B=  Toot\I 

(7) 

R-       ^ 

exsec  \  I 

(9) 

JR-     ^ 

vers  J/ 

(10) 

E-      ^ 

2  sin  i  J 

(4) 

i>.  =  ^(approx.) 

(16) 


(6)     /).=^(approx.)  (16) 

(8)    Z>a  =  1^  (approx.)  (17) 


49.  Problem.    Given  sub-angle  d,  also  B  or  2>. 

Required  sub-chord  c. 

c  =  2i?sinid  (18) 

Approximate  Method. 

100  =  2i?sini2> 

100     8iniZ>     B^  *'*'       /  V*  J 

Tlic  precise  formula  is  seldom  if  ever  used. 

50.  Problem.     Givfni  sub-chord  c,  also  B  or  I), 

Bequired  i>ub-angle  d. 

100  ^     ^ 

The  value  -  is  more  frequently  needed  and 


d__c_  D 
2      100  2 


(21) 
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A  modification  of  this  formula  is  as  follows : 

d_cD 
2     200 

for  Z>  =  1 


d        60'  A  Of 

^=C—-'=:C  X  0.3' 

2        200 


for  any  value  Da 

-  =  c  X  0.3'  X  Da  (result  in  minutes)  (22) 

This  gives  a  very  simple  and  rapid  method  of  finding  the 

value  of  -  in  minutes,  and  the  formula  should  be  remembered. 
2 

Example.     Given  sub-chord  =  63.7.    D  =  Q''  30'. 
Required  sub- angle  d  I  or  -  j  • 


L    By  (20)    63.7 

II.   By  (21)  63.7 

6.6  = 

D 

3.26=:^ 

3186 

3186      ^ 

3822 

1274 

414.06 

1911 

4M4 

207.026 

80' 

2°.07 

d  =  4°  08' 

60' 

^  =  2°  04' 
2 

-  =  2°  04' 
2 

111. 

By  (22) 

63.7 

0.3 

19.11 

6.6  = 

:Z> 

9666 

■ 

11466 

124.216  minutes 

d. 

=  2°  04' 

2 
Method  III.  is  often  preferable  to  I.  or  II. 
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51.   Problem.     Given  I  and  D, 

Required  L, 

The  **  Length  of  Curve  "  Z  is  the  distance  around  the  curve, 
measured  as  stated  in  §  38,  or  i  =ci  +  100  n  -f-  C2. 

(a)  When  the  P.  (7.  is  at  a  full  station^  D  will  be  contained 
in  /  a  certain  number  of  times  n,  and  there  will  remain  a  sub- 
angle  di  subtended  by  its  chord  C2,  and  L  =  100  n  -f-  c^. 

Z  =  n  +  ^=       n^^  (approx.) 
D  D  100 

100  -^  =  100  n  +  C2  =  X  (approx. ) 

(5)  When  the  P.C.  is  at  a  sub-station  and  P.T.  at  a  full  sta- 
tion, the  same  reasoning  holds,  and 

L  =  100—  (approx.) 

(c)  When  both  P.  C.  and  P.  T.  are  at  sub-stations,  the  same 
formula  holds 

L=100—  (approx.)  (28) 

Transposing,  /=  —  (approx.)  (^4) 

lUU 

D  =  152^  (26) 

These  formulas  (23)  (24)  (25),  though  approximate,  are  the 
formulas  in  common  use. 

Example.     Given  7°  curve.     1=  39°  37'.     Required  L, 

I  =     39°  37 
D  =  7)39.6167° 

5.6595+  Z  =  666.0 

Example.     Given  D  and  L.     Required  I. 
Given  8°  curve, 
also,  P.  r.  =93  +  70.1 
P.  C.  =  86  +  49.3 
L=  7      20.8 

D= 8 

67.664 

60^ 

39.84  /=57°40' 
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52.  Field-work  of  finding  P.  C.  and  P.  T. 

In  running  in  the  line,  it  is  common  practice  to  continue  the 
stationing  as  far  as  F,  to  set  a  plug  and  mark  a  witness  stake 
with  the  station  of  V  as  thus  obtained.  The  angle  /  is  then 
measured  and  "  repeated  "  as  a  "  check." 

Having  given  /  only,  an  infinite  number  of  curves  could  be 
used.  It  is,  therefore,  necessary  to  assume  additional  data  to 
determine  what  curve  to  use.  It  is  common  to  proceed  as 
follows : 

(a)  Assume  either  (1)  D  directly. 

(2)  E  and  calculate  D. 

(3)  T  and  calculate  D. 

It  is  often  difficult  to  determine  off-hand  what  degree  of  curve 
will  best  fit  the  ground.  Frequently  the  value  of  Ea  can  be 
readily  determined  on  the  ground.  The  determination  of  D 
from   Ea  is  readily    made,   using   the    approximate    formula 

Da=—'    Similarly,  we  may  be  limited  to  a  given  (or  ascer- 

tainable)  value  of  To,  and  from  this  readily  find  Da  =  — . 

a 

This  process  is  to  determine  what  value  of  Da  will  fit  the 
ground,  and  it  is  convenient,  generally,  to  use  the  degree  or  half 
degree  nearest  to  that  calculated.  (Some  engineers  "use  1°  40' 
=  lOO'and  3*^20'=  200',  etc.,  rather  than  1°30'  or  3°  30',  etc.) 

When  the  Z>j  is  thus  determined,  all  computations  must  be 
strictly  based  on  this  value  of  Da- 

(6)  From  the  data  finally  adopted  Tis  cnlculatal  anew, 

(c)  The  instrument  still  being  at  T,  the  1*.  T,  is  set  by  laying 
off  T.     It  is  economical  to  set  P.  T.  before  P.  C. 

(<i)  The  station  of  P.  C.  is  calculated  and  P.  C.  set  from  the 
nearest  station  stake  (or  by  measuring  back  from  V). 

(e)  The  length  of  curve  L  is  calculated,  and  station  of  P.  T. 
thus  determined  (not  by  adding  Tto  station  of  T'). 

Whether  Z>,  E^  or  T  shall  be  assumed  depends  upon  the 
special  requirements  in  each  case.  Curves  are  often  run  out 
from  P.  C.  without  finding  or  using  ]",  but  the  best  engineering 
usage  seems  to  be  in  favor  of  setting  V^  whenever  this  is  at  all 
practicable,  ajud  from  this  finding  the  P.O.  and  P.  T. 
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53.   Example.     Given  a  line,  as  shown  in  sketch, 

Bequired  a    Simple    Curve  to  connect    the 
Tangents. 

P.  T.  is  to  be  at  least  300  ft  from  end  of  line. 

Use  smallest  degree  or  half  degree  consistent  with  this. 

Find  degree  of  curve  and  stations  of  P.O.  and  P.  T. 


? 


Table  III.  22°  14'  Ti  =  1126.8/230=  T  (approx.) 

92      V  4.9  -      use  6°  curve 
Ti  =  1125.8(5°  205 

225.16  F  =  46  +  72.7 

Table  IV.  corr.      ^        /  =  22°  14'  T  =    2  +  25.2 

r=    226.2  =  22°.2333(6^  P.O.  =44  +  47.5 

L  =       444.7  L  =    4  +  44.7 

P.  r.  =  48  +  92.2 

It  will  be  noticed  that  the  station  of  the  P.  T.  is  found  by 
adding  L  to  the  stations  of  the  P.  C.  (^not  by  adding  T  to  the 
station  of  F). 

Similarly   Given  ^  =  17  ft. 

Table  V.  22°  14'        Ei  =  109.6 [  VT^zzz  E 

102_\6.4  +       use  6°  30'  curve 

Ti  =  1125.8(6.6  76 

173.20  7=  22°.  2383  (6. 5       V=  46  +  72.7 

corr.      ^  /.  =       342.1  T=     1  +  73.3 

T=    173.3  P.O.  =44  +  99.4 

L=    3  +  42. 1 
P.  r.  =  48  +  4  1.5 

Under  the  conditions  prescribed  above,  when  T  ia  given,  the 
degree,  or  half  degree,  next  larger  must  be  used,  in  order  to 
secure  at  least  the  required  distance  (to  end  of  line  above). 

When  E  is  given,  the  nearest  half  degree  is  generally  used. 
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S4.   Method  (if  Deflection  Angles. 

If  at  any  piilni.  on  aa  existing  curve  a  tangent  to  the  curve  he 
taken,  the  aui^les  frum  tlie  tangent  to  any  given  points  on  the 
e  n>ea«urei1,  and  the  angles  thus  found  may  be 
called  Total  DeflectiODS  to  thnee  points  (as  NAI,  HAS,  NA3), 

In  laying  out  successive  points  Ufion  a  straight  line  (aa  (»1 
"Tangent"),  each  point  iagtnerBlly  flxud  by 
(d)  measurement  from  the 

a; 


■^ 


Ui< 


preceding  point  and 
.(6)  line; 

Ithe  line  on  a  tangent  will 
te  the  same  for  all  points. 
Similarly,  in  laying  out 
ciirve,  successive  points 
may  be  fixed  by 
(a)  nieasurenientfronithe 
preceding  point  and 
;&)lin6; 

line  In  this  oafle,  for  llie  curve,  will  be  that  found  by  using 
Mai  dcjlectlun  calculated  for  eiU'li  point.  In  the  Ugure  pre- 
dlng,  lU«  chord  distance  Al  and  the  hilal  deflection  NAI  fix 
ilnl  I ;  the  chonl  distance  I-!  and  total  deflection  NA2  fix 
lint  a  J  and  2-3  and  NA3  fix  3.  A  curve  can  be  conveniently 
laid  nut  by  this  nietbod  if  the  proper  total  deflections  can  be 
readily  computed. 

55.  The  method  of  "  Deflection  Angles  "  is  well  adapted  to 
surveying  an  Bxistiug  curve ;  It  is  also  well  adapted  to  laying 
nut  njiy  curve,  provided  only  that  it  is  possible  to  readily  deter- 

(rt)  the  "Total  Deflection  Angles"  and 

(A)  the  chord  lengths  that  go  with  them. 

In  the  case  of  '•  fiimpU  Curvfa,"  the  "total  deflections"  can 
lie  readily  computed,  and  the  method  of  "deflection  angles"  is 
therefore  well  adapted  to  laying  them  out. 

In  the  case  of  "spiral''  or  "  transition"  curves,  tables  have 
comtncmly  been  computed,  so  that  the  angles  and  chords  are 
Inkpn  from  the  tables.  Any  curve  which  has  been  surveyed  by 
('lis  uethoil  can  be  rcstikeil  on  the  ground  by  using  the  de- 
rlvcti»n  angles  ami  cljunls  uicaaured  and  recorded. 


I 
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56.  Problem.    To  tind  tlie  Total  Deflections  for  a  Simple 
Curve  having  given  the  Degree, 

I.    When  the  curve  begins  and  ends  at  even  stations. 

The  distance  from  station  to  station  is  100  feet.    The  defleo- 
u>>n  angles  are  required. 


An  acute  angle  between  a  tangent  and  a  chord  is  equal  to 
one  half  the  central  angle  subtended  by  that  chord 

Al  =  100  VAI=J2) 

The  acute  angle  between  two  chords  having  their  vertices  In 

the  circumference  is  equal  to  one  half  the  arc  included  between 

those  chords. 

1-2  =  100  and    lA2  =  i2)     Similarly, 

2-3  =  100  and  2A3  =  i2) 

3-B  =  100  and   3AB  =  i2> 

Tills  angle  ^  D  is  called  by  Henck  and  Searles  the  Deflection 
Angle,  and  will  be  so  called  here.  Shunk  and  Trautwine  call 
it  the  **  Tangential  Angled  The  weight  of  engineering  opinion 
appears  to  be  largely  in  favor  of  the  **  Deflection  Angle.** 

The  "  Total  Deflections'^  will  be  as  follows: 

VA  I  =iZ> 
VA2  =  VA  I  +  l/> 
VA3  =  VA2+  \D 
VAB  will  be  found  by  succossivo  increments  of  \  D. 
VAB  =  VBA  =  i  /.     This  furnishes  a  **  check  "  on  the  compo- 
tation. 

II     IMien  the  curve  begins  and  ends  with  a  sub-chord, 

V  A  I  =  i  f? 
VA2  =  VAI  +  l/> 
VA3  =  VA2+  \D 
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VAB  is  found  by  mtdiiig  J  ij,  to  previous  "  lutol  defleotion." 
iB  =  VBA  =  J  /.     Tills  fumiaiies  "  check,"     The  total  dcfletH 
s  should  bu  calculated  hy  miocesaiTe  Increments;  the  flallfl 
^c^eck"   upon   il  then   checks  all    the   intermediate    totalH 
deflecUonii.    The  example  vn  next  imf^e  will  illuBtrnte  thig. 

57.  Field-work  ot  laying  out  a  simple  curve  having  given 
"  DBition  and  sUtion  of  P.  C.  and  F.  T. 
(«)    Set  the  transit  at  P.C.  (A). 
(6)    Set  the  vernier  at  0, 

(c)  Set  cross  hairs  on  V  (or  on  N  and  reverse). 

(d)  Set  oSir2i(8ninetinieH  ^D)  for  point  I. 

(e)  Measure  distance  ci  (aoinetJmBs  100)  and  fix  I, 
,  (/)  Set  oH  total  deflection  for  point !. 

((/)  Measure  diatnnce  1-2  =  100  and  lix  3,  etc. 
(A)  When  total  diHectlun  tr   B  is  flgured,  eee  tliat  it=  J 
taB  "oheckjug  '  cakiilatiou'j 

(i)  See  that  the  proper  G^ikulated  distance  €~  and  the  totati 
Ejection  to  B  agree  with  the  actual  nieasurtii 
^vuod,  checking  the  fleld-wnrk. 
(i)  Move  transit  to  P.  T.  cB). 
(I)  Turn  veruier  back  to  0,  ajid  beffuad  0  (o  ji. 
(m)  Sight  on  A. 
<«)  Turn  vernier  to  0. 
.  (»)  Sigtit  towards  V  (or  reverse  and  sight  towards  P),  and  SM 
T»t  the  line  checks  on  V  or  p. 

It  should  be  observed  that  three  "  checks  "  on  the  work  are 
obtained. 

I.  Tlie  calculation  of  the  total  deflections  is  checked  If  total 
Reflection  to  B  =  ^  /. 
3.  The  chRlning  is  checked  if  the  final  sub-chord  measured 
xtthe  ground  =  calculated  distance. 

S.  The  transit  work  is  checked  if  the  total  deflection  to  B 
biiiga  the  line  accurately  on  B. 
The  check  in  I  is  effective  only  when  the  total  deflection 
'ii  point  is  fou[id  by  adding  the  proper  angle  to  that  fur 

g  point. 
Ike  check  in  3  assures  the  general  accuracy  of  the  tranril 
Bwirk,  hut  does  not  prevent  an  error  in  laying  o&  the  totali^ 
laUttU  iuteruiBdlate  poiut  on  the  curve. 


0  B 

i 
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58.  Example.     Given  Notes  of  Curve 

RT.  13  +  45.0 

6°  curve  L 
P.  C.  10  +  74.0 


Bequired  the  **  total  deflections 

to  sta.  11  Ci  =    26 

A 

7.8 

6° 

^  =  46.8  =0°47'  to  11 
^  3^ 

C3  =     46  3°  47'  to  12 

.3  3^ 

13.5  6°  47'  to  13 

6° 

^  =  81.0  =1°21' 
2 


i» 


8°  08'  to  13  +  46 


13  +  46.0 
10  +  74.0 


71.0  =  /: 
6° 


16.26  16*» 

60^ 

15.6'  16' 


16°  16'  =  / 
8°  08' =  J  7  "  check  " 


59.  Caution. 


If  a  curve  of  nearly  180°  =  7  is  to  be  laid  out  from  A,  it  is 
evident  that  it  would  be  difficult  or  impossible  to  set  the  last 
point  accurately,  as  the  "intersection"  would  be  bad.  It  is 
undesirable  to  use  a  total  deflection  greater  than  30**. 

It  may  be  iuipossible  to  see  the  entire  curve  from  the  P,C. 
at  A. 

It  will,  therefore,  frequently  happen  that  from  one  cause  or 
another  the  entire  curve  cannot  be  laid  out  from  the  J*.C,  and 
it  will  be  necessary  to  use  a  modiflcation  of  the  method  d» 
scribed  above. 


^^^ 
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60.   Field-work 

Il7i"»  tbf.  fiitiiv  oirre  mii»-t  be  laid  ««* 

from  the  P.  C. 

fl 

First  Method. 

■ 

(a)   Lay  out  cur 

ve  as  fur  as  C,  HS  before.                                  ^^ 

(6)    Set  traiiait 

point  at  some  convenient  point,  as  C  (even 

station  preferably) 

and  move  traneil  to  C. 

(c)    Turn  veriiie 

r  bacit  to  0°,  ami  hrgnml  0'  by  tbe  value  a£ 

atigle  VAC. 

Cd)  SiglitonA. 

(e)   Turn  veniie 

to  0°.     See  that  transit  line  ia  on  aiixiiiary 

tangent  NCM  (VAC  =  NCA  being  measured  by  \ 
(/)  Set  off  new  deflection  angle  {Id  or  \  D). 
iy)    Set  point  4.  and  proceed  an  in  ordinary  ca 


Second  Method. 

(a)   Set  point  C  as  before,  and  move  transit  to  C, 

(A)  Set  vernier  at  0'^  aJid  eiglit  on  A, 

(c)  Set  oil  the  proper  ■■Wtal  deflection  "  for  the  jioint  4  =  VAfl 
NCA  +  MC  4  =  VA  4,  eacb  measured  by  J  arc  AC  4. 

((f)    Reverse  transit  and  set  point  4. 

(e)    Set  off  and  use  the  proper  "total  deilectionB" 
remaining  points. 

The  second  method  is  in  some  respects  more  simple,  as  tbe 
nouti  and  calculationB,  and  also  setting  off  angles,  are  tbe  same 
!u  if  no  additlunnl  atitiing  were  made.  Hy  the  lirst  method  the 
idefiection  angles  to  be  laid  off  will,  in  general,  be  even  minutes, 
yptVea  degrees  or  half  degrees,  and  are  thus  easier  to  lay  oS.  It 
lb  a  matter  of  personal  choice  wliich  of  the  two  methods  shall 
itie  uead.  It  will  be  disastrous  to  attempt  an  incorrect  aombin a- 
!tion  of  parts  of  the  two  methods. 
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61.  Field-work.    When  the  transit  is  in  the  curve,  and  the 
P.C.  is  n(tt  visible. 


(a)  Compute  deflection  angles,  P.  C.  to  P,T. ;  check  on  - 
(same  as  in  §  56).  * 

(b)  Set  vernier  at  deflection  angle  computed  for  point  (c.gr.  2) 
used  as  backsight. 

(c)  Set  line  of  sight  on  backsight  (2)  and  clamp. 

If  vernier  be  made  to  read  0^,  the  line  of  sight  will  then  be  in 
direction  of  P.C.  (since  angle  LA2  =  24A). 

(d)  Set  off  deflection  angles  computed  for  5,  etc. 

62.  Field-work.     When  entire  curve  is  visible  from  P.T. 


(a)   Compute  deflection  angles,  P. C,  to  P.T. ;  check  on  - 
(same  as  in  §  66). 
(6)   Set  transit  at  P.  T.  with  vernier  at  0°  and  sight  on  P.  C. 
(c)   Set  off  computed  angles  for  1,  2,  3,  4,  6. 

{(i)   Set  off  -  and  sight  at  V  for  check  on  transit  work. 

This  method  is  preferable  to  that  given  in  §  57.  It  saves  the 
transit  setting  at  P.C.  The  long  sights  are  taken  first,  before 
eiTors  of  chaining  have  accumulated  and  before  the  transit  has 
settled  or  warped  in  the  sunlight.  The  last  point  on  curve  is 
set  at  a  small  angle  witli  the  tangent,  so  that  the  intersection  is 
good  and  any  accumulated  errors  of  chaining  will  not  much 
affect  the  line.    The  method  is  already  accepted  practice. 
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63.  Metric  Curves. 
In  Hftilroiul  I.ocatinn  under  the  "Metric  System"  a  chain  of 
100  meters  is  too  long,  and  a  chain  of  10  meters  is  tou  aliart. 
Some  engineers  haie  nsed  the  30-meMr  chain,  some  the  26- 
ir  chain,  but  lately  ttie  30-nieter  chain  lias  been  generally 
adopted  as  the  most  satisfactory.  Under  this  system  a  "  Sla^ 
tion  "  la  10  nietei?.  Ordinarily,  every  second  station  only  is 
:,  and  tliexe  are  marked  Sta.  0,  Sta.  2,  Sta.  4,  etc.  On  curves, 
CAordf  of  20  meters  are  used.  Usage  among  engineers  varies  as 
to  what  le  meant  by  the  Degree  of  Curve  under  Che  metrio 
■ystem.  There  are  two  distinct  systems  used,  as  shuwn  below. 
.  The  Degree  of  Curve  ia  the  angle  at  the  center  subtended 
by  a  chord  of  1  chain  of  20  metei-s. 

IL  The  Degree  of  Cvne  is  the  d^ection  angle  for  a  chord 
of  1  chain  of  20  meters  (or  one  lialf  the  angle  at  the  center}. 

II.  Or,  very  closely,  the  Degree  of  Curve  is  the  angle  at  the 
center  subtended  by  a  chord  of  10  metere  (equal  to  1  slation 
length). 

For  several  reasons  the  latter  system  is  favored  here.  Tables 
upon  this  basis  have  been  calculated,  giving  certain  data  for 
metric  curves.  Such  tables  are  to  be  found  in  Allen's  Field 
and  OfHce  Tables. 

In  many  countries  where  the  metric  system  [a  nsed,  it  is  not 
'QU8t«mary  to  use  the  Degree  of  Curoe,  as  indicated  liere.  In 
Mexico,  where  the  metrio  system  Is  adopted  as  the  only  legal 
Standard,  very  many  of  the  railroads  have  been  built  by  com- 
es incorporated  in  this  country,  and  under  the  direction  of 
i^ngineerB  trained  here.  Tlie  usage  indicated  above  has  been 
libe  result  of  these  conditions.  U  tlie  metric  system  shall  in 
'flio  future  become  the  only  legal  system  in  the  United  States, 
ow  seems  possible,  one  of  tlie  syatenis  outlined  above  will 
,prQbably  pritvall. 

In  foreign  countries  wliere  the  Degree  of  Curve  ia  not  used,  it 
i|B  customary,  as  previously  stated,  to  designate  the  cui've  by 
JU  radius  S,  and  to  use  even  figures,  as  a  radius  of  lOOl)  feet, 
OF  9000  feet,  or  1000  meters,  or  2000  un^ters,  As  the  radius  is 
Wldom  measured  on  the  ground,  the  only  convenience  in  even 
Igoiw  is  in  platting,  while  there  Is  a  constantly  recurring  incoih 
nuitence  in  laying  off  the  anglea. 


1 
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64.  Form  of  Transit  Book  (left-hand  page). 


(Date) 

(Names  of  Party) 

» 

Station 

Points 

Descrip.  of 
Curve 

Total 
Deflect. 

Observed 
Course 

114 

113 

112 

III 

110 

109 

0+  90.0  P.  r. 

11°  15' 

N46*»00'  E 

108 

B  =  1146.3 

0°OO' 

107 
106 

0+  68.0  V 

L=    460.0 
r=    228.0 

6°  30' 
4°  00' 

105 
104 

0+40.0  P.O. 

/  =  22°  30' 
5°  Right 

1°30' 

103 

102 

101 

100 

99 

N  23*»  15'  E 

98 

V  is  not  a  point  on  the  curve.  Nevertheless,  it  is  customary 
to  record  the  station  found  by  chaining  along  the  tangent. 

The  right-hand  page  is  used  for  survey  notes  of  croflsings  of 
fences  and  various  similar  data.  It  seems  unnecessary  to  show 
a  sample  here. 
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65,  Circular  Arcs.  Far  general  railroad  work,  the  Length  of 
Curve  is  the  diHta,ii(?e  measured  by  ti  9er[eR  of  chords  as  defined 
hi  §  38  and  §  51.  For  certain  purposes,  Inr^'ely  uutHide  of  rail 
road  work,  the  actual  length  of  arc  is  required.  Where  the  liue 
of  a  Htreet  is  carved,  the  length  of  the  side  Hue  of  street,  the 
property  liiiu  of  a  lot  or  estatf,  may  be  required.  Furthermore, 
both  In  railroad  and  street  railway  work,  actual  lengths  of  rails 
are  sometimeg  required. 

Problem.     Qlven  the  Central  Angle.  I  and  Badliia  E. 
Jteqvireil  the  Length  of  Are.. 

Table  XX.,  p,  206,  Allen,  gives  lengths  of  circular  arcs 
radius  =  1.  The  values  for  degrees,  minutes  and  seconds 
added ;  the  sum  multiplied  by  B  is  the  required  length  of  ar 

Example.     Given  1=  18'  43'  2B"  ;  It  =  (iOO. 

Sequireil  Length  of  Are  and  Deflection  Angli 

IS"    0.3141503 

43'     0,0125082 

20"   O.IW01401I 

0.3208081 

R    ono 

r^ngth  of  Arc  =  10(1,08  itto.oeiais 

Where  a  series  of  points  are  to  be  set  on  the  circular  arc, 
there  are  several  methods  available,  each  of  which  has  some 
desirable  features. 

[.  (a)  Divide  the  entire  arc  length  into  an  equal  number  of 
parta. 

{hi)  Compute  the  deflection  angles  to  correspond. 

(c)  Compute  the  chord  lengths  to  correspond. 

In  the  example  above,  if  4  Intermediate  points  are  to  be  set 
on  tbe  arc,  the  length  of  arc  will  be  divided  by  5  ;  the  final  de- 
flection angle  will  be  J  7-  and  the  first  deflection  an^h 
be  i /-;-&. 


for 

\ 


Length  of  Arc 

/=  18"  43' 2(1" 
\  /■=    »"21't4"(5 
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The  deflection  angles  will  be  (to  nearest  \  minute)  1°  62'  30''; 
3 '44' 30";  5°  37';  7°  29' 30";  9^  21' 30".  For  chaining,  the 
length  of  chord  is  necessary  and  may  be  computed  by  formula 
(10).  Where  the  radius  is  large,  natural  sines  may  not  give 
satisfactory  results,  and  it  may  be  necessary  to  use  the  auxiliary 
tables  of  log.  sines. 

A  simpler  method  is  to  use  Allen's  Table  XX.,  A,  which  gives 
for  /?  =  1  the  difference  between  arc  and  chord  for  various  cen- 
tral angles. 

For  central  angle  3°  46'         diff.  =    0.000012    Table  XX.,  A. 

R    =  600 

0.007 
Arc     =       39.210 
Chord     =        39.209 

The  P.  T.  of  the  circular  arc  should  be  set  with  the  required 
precision  by  long  chord  from  P.  C.  and  the  several  chords  meas- 
ured with  a  degree  of  precision  sufficient  to  secure  a  *' check" 
against  material  error. 

II.  (a)  Use  a  series  of  equal  chords  of  convenient  lengthy 
followed  by  a  sub-chord  to  the  P.T. 

(6)  Compute  deflection  angles  to  correspond, 
(c)  Compute  chord  lengths  to  correspond. 

Example.     Given  as  before  I  =  18°  43'  29";  B  =  600. 

Take  chord  length  of  40  ft. 

Let  2*1  =  deflection  angle  for  chord  of  40  ft. 

Then  sin  ij  =  |2.. 
600 

ti  =  l°64'37' 

and  d  =  3°  49'  14'  =  corresponding  central  angle. 

For  central  angle  3°  49'    diff.  =  0.000012    Table  XX.,  A. 

JR=  600 

0.007 
arc=  40.007 
4  lengths  of  arc  =  160.028 
entire  arc  =  196.085    from  p.  37 

sub-arc     =   36.057  for  R  =  600 
36.067  H-  600  =     0.060095= sub-arc  for  ^  =  1 
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From  p.  38,  0.0600960  =  sub-arc  f or  i?  =  1 

Table  XX.,    3"      0.0628699 

0.0077361 

26'    0.0076631 

0.0001720 

36"   0.0001697 

For  central  angle  3°  27'  diff.  =     0.000009 

R=  600 

0.006 

sub-arc  =       36.067 

sub-chord  =       36.062 

III.  (a)   Use  uniform  deflection  angles  to  some  convenient 
even  minute^  except  for  final  sub-chord. 

(6)  Compute  chord  lengths  to  correspond, 
(c)  Compute  arc  lengths  to  correspond. 

Example.     Given  as  before.  7=18°  43'  29"    B  =  600 

For  5  equal  arcs  I'l  =   1°  62'  21" 

Assume  t'l  =  2°  00' ;  then  2  u  =   4°  00'  =  central  angle. 

For  central  angle  4°  diff.  =  0.000014    Table  XX.,  A. 

B=  600 

0.008 
"Chord  length  for  4=*  =  2  x  600  x  sin  2°  =  41.880 

arc  length  =  41.888 

/=  18*^43' 29" 

4  X  central  angle  4®  =  16^ 

final  sub-angle  dg  =2°  43'  29" 

For  central  angle  2°  43'      diff.  =  0.000004        Table  XX.,  A. 

B=  600 

0.002 

For  central  angle  2°  43'  29"  arc  =  0.0476654       Table  XX. 

B= 600 

28.63324 
diff.  =      0.002 


final  sub-chord  =    28.631 


/ 
t 
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66.  Problem. 


Given  D  and  stations  of  P.  C,  and  P.  T. 
Bequired  to  lay  out  the  curve  by  the  method 
of  Offsets  from  the  Tangent. 


Let  AG'  be  tangent  to  curve  AG 
Find    E'AE  =  id  =  tti 

When  AE=100,  then  \  d  becomes  J  Z>. 
F'EF  =  d  +  iD         =a2 
G"FG  =  d  -f  1>  +  i  2)  =  Ota,  etc. 
Draw  EH  tangent  at  E. 
Also  FN  tangent  at  F. 

The  a  for  each  chord  is  found  by  taking  the  central  angle  to 
the  beginning  of  the  chord  plus  the  deflection  angle  for  the  choid. 

a2=F"EH-}- HEF 

d-hiD 

Os  =  G'TN  +  NFG 

AE'  =  Ci  cos  «!  EE'=  Ci  sin  ai 

EF''  =  100  cos  02  FF''  =  100  sin  a, 

FG''=100cosa8  GG''  =  100sina8 

FF=EF+FF" 
GG'=  FF'+  GG",  etc. 
For  the  computations  indicated  above,  always  use  natural 
sines  and  cosines. 
For  a  check,  AG'  =  i?  sin  AOG 

GG'=i?versAOG 

where  0  is  at  center  of  curve. 

For  the  computations  immediately  above,  use  log  sines  and 
versiiies. 
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These  ^*  check  ^^  computations  involve  the  radius  (or  degree) 
and  the  central  angle ;  the  previous  computations  involve  the 
use  of  c  also  ;  since  the  formula 

<^  =  i  (20) 

is  an  approximate  formula,  perfect  precision  in  the  ^* check'' 
cannot  be  expected. 

If  a  ** check"  perfectly  precise  is  required,  use  formula  (18) 
c  =  2  ^  sin  ^  (f  instead  of  formula  (20)  and  carry  all  intermedi- 
ate v^ork  to  the  necessary  degree  of  precision. 

This  method  of  Offsets  from  the  Tangent  is  a  precise  method, 
and  allows  of  any  desired  degree  of  precision  in  field-work. 

Another  method  of  finding  the  angles  au  (^21  c^,  etc.,  is  by 
drawing  perpendiculars  to  the  chords  at  K,  L,  and  M. 

Then  tti  =  J  d 

=  d  -f  J  Z>  (as  before) 
a3  =  a2  +  D  etc. 

Each  a  being  found  by  adding  an  increment  to  the  previous 
value  of  a. 

Also  ocs  =  AOG  -  i  2) 

which  gives  a  '*  check"  on  all  values  of  a  computed. 

If  AE,  EF,  FG,  are  parts  of  a  compound  curve,  the  same 
general  methods  are  applicable,  except  that  the  checks  of 
H  sin  AOG  and  B  vers  AOG  are  not  then  available. 


67.   Field-work. 

(a)  Calculate    AE',  E'P,  FG' ;  also  EE',  FF',  GG' 
(6)  Set  E',  F',  G',  by  measurements  AE',  E'F',  F'G'. 

(c)  Set  E  by  distance  AE  (c,)  and  EE'. 

(d)  Set  F  "        "        EF  (100)  and  FF'. 

(e)  Set  G  ''        *'        FG  (100)  and  GG'. 
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68.  Problem.     Given  D  and  the  stations  of  P.  C.  and  P.  T, 

Bequired  to  lay  out  the  curve  by  the  method 
of  Deflection  Distances. 

When  the  curve  begins  and  ends  at  even  stations. 

In  the  curve  AB,  let 

AN  be  a  tangent 
AE     any  chord  =  c 
EE'  perp.  to  AE'  =  a  = 
"tangent  deflection" 
FP  =  BB'  =  the 
"  chord  deflection  " 
AO  =  EO  =  i? 

Draw    OM    perpen- 
dicular to  AE. 


Then 


EE':AE=ME:EO 


ai  c  =  -    :  B 
2 


or  a  = 


2B 


FF'  =  2  a ;  AF'  =  AE  produced 

lOOa 


When  AE  is  a  full  station  of  100  feet,  aioo  = 


2B 


(26) 


(26  A) 


Field-work. 

The  P,C.  and  P.  T.  are  assumed  to  have  been  set. 

(a)  Calculate  aioo- 

(6)  Set  point  E  distant  100  ft.  from  A  and  distant  aioo  from 
AE'(AE'<  100  ft.  ;  AE'E  =  1)0°). 

(c)  Produce  AE  to  F'  (EF'=100  ft.),  and  find  F  distent 
2  aioo  from  F  (EF=100  ft.). 

((7)  Proceed  similarly  until  B  is  reached  (P.T.). 

(e)  At  station  preceding  B  {P.T.)  lay  off  FG'=:<iioo 
(FG'B  =  00^). 

(/)  G'B  is  tangent  to  the  curve  at  B  (P.  T.). 
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69. .  Problem.  Given  the  degrees  of  two  curves  having  the 
same  P.  C. 

Bequired  the  offset  between  the  two  curves  at  the  end  of  a 
given  chord  c. 

Let  Di  and  Bi  be  the  D  and  B  of  flatter  curve,  D,  and  B,  be 
the  D  and  B  of  shaiper  curve. 

c2  /•2  c2 

For  1°  curve  ai  =  -^ ;  ai  =  — — ;  a,  = 


2  Bi  2  ^{  2  ^f 

^  =  -5L  =  t?L    (approx. )  from  (8  A) 
ai       _1_       -^1 

ai  =  aiA  and  a,  =  «iZ>,.  (26  B) 

Let  a,-i  =  offset  between  curves  =  a,  —  a/ 

=  ai(D,  -  Di)  (approx.)  (27) 

For  1°  curve  and  c  =  100        ai  =  0.873  ft.  =  J  ft.  (nearly). 
a,_i=  \{D,  -  A)  ft.  (approx.)  (27  A) 

70.   Problem.     Given  the  offset  to  any  curve  for  1  chord  of 
too  ft. 
Required  the  offset  for  any  number  of  chords  n,  each  100  ft, 

/*2  1002 

a  =  ^      and     aioo  =  ^  from  (26  A) 

forc  =  200         0200  =  ^;  forc  =  nlOO  «« =  ^^^^^ 

2B  2B 

t>ut  n  chords  of  100  ft.  each  =  chord  n  100  (nearly)  and 

n^lOO^ 
^n  =  "JT^"     ^"^    ^^  =  '^^^loo    (approx. )  (28) 

This  approximation  may  prove  too  rough  for  most  field-work 
in  less  n  is  very  small.  It  may  be  of  value  in  plotting.  It 
should  seldom  be  used  for  other  purposes. 

Similarly  from  (27  A )     «„  =  J(/>.  -  Di)n^    (rou0v\^^. 
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71.   Problem.     Given  D  and  the  stations  of  P.  G.  and  R  ' 

Required  to  lay  out  the  Curve  by  Dejkctm 
Distances. 

When  the  curve  begins  and  ends  with  a  sub-chord. 


F 


by  (26) 


Let  AE  =  initial  sub-chord  =  Ct 
HB  =  final  sub-chord  =  C/ 
E'E  =  tang.  defl.  for  c<  =  a< 
H''H=     "       **      **  Cf  =  af 

=  — L_!      n..=  -2—'^      aioo=  


2  72'     "'      2B'  2R 


tti :  rtioo  =  ci^  :  1002 
a/ :  aioo  =  c/  .- 1002 


«<  =  flioo 


0/  =  OlOO 

In  general  it  is  better  to  use  (29)  than  a<  =  -^« 


1002 


(29) 


lOOaj 


72.   Example.     O^ren  P.  r.    20  +  42 

P.O.     16  +  26 


6°  curve  R 


Required  all  data  necessary  to  lay  oiit  curve  by  *'  Dic- 
tion Distances.'*^ 

Calculate  without  Tables.    Result  to  y^  foot. 


Radius  1°  curve  =  5730(6 
6°  955 

1002 


«100  = 


=  5.24 


2  X  955 
2  aioo  =  10.47 

a76  =  0.752  X  5.24  =  2.95 
042  =  0.422  X  5.24  =  0.92 

Table  II.  gives  aioo  =  5.284  (precise  value) 


1910)10000(5.236+ 
965 
450 
382 


680 
673 
1070 
965 
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The  distance  AE'  is  slightly  aliorter  I.hsn  AE.  It  is  generally 
siifflcient  tn  take  the  point  E'  by  inspeotiim  simply.  It  desired 
for  LLis  or  any  other  puipoae,  6.  siniple  approximitte  solution  of 
right  triunglea  is  as  follows; 

73.    Problem,    'riven  (Ae  hypotenuse  (or  hose)  aiuj  itltUude. 
Required  the  difference  hetween  base  aiul  hy- 
potenuse, or  in  the  figure,  e  —  a. 
-»  -  qS  =  fts 


llv    I" 


ft! 


C  +  «         2l 


(approx. )  = 


Whererer  h  is  sniall  in  comparison  with  a 
malion  ie  good  for  ordinary  puijioHes. 


(appros.)         (30) 
the  appro 


h-m  a       =         m.fio 

The  precise  formula  gives  09.400. 
74.  Field-work  for  %  71. 
(a)   Calculate  aimi.  au   a/-     Remember  that  tangent  dofleorl 
ana  axe  ax  the  gqaares  of  the  cliorils, 
aim  1h  found  in  Table  11.,  Allen,  afl  "tangent  otTset." 
(6)    Find  the  point  E,  distant  at  from  AE'  and  distant  Ci  I 

CAE'E^IK)".) 
(e)    Erect  auxiliary  tangent  at  E  {\&y  oH  AA'  =  ai). 
(<i)    From  auxiliary  tangent  A'E  produced,  find  point  F. 

(FF'^aiom  EF-lOO;  EF'F  =  (K)''). 
(e)    From  chord  EF  produced,  find  point  G. 
(GG'  =  2  (1,00  ;  FG'  =  FG  =  100). 
(/)   Similarly,  for  each  full  station,  wieiamn  etc. 
(g)    At  last  even  station  on  curve,  H,  erect  an  auxiliary  taoj 
gent  (iny  oB  GG"  =  <ii™  ;  GG"H  =  30°). 

(A)  From  G"H  produced,  find  B  (B'B  =  a/,  via.). 
(J)  Find  tangent  at  B  (HH"  =  ii/-,  HH"B  =  110°). 
The  values  of  Xiuu,  it,  it/,  should  be  calcul3.1e(l  to  the  n 

,4.  '<><>'■ 
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75.  Caution.  The  tangent  deflections  vary  as  the  squares  oi 
the  chords,  not  directly  as  the  chords. 

Carves  may  be  laid  out  by  this  method  without  a  transit  by 
the  use  of  plumb  line  or  *'  flag"  for  sighting  in  points,  and  with 
fair  degree  of  accuracy. 

For  calculating  aioo,  a,-,  a/,  it  is  sufficient  in  most  cases  to  use 

the  approx.  value  Ba  =  ^^^.    A  curve  may  be  thus  laid  out 

without  the  use  of  transit  or  tables. 

For  many  approximate  purposes  it  is  well  and  useful  to 
remember  that  the  "chord  deflection"  for  1°  curve  is  1.75  ft 
nearly,  and  for  other  degrees  in  direct  proportion.  A  head 
chainman  may  thus  put  himself  nearly  in  line  without  the  aid 
of  the  transitman. 

The  method  of  "Deflection  Distances"  is  not  well  adapted 
for  common  use,  but  will  often  be  of  value  in  emergencies. 

76.  Problem.     Given  D  and  stations  of  P.  C.  and  P.  T, 

Bequired  to  lay  out  the  curve  by  **  Dejlection 
Distances'''*  when  the  first  sub-chord  is 
small. 

Caution.  It  will  not  be  satisfactory  in  this  case  to  produce 
the  curve  from  this  short  chord.  The  method  to  be  used  can 
best  be  shown  by  example. 

LetPC=41  +  90. 

Field-work. 

Method  1. 

(a)  Set  sta.  42  using  c  =  10  and  «io  =  aioo 


1002 

(ft)  Set  sta.  43  (100  ft.  from  42)  offsetting  ano  from  tangent 
(c)  Set  sta.  44  by  chord  produced  and  2  aioo  offset. 

Method  2. 

(a)  Set  a  point  on  curve  produced  backwards,  using 

c  =  90  and  ago  =  aioo  rrr^- 

100-^ 

(ft)  Set  sta.  42,  using  c  =  10  and  aio  as  above, 
(c)  Set  sta.  43  by  chord  produced  and  2  aioo  offset. 
A  slight  approximation  is  involved  in  each  of  these  methods. 
Method  1  involves  less  labor. 
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77.   Ordinates. 

Problem.     Given  D  and  two  points  on  a  curve. 

Required    the    Middle    Ordinate   from    the 
chord  joining  the  two  points. 

By  (9),  M=ByQv^\I 

for  100  ft.  chord  M=B  vers  \  D 

between  points  2  station  lengths  apart  M=  B  vers  D. 

Let  A  =  angle  at  center  between  any  two  points. 

M=  B  vers  J  A, 

78.    Problem.     Oiven  B  and  c. 

Bequired  M, 


OL 


-v«-(i)' 


HL  =  iif=i?~^i?2_/|y' 


M 


=  W(^-|)(^  +  2-)(''> 


Table  XXI.,  Allen,  gives  squares  and  square  roots  for  certain 
numbers.  If  the  numbers  to  be  squared  can  be  found  in  this 
liable,  use  (31).    Otherwise  use  logarithms  and  (32). 


79.    Problem.     Given  B  and  C, 

Bequired  the  Ordinate  at  any  given  point  Q. 


.  Measure  LQ  =  q. 


Then  KN  =  VW^-Y^ 


LO 


=>/Mir 


(Q  =  KN-LO=V(iJ  +  3)(iJ-3)-V(*  +  |)(-K-|)  (33) 
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80.  When  C  =  100  ft.  or  less,  an 
approximate  foriimla  will  generally 
suffice. 

Problem.     Given  li  and  c. 

Required  M  (approx.) 

HL:AH=-'^:i? 
2 


M=z 


2R 


Where  AB  is  small  compared  with  i?, 


AH  =- (approx.) 

JIf  =  ^  (approx.) 

81.   Example.     Given  G  =  100,  Z>  =  9°. 

Hequired  M. 


Hq 

5730 
9 

=   6.36.7 
8 
5093.6)10000.(1.963 
50936 
490640 

Precise  value 

458424 

ilf=  1.965 

322160 
305616 

=  3f 


(84) 


16544 

Table  XXVII.,  Allen,  gives  middle  ordinates  for  curving  rails 
of  certain  lengths. 

82.   Problem.     Given  li  and  c. 

Heqnired   Ordinate  at  any  given  point  Q 
Approximate  Method. 

I.   Measure  LQ  =  g 


M=Hl  = 


HK2 
2  B 


(approx. ) 


w    L  Q  u 

KK':M=HK'^ 


<!)• 
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Since    HK  =  (/(approx.)  KK' =--^  .V  (approx.)    (36) 

(I) 

KQ=  M-  KK' 
When  ^=  ^  as  in  figure,  KK'  =  -^  and  KQ  =  j  itf  (approx.) 

2 
When  ^=1  VW  =  Jl  itf  (approx. ) 

2 

When  ^  =  J  ^^  =  ^  ^  (approx. ) 

2 

The  curve  thus  found  is  accurately  a  parabola,  but  for  short 
distances  this  practically  coincides  with  a  circle. 

83.  II-  Approximate  Method.    Measure  LQ  and  QB 

X = -jj^  ^*^'=2^  (approx. )  from       (26) 

KQ  =  -5^-  = j^ (approx.) 

KQ=  A2^<^  (approx.)  (36) 

Sometin^es  one,  sometimes  the  other  of  these  methods  will  be 
preferable. 

84.  Example.    Oiven  C  =  100,  D  =  9"". 

M  =  1.966  from  Tables. 
Bequiredj   Ordinate  at  point  30  ft.   distant 
from  center  toward  end  of  chord. 

T     WfiL-^y^  ^^-  AQ=     80 

KK'=-?-x  1.966  1273.4)  1600(1.26e 

26      9  1273.4 

26)17.686  -Bi  =  6730.        3266O 

.70740  i?9=    636.7      26468 

M=           1.966  2 1?9  =  1273.4        71920 

Ordinate  =           1.258  63670 

Precise  result  for  data  above  =  1.26a.  %1ff^ 
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85.   Probkm.     (iiven  R  and  r,. 
Beguirrd  a  »er 


I  ofpointt  on  the  cunt. 


*H  =  I  (approt) 


—  (approx.) 
~  (appros.),  » 


8  far  as  desirable. 


This  method  is  useful  for  many  general  purposes,  for  □ 
nates  in  bending  rails  among  others. 

86.  Problem.    Given  a  Simple  Curve  joining  tteo  tangenlt- 
Required  tlie  P.O.  of  a  «eu  curve  of  the  m 
radiim  which  shall  end  in  a  parallel  (M 
gent. 
Let   AB  be  the  given  curve. 
A'B' "    "  required  curve. 
B'E  =  p  =  perpendicular  distance  between 
Join  BB'.  ,       .. 

Then     AA'  =  00'  =  BB' 
Al3o  B'BE  =  WB  =  J 


When  the  proposed  tangent 
1b  ouiBide  the  original  tangent, 
the  distance  AA  is  to  be  added 
to  the  station  of  the  P.  0.    When  intidc, 


Simple  Curvet. 


61 


87.    Problem.     Given  a  Simple  Curve  Joining  tioo  tangents. 

Required  the  Radius  of  a  new  curve  which 
with  the  same  P.  C.  shall  eud  in  a  parallel 
tangent. 

Let  AB  be  the  given  curve  of 
radius  B  =  AO. 

B'E  =  j>  =  perpendicular 
distance. 

AB'  the  required  curve, 
radius  =  B'. 

Draw  chords  AB,  AB' ; 


also  line 


BB'; 


Therefore 


also    BL  parallel  to  AO. 
BLB'=AO'B'=/ 
BL  1=  00' 
=  B'-B 
=  B'L 
BLversBLB'=B'E 
{B'-  B)  vers/  =  j> 

(R-B)=    ^ 


r  (38) 

vers  I  ^    ^ 

Since  VAB  =  V'AB',  AB  and  AB'  are  in  the  same  straight  line. 

And  with  transit  at  A,  point  B'  can  be  set  by  measuring  BB' 
in  direction  AB. 

B'E 


Also 


BB'  =  -  '^-'--      or  BB'=— 2_ 
sin  B'BE  sin  \  I 


(39) 


When  the  proposed  tangent  is  outside  the  original  tangent  Cas 
It  is  shown  in  the  figure) ,  the  above  formula  applies,  and 

B'>B. 

When  the  proposed  tangent  is  inside  the  original  tangent,  the 
formula  becomes 

B-B'=—^  (40) 

vers/ 

uid  i?'  <  B. 
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88.  Problem. 


Given  a  Simple  Curve  Joining  tioo  tangents. 

Bequired  the  radius  and  P.C.  of  a  new  currf 
to  end  in  a  parallel  tangent  with  the  new 
P.T.  directly  opposite  the  old  P,T. 

Let  AB  be  the  given  curve  of 
radius  =  R. 

^'B'  the  required  curve  of 
radius  B', 

BB'  =  p. 

Draw  perpendicular  O'N 
and  arc  NM 

Then  O'M  =  B'M  -  B'O' 

=  B'M  -  BM  =  BB' 

0'M=p 
ON     exsec  NOO'  =  O'M 

(i?-7?0exsec  /     =p;       B  -  B' = — £ —        (41) 

exseo/ 

AA'  =  O'N  =  ON  tan  NOO' 

AA'  =  (^B-B')Uii    I  (42) 

When  the  new  tangent  is  o%itside  the  original  tangent  (as  in 
the  figure),  B>B'  and  AA'  is  added  to  the  station  of  the  P. C. 
When  the  new  tangent  is  inside  the  original  tangent,  JR  <  JB*, 

B'  —  B  =  — ^ — ,  and  AA'  is  subtracted  from  station  of  P.  C. 
exsec  / 


89.  Problem.  To  find  the 
Simple  C^irve  that  shall  join 
txfuo  given  tangents  and  pass 
through  a  given  point. 

With  the  transit  at  V,  the 
given  point  K  can  often  be 
best  fixed  by  angle  BVK  and 
distance  VK.  If  the  point  K 
be  fixed  by  other  measure- 
ments, these  generally  can 
readily  be  reduced  to  the 
angle  BVK  and  distance  VK. 


>    r 


..o 


•M  sC.*\."ti 
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90.   Problem.     Giijen  the  two  tangents  intersecting  at  V,  the 

angle  /,  and  the  point  K  Jixed  by  angle 
BVK  =  /3  and  distance  VK  =  b. 
Required  the  radius  B  of  curve  to  join  the 
two  tangents  and  pass  through  K. 

In  the  triangle  VOK  we  have  given 

VK  =  6  and  OVK  =  ^^^  ~  ^-  ft 

Further  VO  =  — ^  OK  =  1? 

cos  J  / 

VO  :  OK  =  sin  VKO  :  sin  OVK 


cos^/ 


:i?  =  8inVK0  :  cos(J/+/S)      • 

sin  VKO  =  '^'(i\Y^  (43) 

cos  J  i  ^     ^ 


From  data  thus  found,  the  triangle  VOK  may  be  solved  for  B. 

In  solving  this  triangle  the  angle  VOK  is  often  very  small.  A 
slight  error  in  the  value  of  this  small  angle  may  occasion  a 
large  error  in  the  value  of  B.  In  this  case  use  the  following 
Second  Method  of  finding  B  after  VOK  has  been  found 

Find         AOK  =  i  /  4-  VOK        Also  DVK  =  J  +  /3 

Then  B  vers  AOK  =  LK 

=  b  sin  DVK 

«  _  b sin  DVK  .-. . 

^  "  vers  AOK  ^^^ 

91.   Problem.    Given  B,  I,  i3(BVK). 

Required  b{yK). 


In  the  triangle  VOK 


OK  =  i?;    0V=     ^ 


cos^i 
OVK=:90-(i/+/3) 

Solve  triangle  for  5. 

Also  find  VOK  and  station  of  K  if  desired. 
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92.  Problem.  To  find  the  poim 
where  *a  straight  line  intersects  a 
curve  between  stations. 

Find  where  the  straight  line  V'K 
cuts  VB  at  v. 
Measure  KV'B. 

Use  V  as  an  auxiliary  vertex. 
Find  r  from  VB  by  (6). 
Solve  by  preceding  problem. 


93.  Approximate  Method. 

Set  the  middle  point  H  by  method  of  ordinates. 

If  the  arc  HB  is  sensibly  a  straight  line,  find  the  intersection 
of  HB  and  CD. 

Otherwise  set  the  point  G  by  method  of  ordinates,  and  get 
intersection  of  HG  and  CD. 


Additional  points  on  the  arc  may  be  set  if  necessary,  and  the 
process  continued  until  the  required  precision  is  secured. 

The  points  H  and  G  can  be  set  without  the  use  of  a  transit 
with  sufficient  accuracy  for  many  purposes,  a  plumb  line  or  flag 
being  used  in  **  sighting  in." 

94.   Problem.     Given  a  Simple  Curve  and  a  point  outside 

the  curve. 
Required  a  tangent  to  the  curve  firom  that 
point. 
L/  _  Let  BDE  be  the  given 

curve. 

P  the  x>oint  oat- 
side  the  carve. 

BL  a  tangent  alB. 
Measure  LBP,  also  BR 


BAr. 


Simple  Curves. 

In  tlie  tnangle  BPO  we  have  given  PBO,   BP,  BO. 

Solve  the  triangle  for  BOP  and  OP. 

Then  cos  DOP  =  ^  =  -^ 

OP      OP 

B00=  BOP-  DOP 

From  BOD  fliid  station  of  D  from  known  point  B. 

It  should  be  noted  that  if  log  OP  is  found,  this  can  be  tued 
again  witliout  looking  out  the  number  for  OP.  Other  aimilu 
cases  will  occur  elsewhere  in  calculation. 

Wiien  for  any  reason  it  is  difBcult  or  inconvenient  to  meaaure 
BP  directly,  the  angles  CBP,  BCP  and  the  distance  BC  may  be 
incaaured  and  BP  calculated. 


94  A.   Tentative  Method.  ■ 

Field-work.  I 

(a)  From  the  station  (B)  nearest  to  the  required  point  D, 
find  by  the  approximate  method  where  BP  cuts  the  curve  at  C. 
(If  E  be  the  nearest  Htation,  produce  PC  to  B.) 

(6)  Assume  D  with  BD  slightly  greater  than  CO,  and  with 
transit  at  P.  C.  set  the  point  0  (transit  point)  truly  on  the  corve. 

(c)  Move  the  transit  to  D,  and  lay  off  a  tangent  to  the  curve 
at  D.    This  will  very  nearly  strike  P. 


(d)  If  the  tangent  atrikes  away  from  P,  at  Q,  measure  QDP^ 
and  move  the  point  D  (aheail  or  back  as  tSm  case  may  be)  a  dis- 
tance c  due  to  an  angle  at  the  center  il  =  QDP.  The  tangent 
from  this  new  puinl  ougirt  to  strike  P  almost  eiactiy. 

In  a  large  niimbiT  of  cases  the  point  D  will  1«  found  on  the 
first  attempt  sutDcicntly  close  for  the  required  purpose. 

If  a  tangent  between  two  curves  is  required,  similar  meCUods 
[b;  approximation  will  be  found  available. 


I 
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95.   Problem.     Given  two  Simple  Curves. 

It f quired  a  tangent  to  both  Curves. 


V  L'l     _^:^p 


Find  convenient  points  A  and  B  on  the  given  ouryea. 

Let  AK  and  BL  be  tangents. 

Measure  line  AB  and  angles  BAK  and  ABL 

Let  AO  =  Bi  and  BP  =  Ji,  (both  given). 

Solve  ABPO  for  line  OP  and  angles  AOP  and  BPO. 


Then,         cos  COP  =  ^^7^' 

OP 

AOC  =  COP  -  AOP  ; 


and  DPO  =  180°  -  COP. 


BPD  =  DPO  -  BPO. 


When  a  tangent  is  to  connect  two  tracks  already  laid,  it  may 
be  determined  by  a  process  similar  to  94  A  by  tentative  method. 


Obstacles  on  Curves. 


96.   When  If  is  inaccessible. 


Measure  VLM,  VML,  LM. 
/=  VLM  4-VML 

LV  and  VM  are  readily  calculated, 
and  AL  and  MB  determined. 

In  some  cases  the  best  way  is  to 
assume  the  position  of  P.C.  and  ran 
out  the  curve  as  a  trial  line,  and 
finally  find  the  position  of  P.C.  cor- 
rectly by   the  method  of  formula 


Simple    Curves. 

97.  When  the  P.C.  is  inaccesBible. 

Kstablish  Bome  point  0  (an  even 
MatioQ  is  preferable)  by  method  of 
ottseta  from  Tangent"  or  otherwise. 
Move  transit  to  B  (P.T.)  and  run 
lit  curve  Btarticg  from  D  and  checking 
on  tangent  V8. 

98,  When  the  P.  T.  is  inaccessible. 
With 


point  D,  move  tranniC  to 
P.C,  and  run  in  curve  to  D,  and  then 
I>ii88  tlie  obstacle  at  B  as  any  obetaolej 
on  a  tangent  would  be  passed.  ■ 


99.  When  Obstaclea  on  the  Curye  occur  so  as  to  prevent 
inning  in  the  curve,  no  general  rulea  can  well  be  given. 
pometimeH  reaettinij  the  transit  in  the  curve  will  sei've.     Some- 

^^ ,  if  one  or  two  points  only  are  invisible  from  the  transit, 

can  be  set  by  '■  deflectioa  iliBtaneeg,"  and  the  curve  con- 
by  "d^eetioa  aaglei,'''  without  resetting  the  transit. 
offeets  from  the.  toiigeni "  can  be  used  to  advan- 
Igge.  Sometimes  points  can  be  set  by  '^ordinaUK*'  from 
liordB.  Sometiues  the  method  shown  on  pa^  64,  §  i)2,  assum- 
ig  an  auxiliary  V,  is  the  only  one  possible. 
It  Bhuold  be  borne  in  mind  that  it  is  seldom  nfivsanry  that 
le  /itll  ttatiniiH  sliould  be  set.  If  it  be  possible  to  set  any 
whose  statious  are  known  and  which  are  not  too  far 
Mrt|  this  Is  generally  HUltkieat, 

Finally,  for  passing  obstacles  and  for  solving  tnany  problems 
irtiicb  oocaaionally  occur,  it  is  necessary  to  understand  the 
^^rlouB  methods  of  laying  out  curves,  and  to  be  familiar  with 
e  nwthematics  of  curves;  and,  in  addition,  to  eiercise  a  rea- 
dable amount  of  ingenuity  in  the  application  nf  the  knowledge 
KiRSeflHed. 


CHAPTER  V. 
COMPOUND  CURVES. 

100.  When  one  curve  follows  another,  the  two  curves  having 
a  common  tangent  at  the  point  of  junction,  and  lying  upon  the 
same  side  of  the  common  tangent,  the  two  curves  form  a  CofN- 
pound  Curve, 

When  two  such  carves  lie  upon  opposite  sides  of  the  common 
tangent,  the  two  curves  then  form  a  Reversed  Curve. 

In  a  compound  curve,  the  point  at  the  common  tangent  where 
the  two  curves  join,  is  called  the  P.C.C,  meaning  the  "point 
of  compound  curvature." 

In  a  reversed  curve,  the  point  where  the  curves  join  is  called 
the  P.B.C.j  meaning  the  *'  point  of  reversed  curvature." 


Field-work. 

Laying  out  a  compound  curve  or  a  reversed  curve, 

(a)  Set  up  transit  at  P.C. 

(b)  Run  in  simple  curve  to  P.C.C.  or  P,B,C, 

(r)  Move  transit  to  P.C.C.  or  P.P.C. 

(d)  Set  line  of  sight  on  common  tangent  with  vernier  atO°by 
method  of  §  00. 

(c)  Run  out  second  curve  as  a  simple  curve. 

Data  Used  in  Compound  Curve  Formulas. 

In  the  curve  of  larger  radius,  OA  =  Pi ;  AOC  =  /| ;  AV  =  7j. 

In  the  curve  of  shorter  radius,  PB  =  B,;  BPC  =  7, ;  VB  s  7«; 

Also  LVB  =  I. 
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101.  Problem. 


Given  Ri,  /?„  //,  /,. 
Bequired  /,  7},  T,. 

L       Draw  the  common  tangent  DCE. 
Then        /=  Ii  -f  /, 

AD  =  CD  =  Ri  tan  i  Ii 

EB  =  CE  =  i?,  tani/. 


(46) 


or  find  CD  and  CE,  using  Allen's  Ta- 
ble III.  and  the  correction,  Table  IV. 
In  the  triangle  DVE  we  have  one 
side  and  three  angles 

DE  =  Ri  tan  J  Ii  -{-R,  tan  J  /, 

VDE  =  Ji ;  VED  =  /. ;  and  DVE  =  180  -  / 

Solve  forVD  and  VE  then        AV  =  AD  +  VD  =  r, 

VB  =  BE  +  VE  =z  r. 

102.   ProlDlem.     Given  r„  7?„  /„  /. 

Required  Ti,  Ri,  Ii. 

Find        CE  =  EB  from  D,  and  /,     (Tables  III.  and  IV.) 
Having  given  VE  and  all  three  angles 
Solve  for  DE  and  DV  ;  also  find  CD. 
Then       r,  =  AV  =  CD  +  DV 


Also 


A=-CD_ 


tan  i  Ii 

103.   Problem.     Given  Ti,  Ri,  Ii^  I. 

Required  jT,,  7?,,  /,. 

/.  =  /  -  Ii. 
Find        AD=  DC  from  A  and  Ji     (Tables  III.  and  IV.) 
Having  given  DV  and  all  three  angles 
Solve  for  DE  and  VE ;  also  find  CE. 

Then         T.  =  VB=:VE  +  CE  ;  and  R,=      ^^-- 

tan  ^  /, 

See  §  106  and  §  108  for  other  solutions  of  §  102  and  §  103. 
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104.   Problem.     Given  T»,  /?«,  Bi,  L 

Required  Ti,  /i,  /,. 

A  L  V  U 


Draw  arcs  NP  and  KC. 

Draw  perpendiculars  MP,  LP,  SB,  UB. 

Then  AM  =  LP 

AN  =  /?.  =  KP 
NM  =    LK  =       LS         -         KS 

OP  vers  NOP  =  VB  sin  VBS  -  PB  vers  KPB 
(JBi  —  Rt)  vers  /i    =  T,  sin   I   ^  B,  vers  / 

vers  ii    ^^isin  /    -  Jg^vers^ 

^i  —  Bg 

AV=  MP  +       SB    -       UV 

Ti  =  (J?i  -  B»)  sinii  4-  iJ.sinZ-  r.cosJ 


105.  Problem. 
jBi  —  Bt 


Given  T.,  J?.,  /.,  /. 
Bequired  Ti^  Bi^  /|. 

.  Tt  sin  I—  B»  vers  I 

vers/j 
:(i?i  -  i?0  sin  Ii  4-  i?,  sin/ 


-  r,  COB  J 


106.   Problem.     Given  2|,  r,,  i?,,  7. 

Bequired  Bi,  Ii^  /,. 

tani/,=     r.  sin  7 -g.  vers/ 
r,  +  r.  cos /-B.  sin  7 
jj  _i?  _  ^1+  r.  cos  7 -7?.  sin  7 

sin  7i 


(^'J^ 


■I/' 


(46) 


(47) 


(48) 
(49) 


(80) 
(61) 


(7 


^^ri  Ny:.\  ^    fm  .tarv^X-j^ 
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107.  Problem. 

Given  Ti^Bi^  2?,,  7. 
Bequired  T,y  Ii^  !», 

Draw  arcs  NP,  KC. 

Draw   perpendiculars   OK, 
\      AS,  PM,  VU. 

-"K      Then  LM  =  BP 

=  KN 

MN  =  LM-LN 
=  KN  -  LN 
=  KL 

LK=MN=         KS  -       LS 

OP  vers  NOP  =  AO  vers  AOK  -  AV  sin  VAS 
(Bi  -  B»)  vers    I,    =  Bi  vers    I    -  Ti  sin  / 


Bi  —  Bf 

VB=      AS     -  PM  -     AU 

r,  =  J?isin/-(2?i-/?,)sin7.  -  TjCOsZ 


108.  Problem. 

Bi  —  B$ 
T. 


Given        T,,  Bu  Ii,  L 
Bequired  r«,  B,,  /«. 

I-Ii 

jgfvers/—  Ttsin  J 
vers/, 

Bi  sill  I  —  (Bi  —  B,)  sin  /,  —  Ti  cos  / 


(62) 


(63) 


(64) 

(66) 


109.   Problem.     Given        Ti,  T,,  Bi,  /. 

Bequired  B,,  It,  /,. 


tani/.=     g.  vers  J -r.  sin  7  g^. 
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110. 


Problem.     Given^  in  the  figure,  AB,  VAB,  VBA,  i?,. 
Bequired  Bi,  Ii,  /„  /. 

Draw  arc  NP  ;    also  perpendiculars 
KB,  MP,  SP. 

/=VAB  +  VBA 

NM=  AK  +  KM  -AN 
=  AB  sin  VAB  +  PB  cos  SPB  -  AN 
=  AB  sin  VAB  +  B,  cos  I  —  It, 
-  AB  sin  VAB  -  i?,  vers   / 

^'^P=         KB         -  SB 


=  AB  cos  VAB  -  PB  sin  SPB 
=  AB  cos  VAB  -  i?,  sin  / 


tan  NPM  =  tan  ^  //  = 


NM 
MP 


0?  =  Bi-B.^-, 


MP 


sin  Ii 


(68) 


(69) 


111.  Problem. 


Given,  in  the  figure,  AB,  VAB,  VBA,  Bi. 
Bequired  i?«,  //,  /,,  /. 

Draw  arc  PN  ;  also  perpendiculars 
PM,  AS. 

/=VAB  +  VBA 

NM=LK=      SK      -     SL 

=  OA  vers  AOK  -  AB  sin  VBA 
=  Bi  vers  /      -  AB  sin  VBA 

MP  =    '      AS  -     AT 

=  0A  sin  AOK -AB  cos  VBA 
=  Bi  sin   /        -  AB  cos  VBA 

NM 


tan  NPM  = 


tan  i  /,   = 


MP 
NM 


(60) 


MP 

Ii  =  /-  /. 

MP 


(61) 


0?  =  Bi-  B,= 


sin  I, 


Compound  Curves. 
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112.    Problem.     Qiven  a  Simple  Curve  ending  in  a  given 

tangent. 

A  second  curve  of  given  radius  is  to  leave  this  and  end  in  a 
given  parallel  tangent. 

Required  the  P.  C.  C, 
Let  AB  be  the  given  curve  of  radius  iJj. 
C  be  the  P.  C7.  C. 

CB'  the  second  curve  of  radius  i?,. 
BE=j3=distance  between  tangents. 

\b    ThenMN  =  EB=p. 


vers  COB  = 


MN 
OP 


vers  COB  =  — ^ — 


(62) 


213.  Given,  a  Simple  Curve  of  radius  Ri ;  also  a  line  not 
tangent  to  this  curve. 

Required^  the  radius  R^  of  a  second  cwve  to  connect  a  given 
point  on  this  curve  as  a  P.  C.  (7.,  with  the  given  line  as  a  tangent. 

Let  AC  be  the  given  curve  of  ra- 
dius Ri. 

LB  the  given  line. 

C  be  a  point  selected  (as  con- 
venient or  necessary)  as 
the  given  P.  C.  C. 

CB  the  required  curve  of  ra- 
dius R2. 

From  C  lay  off  auxiliary  tangent 
CD  cutting  LB  at  K. 

Measure  CK  and  angle  DKB 
CK 


V-" 


Then  R2  = 


tan  J  DKB 
KB  =  CK 


(03) 


i       This  fixes  the  position  of  B,  the  P.  T. ,  thus  allowing  a  ' '  check  " 
on  the  field-work. 
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114.  Given  a  Simple  Curvp  of  radius  S\ ;  also  a  line  »o( 
tangent  to  this  curve. 

Required^  the  P.  C.  C.  of  a  second  curve  of  given  radius  Ri  to 
lenvp  this  curve  and  join  the  given  line  as  a  tangent. 

Let  ACHE  be  the  given  curve. 

TB  the  given  line. 

AO  radius  Bi, 

PC  radius  Rt. 

CB  required  second  curve. 

C  required  P.  C.  C. 

From  a  convenient  point  H 

B  on    the    given    curve    lay   off 

auxiliary  tangent  HK   cutting 

TB  at  K. 
Measure  HK  and  angle  TKH. 

Then        HOL  =  TKH 

LE=         SL         -         SE 

=  HK  sin  TKH  -  OH  vers  HOL 

p  =  HK  sin  TKH  -  Ri  vers  TKH 

DB  =  MB-MD 

MN  =  MB-NB  =  DB=p 

MN  =  POversOPN 


Also 


^ =  vers  I2 

(R2-R1) 


(64) 


The  angle  AOH  is  given. 

CPB  -  TKH  =  COH 
AOH  -  COH  =  AOC  =  7i 
This  serves  to  fix  station  of  P.  C.  C.  at  C. 
Also  KB=  KL  + 

HS  -HKcosTKH  + 

=  OH  sin  TKH  -  HK  cos  TKH  +  OP  sin  CRN 
KB=i?i  sin  TKH  -  HK  cos  TKH  +  (-B2--Bi)  sin  7, 


LB 
LB 


lis.   Problem, 
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Biveit  a  Cotapoujid  C«rvf.  pmling  in  a  given 

liequiml  tu  ehangf  the  P. CC.  so  as  to  end 
in  a,  gitfn  parallel  laagenC,  the  radii  re- 
nmtnlng  iinehanged. 

I.  When  the  new  tangeiU  lies 
DKlHr'dp  UiB  old  tangent,  find  Ihe 
cTintr  ends  with  curve  of  larger 


Let   ACB   be    Ihe   given    c 

\  AC'B"  the  required  curve. 

\  Trnjluce  CO  to  f",  draw 

\     C'B"  aJidcQiiiieut  P'B". 
^g'       Produce  are  AC  to  B'  and  o 
necl  OB'. 
Draw  peqjendiculars  C'SD,  CTK,  B'LE',  and  BE. 
Tlien  EB"=         E'B"      -         LB 

=  DB"  -SB'-(KB-TB') 
=  P'C  vpi>  C'P'B"    -  OC  vers  C 
-  ( PC  v.-rs  CPB  -  OC  vers  COB') 

p^lR,-  H,)  venl,'~(ll,-  B.)\i 


Jti-  S. 


■a/,'- 


117.    III.   When  the  new  tangent  lies  onleide  the  old  tangent 
md  the  curve  eiule  with  curve  of  gmalter  radiii». 
With  a,  naw  figure  It  may  be  ebown  that 


Bt-R. 

118.    IV.   When  the  new  tangent  lies  litxide  the  old  tangent, 
■Utd  the  carve  eude  with  curve  of  sninHcr  radius. 


CHAPTER  VI. 


REVERSED  CURVES. 


It  is  considered  undesirable  that  reversed  curves  should  Iw 
used  on  main  lines,  or  where  trains  are  to  be  run  at  any  con- 
siderable speed.  The  marked  change  in  direction  is  objection- 
able, and  an  especial  difficulty  results  from  there  being  no 
opportunity  to  elevate  the  outer  rail  at  the  P. B.C.  The  use  of 
reversed  curves  on  lines  of  railroad  is  therefore  very  generally 
condemned  by  engineers.  For  yards  and  stations,  reversed 
curves  may  often  be  used  to  advantage,  also  for  street  rail- 
ways, and  perhaps  for  other  purposes. 

119.   Problem.     Given  the  perpendicular  distance  between 

parallel  tangents^  and  the  common  radius 
of  the  reversed  curve. 
Required  the  central  angle  of  each  curve. 

Let  AH  and  BD  be  the  par- 
allel tangents. 

ACB  the  reversed  curve. 

HB  =  J)  =  perpendicular 
distance  between  tan- 
gents. 

Draw  perpendicular  NM. 

Let     AOC  =  BPC  =  /^. 

yersAOC  =  ^  =  lM  =  iidB 
AO      PB       AO 


120.  Problem. 


vers  /r  =  ^ 

Given  p,  Jr. 
acquired  B. 

66 


(69) 


(70) 
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•  121,    Problem,     f/imu  the.  prrpetulieHtar  lihtunrr.  p  hHvjienU 
p'lrnlM iunfl(n(ii, the  ekard itlslaiiei: d i^dSfen  P.C,  1 
and  P.T. ;  and  one  radiu»  Hi  of  a  reversed  curue.'f 
Hequired  the  iecond  rndiu*  Bs- 

I.«t  ACB  =  reTerBed  curv 
_  AH,  DB  parallel  tangents. 


A8  = 


BH  = 


OM  :  MK^  AB  :  BH 
+  Ei:  id-     dtp 

When     11,  =  !!■.  =  Ji 
122.    Problem,     'linen 


From  (72  J)        d  =  ^2  (fii  +  fl,)p       <731.| 
When    Bi^Ei^n  d=  Vi~S^  =  2VM      C74)-| 

'1S3.   PTOblem.     Otven  the  perpendicular  distance  betweeUM 
iteo  parallel  tangeat»,  and  the  central  a\ 
gle  ami  radlim  of  first  cvrve  of  reaenei 


OA  =  Jl,  and  PB 

=  Jfi 

Connect  AC  and  CB. 

AOC  =  SRC  and  ACO 

=  PCB 

ACB  lHa,HtraiglillLtie 

Draw  MP  parallel  to 

AS,  OK 

perpendicQlar  to  MP. 

MP  =  ABaTi<lAM  = 

BP 

"'^"■'f. 

(71) 

-'•h 

(72) 

p.      lirqnired  d. 

Hequired  the  radlim  o/gecond  n 
p  r.et  ACB  =  reversed  Dur 


AOC  =  CPB  =  Ir 
Draw  perpunilioular  NCM. 
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124.  Problem. 


from  (76) 


125.   Problem. 


Given  jBi,  222,  p. 
Required  Ir* 

vers  Ir  = 


Hi  +  ^2 


(76) 


Given  a  P.  C  upon  one  of  two  tangents  not 
parallel,  also  the  tangent  distance  from 
P.  C.  to  F,  also  the  angle  of  intersection, 
also  the  unequal  radii  of  a  reversed  curve 
to  connect  the  tangents. 

Required  the  central  angles  of  the  simple 
curves,  and  tangent  distance,  V  to  P.  T. 


LetAV 

ACB 

AOC 

BPC 

BV 


7\  =  given  tangent  distance  A 

required  curve  V 

Ii]         .     ,        /  AVT 

V  required  angles  .  ^ 

72  =  required  tangent  PB 

distance  VT 


given  P.  C, 

vertex 

/ 

Hi 
Mi 

second  tangent 


given  radii 


Draw  arc  AL,  also  perpendiculars  OL,  AS,  AK. 
Then  LJ  =p  =  perpendicular  distance  between  parallel  tan- 
gents and  by  (75)    p  =    (i?i  -f  i?2)    vers    LOC 

LT  =         LK  +       AS 

(2?i  +  2?2)  vers  LOC  =  AO  vers  AOL  +  AV  sin  AVS 
(jBi  +  i?2)  vers    I2    =  Bi  vers    I    +  Ti  sin  / 

_       Bi  vers  I-\-  Ti  sin  I  ,__. 

vers  /a  =  —^ :;^ — —^ (77) 


Bi-^Bi 

BV=       VS      +       AK     -    TB 

r2=  ricosj+ijisin/-  (iJi  +  2^2)  sin /a 


(78) 


.Reverend  Cureei. 

126.   Problem.     Gieen  BV  >ml,-ml  uf  kV,  and  other  data  a 
above. 
Required  I\,  /a,  etc. 

Draw  perpend ioulars  PH,  BF,  BG. 

UH  =  p  =  perpeudicular  dUunee  between  purallel  tangents. 


(B,  +  fii)  vers  /,  =  B,  vers  I  +  T-j  Bin  1 
vera  7  ^  fiiVBra/+  ^g  8in  7 

Ti  =  Ti  COB  /  +  Ba  Bin  /  +  (B,  +  Bj)  sin  7,  (80)* 

Many  probleniH  in  reversed  curves  can  be  aimpi;  and  quicklf  ■ 
dved  by  using  tlie  available  data  In  a  way  to  bring  the  problen 

o  »  shape  where  it  beeoinea  a  case  of  paraJlel  tangents  with; 

awn,  and  which  can  be  solved  by  (75). 
This  is  tme  particularly  of  sidings  and  yard  problems. 

127.   Problem.     Given  tJie  length  of  Ike  eommon  tangent  tl\ 
the  anglea  of  inleraedliin  vrilA  the  tepa 
rated  Uiiigents. 
Bequired  tl 
cums  So  join  the  t-ieo  eepanUed  tangenU.  , 

Let  ViVa  =  common  tangent 

AVa,  BVb  =  separated  tangenta 

ACB  =  required  curve 
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'^o  128.   Given^fnrn 

versed  curve,  the  P 
lying  on  a  given  t 
gent;  also  the  posit 
of  another  tangent 
parallel;  also  the 
equal  radii.  Hi  and 
nf  the  reversed  cnrvi 
Required  the  r^m 
Angles  /i  and  h ;  also  I;  also  the  position  of  P.  T. 

Let  ACB  be  the  reversed  curve 

AH,  BK,  the  given  tangents 

A,  the  given  P.  C. 
AOC  =  h 
CPB  =  /2 

Measure  from  A  to  some  convenient  point  D  on  BK  ;  let  AD= 
Measure  also  HAD  and  ADK. 

Then  the  angle  between  tangents  =  ADK  —  HAD  =  /. 
Extend  arc  CA  to  G  where  curve  is  parallel  to  BK. 
Draw  perpendiculars  AE,  OG,  AU,  SCT. 


Then 


KG=        AE  4-         UG 

=  AD  sin  ADK  +  OA  vers  AOG 
p  =     6  sin  ADK  +  Jt\  vers  / 


1  ^2 

/l=/2- 

/ 

Also  BD  =               BK 

-        EK          -     ED 

ST 

-       AU          -     ED 

=  OP  sin  CPB 

-  OA  sin  AOG  -  AD  cos  ADK 

=  {Bx  -1-  Ri)  sin 

h 

-  ^1  sin  /       -  6  COB  ADK 

\ 


> 
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CHAPTER   VII. 


PABABOLIC  CDKVES. 

129.  liiateiul  of  circulnr  arcs  to  join  two  tangents,  parabollo 
■ca  have  been  proposed  and  useit,  in  order  to  do  away  with 
:e  Budden  changes  in  direction  which  occur  where  a  circular 
irve  leaves  or  joins  a  tMigenl.  I'arabollc  curves  have,  how- 
>er,  fniled  M  meet  with  favor  for  railroad  curves  for  several 


.    Parabolic  cm 
a  are  circular  ci 
.    It  Is  not  easy  (j>  compute 
e  for  a  parabolic 


are  less  readily  laid  out  by  ingtrument  \ 

t>  any  given  point  the  radius  of 
It  may  be  necessary  t^  do  this 
tther  for  curving  rails  or  for  determining  the  proper  elevation 

r  the  outer  tall. 

3.  The  use  of  the  "Spiral,"  or  other  "Eaaemem,"  or  "Tran- 

tioD  "  curves  secures  the  dealred  result  In  a  more  satisfactory 

fty. 

There  are  however  many  cases  (in  Landscape  Ganlening 

'  elsewhere)  where  a  parabolic  curve  niny  be  useful  either 
graceful  or  because,  without  iiisininient,  it  is 
lore  easily  laid  out,  or  for  some  other  reason. 

It  is  seldom  that  parabolic  curves  would  be  laid  out  by 
iBtruuienl. 

ISO.   Properties  of  the  ParaboU. 

(a)  The  locus  of  the  middle  points  of  a  8ysl«m  of  parallel 
lords  of  a  parabola  Is  a  straight  line  parallel  to  the  axis  of  the 
^bola  (i.e.  a  diamtter). 

(6)  The  locus  of  the  Intersection  of  pairs  of  tangents  is  iu 

«  dfameter. 

••(e)  The  tangent  in  tlie  parabola  at  the  vertex  ol  the  dlametei 

parallel  to  the  cliord  bisected  by  this  diameter, 

(rf)   Diamelers  are  parallel  lo  tlie  aiia. 
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(e)  The  eqnatkm  of  the  parabola,  the  cooidiiiates  ineasaied 
tqmi  the  diameter  and  the  tangent  at  the  end  of  the  diameter  is 


or 


(82) 


131.  TrchUm. 


Given  tioa  tangents  to  a  parabola,  also  the 
position  of  P.O.  and  P.  T, 

Bequired  to  lay  out  the  parabola  bp  "  off- 
sets from  the  tangent."^ 


9t 


V"-.. 


Let  AY,  VB  be  the  given 
tangents  (not  necessarily  equal), 
and  AHB  the  parabolic  curve. 

Join  the  chord  AB  ;  draw  VG  bisecting  AB. 

Draw  AX,  BY,  parallel  to  VG  ;  produce  AV  to  Y. 

Then  VG  is  a  diameter  of  the  parabola. 
AX  parallel  to  VG  is  also  a  diameter. 

The  equation  of  the  parabola  referred  to  AX  and  AY  as  axes  is 

y^  =  4p'x. 

Instead  of  solving  this  equation  engineers  commonly  use  the 

proportion 

yi^  :y2^  =  Xi:X2 

AY2     =  HV  :  BY 
(2  AV)2  =  HV  :  2  GV 
4       =  HV  :  2  GV 


(88) 


Hence 


AV2 
AV2 
1 


HV  =  ^V 


(84) 


Next  bisect  VB  at  D. 

Draw  CD  parallel  to  AX. 

Then  BD^  :  BV2  =  CD  :  HV 

cD=yy 


ParahoHc  Curves. 

Similarly,  make  AN  =  NF  =  FV 

Then  KN  =  — 

Q 

ef  =  |hv 

In  a  Giniilac  way,  as  maiiy  points  a.s  are  needed  may  be 

132.   Field-work. 

(o)   Find  G  biseotinR  AB. 

(6)  Find  H  bisectiug  GV. 

(c)   Find  points  P,  Q,  and  N,  F,  dividing  AG,  AV,  prnportion* 
i)y  ;  also  R  and  D,  dividing  GB  and  BV  proportionately. 
Use  Biinple  ratios  when  possible  (as  j,  j,  etc.). 

^(J)  Lay  off  on  PN,  lie  calculated  distance  KN 
on  QF  lay  off  EF 
on  RD  lay  off  CO 
In  figure  opposite,  KN  =  — 


CD: 


.  HV 


4 

EF=-HV  ' 

9 

For  many  piirpnsaR,  or  in  many  caaes,   it  will  give  resulta 

eufficiently  close,  to  proceed  without  establishing  P,  Q.  R ;  the 

directions  of  NK,  EF,  CO,  being  given  approximately  by  eye. 

When  the  angle  AVG  is  suaall  (as  in  tbe  figure),  it  will  generally 

necessary  to  lind  P,  Q,  R,  and  fis  the  directions  in  which 

isure  NK,  EF,  CO.     When  the  angle  AVG  is  large  (greater 

80°)  and  Uie  distances  NK,  EF,  CO  are  not  large,  It  will 

be  tinnecessary  lo  do  this.    No  fixed  rule  can  be  given 

whan  approximate  methods  shall  be  used.    Eiperlen 

it«  (he  judgment  so  that  each  case  is  settled  upon  itr 
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133.   Problem. 


Oiven  two  tangents  to  a  parabola^  aUo  tht 
positions  of  P.  C.  and  P.  T, 

Required  to  lay  out  the  parabola  by  '''mid- 
dle ordinates.^^ 


The  ordinates  are  taken  from  the  middle  of  the  chord,  and 
parallel  to  GV  in  all  cases. 

Field-work. 

(a)  Establish  H  as  in  last  problem. 

(6)  Lay  off  SE  =  J  HV ;  also  TC  =  J  HV. 

(c)  Lay  off  UW  =  ^TC,  and  continue  thus  until  a  sufficient 
number  of  points  is  obtained. 

The  length  of  curve  can  be  conveniently  found  only  by  meas- 
urement on  the  ground. 

Note  the  difference  in  method  between  §  85  and  §  133. 

134.  Vertical  Curves. 

It  is  convenient  and  customary  to  fix  the  grade  line  upon  the 
profile  as  a  succession  of  straight  lines  ;  also  to  mark  the  eleva- 
tion above  datum  plane  of  each  point  v^rhere  a  change  of  grade 
occurs ;  also  to  mark  the  rates  of  grade  in  feet  per  station  of 
100  feet.  At  each  change  of  grade  a  vertical  angle  is  formed. 
To  avoid  a  sudden  change  of  direction  it  is  customary  to  intro- 
duce a  vertical  curve  at  every  such  point  v^here  the  angle  ie 
large  enough  to  warrant  it.  The  curve  commonly  used  for  thli 
purpose  is  the  parabola.  A  circle  and  a  parabola  would  sab- 
stantially  coincide  where  used  for  vertical  curves.  The  parabola 
effects  the  transition  rather  better  theoretically  than  the  drde, 
but  its  selection  for  the  purpose  is  due  principally  to  its  greater 
simplicity  of  application.  It  is  generally  laid  to  extend  ao 
equal  number  of  stations  on  each  side  of  the  vertex. 


Parabolic  Curves. 
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135.   Problem. 


Given  the  elevations  above  datum  plane  of 
grade  line  at  the  vertex^  and  at  given  points 
at  equal  distances  each  side  of  vertex,  as 
P.a  and  P,T, 

Required  elevation  of  the  vertical  curve  op- 
posite the  vertex;  also  at  intermediate 
points. 


^-jv 


Let  A,  V,  B  be  the  given  points, 

AHB  the  parabola. 
Join  AB  ;  produce  AV  to  Y. 

Draw  vertical  lines  AX,  LGHV,  MBY,  and  horizontal  line  ALM. 
Ill  the  case  of  a  vertical  curve,  the  horizontal  projections  of 
AV  and  VB  are  equal,  and  AL  =  ML. 

Therefore  AG  =  GB,  and  AV  =  VY 

VG  is  a  diameter  of  the  parabola. 
AX  is  also  a  diameter. 


2 


Elev.  H  =  i  /Elev.A  +  Elev.  B  ^  ^^^^  ^\ 


(86) 


The  elevations  of  A,  B,  V,  H,  are  all  above  ** datum  plane." 
For  intermediate  points  following  §  181, 
Let  LU  =  UM. 

HV 


Elev.  C  =  Elev.  D  + 


Let  AS  =  ST  =  TL. 


Elev.  K  =  Elev.  N  +  — 

9 


Elev.  E  =  Elev.  F  +  -  HV 

i) 
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136.  Problem.     Given  the  rates  of  grade  g  of  k^  \  g'  of  VB; 

the  number  of  stations  n,  half  on  each  side 
of  vertex,  covered  by  the  vertical  curve  ;  also 
the  elevation  of  the  point  A. 
Required  the  elevation,  at  each 
station,  of  the  parabola  AB. 

Draw  vertical  lines 


y 


^y 


DD'D",  EE'E'',  VHL,  YBM 
Also  horizontal  lines 

VC,  ALM 
Produce  AV  to  Y 

I 

i     I 

I  I 

I 


I 

I 


\»» 


I 

a 


I 

L 


M 


Let 


Then 


a\  =  offset  DD'  at  the  first  station  from  A. 
02  =     **     EE'      ''      second  "        "    A,  etc. 
ao  =  22ai  =  4  di 
az  =  32ai  =  9ai 
an  =  n^ai  =  YB 
YB  =  YC  -  BC 


2n 


(86) 


Due  regard  must  be  given  to  the  signs  of  both  g  and  gf'  in  these 
formulas,  whether  +  or  — . 

From  the  elevation  at  A  we  may  now  find  the  required  eleva- 
tions, since  we  have  given  g 

and  we  also  have  ai 

^2  =  4  «! 

as  =  9  ai  etc. 


Par/iboHc  Curvet. 
A  method  belter  and  more  convenient  for  u: 
DD"  =    g  ;    O'D"  =    g  -  in 


EE" 
VL    =3 


■  'lg\     E'E" 


.2,7- 


HL     =3£,-«, 


=  2ff- 
=  3p- 


HL 


-  E'E" 


=  2g-   ia\~{   g-    ai)  = 
=  3g-    9oi-C2ff-4ni)  = 


Hi  Btraight  grade,  the  elevation  of  any  sti 
irora  the  preceding,  by  adding  a  oonstaiit  g. 

On  a  vertical  curves,  the  elevation  of  eooh  sti 
bom  the  preceding  b;  adding.  In  a  simitar  way,  i 
a  varying  Increment,  being  for  the 


1st  station  from  A  =  ,7  —    ni 


changing  by  successive 
diflerenceB    of   2ai    in 


137.  The  Am.  Rj.  Eng.  Aasn.  atat^a  as  to  length  of  vertioal 
llrvefl  that "  on  Class  A  ruadn  "  (roads  with  large  traffic)  "  ra(«B 
{  change  of  0.10  per  station  on  summits,  and  0.06  per  station  in 
;b  should  not  be  exceeded.  On  minor  roads  0,20  per  station 
summits,  and  0.10  per  sts'lon  in  sags  may  be  used."  With 
7  Bleep  grades,  however,  even  liigher  rates  than  recommended 
^  the  Association  may  aometimea  seem  necessary. 

The  "rate  of  change  per  station'*  correBponds  to  2ai  in 
pregolng  formulas, 
'  Let  r  —  rate  of  change  per  station. 
Then  from  (BG)  r  =  ^  ~^- 


ded 

-i 
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From  practical  considerations  tlie  vertical  curve  ^ 
general,  extend  an  equal  number  of  full  stations  on  each 
the  vertex. 


Then 


n  must  be  an  even  number  (not  odd) 


The  rates  of  grade  around  the  curve  will  be 

fl'-i**;      fl'-H^;      flr-21r,  etc. 
Each  rate  differing  by  r  from  the  preceding. 


138.  Example. 

Given.    Grades  as  follows 

Sta.  Elev.  Rate 

5  117.00 

10  122.00 

15  124.00 


+  1.00 
+  0.40 


Then  n  =  10  (gr  -  g') 
=  10  X  0.60 
=  6 

2  n 
_0.60 

12 
=  0.06 

r=0.10 


Sta. 
5 

6 

7 

8 

9 
10 
11 
12 
13 
U 
16 


Elev. 
117.00 

+  1.00 
118.00 
+  1.00 
119.00 
+  0.96 
119.96 
+  0.85 
120.80 
+  0.76 
121.56 
+  0.06 
122.20 
+  0.56 
122.76 
+  0.46 
123.20 
+  0.40 
123.(K) 
+  0.40 
124.00 


1.00 
0.05 


0.95 
0.10 


=  9 

0 
i 


0.85 
-0.10 


0.75      g 
-0.10 

0.65 
-0.10 

0.66 
-0.10 

0.46 
End  of  cur 

=  9' 


The  elevation  for  Sta.  16  thus  obtained  agrees  with  th« 
tion  shown  in  the  data.  All  the  intermediate  elevati< 
therefore  **  checked.'' 


CHAl'TER   VIII. 


TDRNODTS. 


139.   A  Turnout  [s  a  track  leading  from  t 
Tumouifl  may  be  for  several  pnrpoaes. 


h  Branch  Roitd  for  gevj 


ins  at  stations,  storing  ca 
riloadtng,  and  various  pi 


I.    Branch  Traek  (for  line  used  a» 
eral  tratHu). 

II,    Siding  (for  passing  tt 

loading  or 
posea). 

III.  Spur  Track       (for  purposes  other  than  general  traffic, 

an  to  a  quarry  or  warehouse). 

IV.  Croes  Ofer        (for  passinR  from  one  track  to  aiiotht 

generally  parallel). 


The  essential  parta  of  a  turnout  ai'e 
I.    The  Switeft.  2.    The  Frog. 


irehouae).  ^^^H 

The  Guard  Ball.  -    ■ 
in  to  turn  from  the 


1.  Some  device  Is  necessary  to  cause  a 
main  track ;  this  is  called  the  "  Siritch." 

2.  Again,  it  is  necessary  that  one  rail  o£  the  turnout  traek 
should  cross  one  rail  of  the  uiain  track ;  aed  some  device  is 
necesaaiy  to  allow  the  flange  of  the  wlieel  to  pass  this  crossing ; 
this  device  is  called  a  ■'  Proff." 

3.  Finally,  if  the  flange  of  tlie  wheel  were  allowed  to  bear 
against  the  point  of  the  frog,  there  is  danger  that  the  wheel 
might  acoidentally  be  turned  to  the  wrong  side  of  the  frog 

;.     Therefore  a  Guard  Bail  is  set  opposite  i 
prevents  the  flange  froni  hearing  against  tlic 
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Frogs  are  of  various  forms  and  makes,  but  are  mostly  of  this 
general  shape,  and  the  parts  are  named  as  follows:  — 

P  =  point 

'^^^^^^^:::::--0X^ y>  t  =  tongue 

H=heel 
M  =  mouth 
0  = throat 
This  shows  the  *»  stiff  "  frog.  WW  =  wings 

The  ** spring"  frog  is  often  used  where  the  traffic  on  the 
main  line  is  large,  and  on  the  turnout  small.     In  the  spring 
frog  WW  is  mov- 
able.      AD    repre- 
sents the  main  line, 
and  WW  is  pushed  ^^ 
aside  by  the  wheels 
of  a  train  passing 
over  the  turnout. 

Frogs  are  made  of  certain  standard  proportions,  and  are  clas- 
sified by  their  number. 

The  ''iViumfter"  n  of  a  frog  is  found  by  dividing  the  length 

PH  LH 

of  the  tongue  by  the  width  of  the  heel ;  n  =  — -  =  — -—  • 

^        "  AB      KD  -h  AB 

The  ^^ Prog  angle'*'*  is  the  angle  between  the  sides  of  the 

tongue  of  the  frog  =  APB. 


140.  Problem.     Given  n.    Required  Frog  Angle  F. 

"  PH 

•      '  iAB 

cot  i  i^  =  2  w 


(89) 


The  frog  is  not  brought  to  a  fine  "  theoretical "  point  or  edge ; 
but  is  left  blunt  at  the  **  actual "  point ;  present  practice  leaves 
the  frog  one  half  inch  thick  at  the  actual  point. 

Let         b  =  thickness  at  actual  point. 

Then    nb  =  distance,  theoretical  to  actual  point  of  frog. 


1)141.  The  form  of  switch,  cimiuiouly  used  at  the  present  , 
IB  the  "split  switch."  Fiji;.  A  sliovis  the  switch  set  for  the  . 
ut,  Bud  Fig.  B  for  the  main  liue.  With  the  split  Bwitcli  the 


Fig.  B 

ptei  rail  ot  the  tuain  line  and  the  inner  rail  of  the  tuniout  ^ 

The  switth  rails,  AB  and  CD,  t 
tkned  down  at  oue  end  to  a  wedgs  point,  so  as  to  lie,  for  a  poP>  V 
D  of  their  length,  close  agnlnst  the  stock  rail,  and  so  guide  ths  J 
leel  in  the  direction  intended.    An  angle,  called  the  s' 
ftle,  [b  thus  formed  between  the  gauge  lines  of  the  stock  rail 
~  the  switch  rail,  as  DCE  o!  Fig.  B.    The  switch  rails  are  con- 
pted  by  Beveral  tie  rods,  and  one  of  the  rods,  near  the  point, 
tannect«d  with  another  rod  which  goes  to  the  switch  stand  S 

with  the  interlocking  tower)  trotn  which  the  . 
ini  ol  BwitJih  Is  thrown  either  for  main  traok  or  for  tiimont  1 
<lM[red.     The  joint  between  the  fixed  end  of  the  switch  rail   1 
A  the  connecting  rail,  at  B  or  D,  Is  not  bolted  tight  enough  to  I 
'Vent  the  slight  motion  of   tbe  switch  rail  neeesaary.    The   I 
it«li  r^l  thus  fastened  at  the  end  B  Is  not  spiked  at  all  for  l\a  i 
t^  length,  and  acts  as  a  hinged  piece.    BotJi  rails  thus  move  j 
tether,  and   through   their  entire  length  slide  on  flat  steel   1 
'  M  provided  for  that  purpose.     The  fixed  (or  hinged)  end  of    ] 
r«il  B  is  placed  far  enough  from  the  stock  rail  to  allow  sat- 
:tory  spiking,  frequently  6}  or  B  Inches.    The  length  ti 
Itch  tail  varies  from  11  feet  to  S&  feet  in  the  standards  of  ibe 
"Wrtdm  Railway  Engineering  Association.  I 
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The  switch  rail  is  not  planed  to  a  fine  edge  but  is  left  with 
appreciable  thickness,  frequently  one  ciuarter  of  an  inch.  The 
point  is  not  left  really  blunt  but  is  shaped  down  through  a  shoit 
distance  from  the  point  so  that  the  wheel  flange  shall  safely 
pass  by. 

In  the  case  of  the  frog  it  seems  necessary  to  distinguish  care- 
fully between  the  theoretical  point  and  the  actual  point.  With 
the  switch  there  is  no  occasion  to  consider  the  theoretical  point; 
the  actual  point,  ox  the  movable  end  of  the  switch  rail,  is  the 
only  point  necessary  to  consider. 

In  laying  out  a  turnout  from  a  straight  track,  the  switch  rail 
is  straight ;  the  frog  is  also  straight ;  a  circular  curve,  called  the 
lead  curve,  is  introduced  to  connect  these,  and  lie  tangent  to 
them. 


142.   Problem. 


Given  in  a  turnout^  the  gauge  of  track  g; 
length  of  switch  rail  I;  thickness  at  point 
w;  heel  distance  between  gauge  sides  of 
rails  t ;  distance  from  theoretical  point  to 
toe  of  frog  k ;  frog  angle  F  and  number 
n  ;  thickness  of  frog  at  its  point  b, 

Bequired,  radius  of  lead  curve  B  ;  also  lead 
E  from  point  of  switch  to  theoretical  point 
of  frog  ^  and  also  to  actual  point  of  frog. 


Let  EILFand  CDF  be  the 
rails  of  turnout, 

El  and  CD  the  switch  rails. 

ID  is  perpendicolar  to 
QDF. 

Draw  parallels  and  per- 
pendiculars I M ,  LN,  OM, 
LP,  also  arc  LA. 

Let  S  =  switch  angle  HEI, 

t  =  heel  distance  HI, 

2=:EI  =  QD  =  CD, 

w  =  thickness  of 

switch  rail  at  E. 


Turnouts.  83 

V 

smS=^-=^'  (00) 

MN  =  HD-HI-LP=  MO  -  NO 

=  g^t-  A- sin  F^Ir^-^\  cos  6'-  ^7?  +?^)  cos  F 

2~  cos  iS^  -  cos  i?'  ~2sini(i^+>S')sin  J(i^-  8)     ^    ^ 
Let  Et  =  lead,  point  of  switch  to  theoretical  point  of  frog 
Ea  =  lead,  point  of  switch  to  actual  point  of  frog 
QF  =  QD-|-  BL         +         PF 

=  QD+     ---^       +LFC0SLFP 
tan  I  LB 

Et=l+  9-t-k8mF     ^  ^^g  ^  ,^2^ 

'  tSin^(F+S)  ^     ^ 

Ea=  I  +  ^^^1,-7^^  +  *^  COS  F+bn  (98) 

tan  j  (!!''+  S) 

■  143.     Given /or  the  above  turnont,  F,  S,  gr,  ^•,  Ea 

Required  in  the  figure  above,  the  closure  DA  between 
heel  of  switch  rail  and  toe  of  frog ;  also  closure  IL 
of  curved  rail. 

Dk^zEa-l-k-bn  (94) 

IL=(i?4-f)  angle  {F-  S) 

Since  DA  as  computed  is  independent  of  J?  and  I L  is  depend- 
ent upon  22,  any  lack  of  precision  in  computing  R  will  aftect 
the  difference  between  DA  and  IL,  and  I  will  not  be  exactly  op- 
posite D,  as  assumed. 

•   The  difference  between  I L  and  DA  may  be  conveniently  found 
with  adequate  precision  as  follows : 

DA=  NL  -  Ml  -        AP 

=:^ij+2\  8inF-(R-{-^\  sinS-kwersF 

IL  =  (i?  +  |)  angle  (i?^-^) 
IL  —  DA  =  (u  +  2)  [angle  (F-  S)  -sin  F+sin  iS'] -I- A;  vers  25^(95) 
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144.     Given  for  a  turnout^  JR^  ?,  ^  S. 

Bequired  co-ordinates  to  curved  rail  at  quarter  points 

A,  B,  C. 
WE  H        a'        b'       c' 


Consider  center  of  curve  to  be  marked  0. 
Produce  curve  Dl  to  U  where  it  is  parallel  to  EH. 
Draw  perpendiculars  IH,  AA',  BB',  CC. 

UW  =  «-  (-R+f)  vers/S'=a 

EH  =  (b+^\  amS-l  =  d 

lOD  ^F-  S 

U0C=U0B4-i(i^-AS') 


(96) 
(97) 


EH  =  Z 
EA'= 


UOB=UOA  +  i(i?^-/S') 
UOD=UOC  +  J(J?^-/S') 
=  F  (for  a  check) 
(without  error  of  more  than  0.01  foot) 


) 


eb'=(b  +  ^ 

V         2 


sin  UOA  -  d 


sin  UOB  -  d 


AA'  = 


H 


EC'=(i?+2)  sinUOC-(? 


BB'  = 


CC 


'=/iJ+2\  vers  UOA -I- a 
i=lB+i\  vers  UOB  4-a 
'=(B  +  fj  versUOC  +  a 


145.  To  avoid  cutting  rails,  one  or  the  other  of  the  "closure " 
rails  between  heel  of  switch  and  toe  of  frog  may  be  made  full  feet 
without  fractions.  By  lengthening  the  tangent  of  the  switch 
rail  beyond  the  heel,  the  lead  is  increased  ;  by  lengthening  the 
tangent  of  the  frog  back  of  the  toe,  the  lead  is  decreased.  The 
leads  found  in  this  way  are  called  ** practical  leads";  the  leads 
previously  considered  are  called  **  theoretical  leads." 

The  Am.  Ry.  Eng.  Ass'n  has  adopted  certain  combinations 
of  switches  and  frogs  as  "standard"  and  calculated  a  table  of 
radii,  leads  (both  theoretical  and  practical),  and  co-ordinates  of 
quarter  points.    Table  XXI  [  A  and  XXII  B  show  these. 


^e- 


Tarnontg. 


0^ 

PioUem.    ejwn  thu  increase  «/  lead  neeessarn  ti 
practical  lead;  u/si'  F,  S,  I,  (,  t,  i/. 
Beqvlrfd.  Inneaxe  "/ tangtiit pwt  h'fl 'if  muitek. 


Let  EM  =  tlieoret.ical  lead  ;  E'M  =  practical  lead 

EADF  and  E'A'CDF  be  tlie  correaiionding  tumoula 
EA  =  ;i  E'C  =  i' 
Draw  parallel  AA';  eliords  AD,  CD  ;  tangeuW  AVN,  DV 
Then  E'E  =  given  increase  of  lead  ;  A'C  =  required  inci 
tangent ;  DVN  =  F—S 

ADV  =  CDV  =  j(F-  A')  and  AC  and  AD  eoiiioide 
In  trianHle  A'AC,  A'CA  =  j(F-5);  CA'A  =  5;  A'A  =  E'E 


Following  (SI)     ff  I  1/ -It- t-(l'-l)  sin  S'k  sin  F 


i(F+S)aijii{F-S) 
I"or  flndiag  co-ordinates  of  quarWr  points,  use  instead  of  (BO) 
following    a  =  t+(t'-l)fitiS-(B  +  ^\  vereS      (QUA] 

146.  Pioblem.     Given  the  ilecreiue  of  lead  neceaaary  toie- 
cute prnelieal  Ua<h;  ahn  F,  S,  I.  t,  k,  g. 
Hfqulivil  iucrcane  u(  taiiynt  pnst  toe  of  frog. 


X.et  OF  =  k  and  B'F  -  k'        From  the  figure  It  luay  be  founds 

g-1-t'.ii.r ^g    i 
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147.  It  has  become  the  ciisfom  to  stake  out  the  position  of 
the  frog  point  F.  From  this  point  F,  a  good  track  foreman  will 
^  ^    work  backward  and   lay  out  the 

turnout  according  to  the  standard 

"^^ 1:    plan. 

"•^^-c;^ f ^        For  any  continuance  of  turnout 

^•v^  r  beyond  the  point  of  frog,   where 

'"'-^      this  is  a  matter  of  field  work,  a  very 
common  practice  is  as  follows  : 

{a)  Set  the  transit  opposite  the  point  of  frog,  at  T. 
(6)  Lay  off  on  the  transit  (on  the  proper  side  of  0^)  tlie 
value  of  the  frog  angle  F, 

(c)  Sight  in  the  direction  TH,  parallel  to  AB. 

(d)  Turn  off  HTG  =  F. 

(e)  The  transit  then  sights  along  TG  with  vernier  at  0°. 

Any  curve  desired  may  then  be  laid  off  conveniently  by  de- 
flection angles,  and  this  curve  will  connect  at  T  (opposite  F) 
with  whatever  arrangement  of  track  extends  backward  from  the 
point  of  frog  to  the  point  of  switch.  Where  the  line  in  advance 
of  F  is  new  location,  TG  is  the  basis  for  that  location ;  TG  is 
either  continued  as  a  straight  line,  or  it  becomes  the  tangent  to 
a  desired  curve  and  the  transit  is  already  set  on  TG  with  the 
vernier  at  ()^.  When  the  turnout  is  to  connect  with  some  track 
parallel  to  the  main  track,  the  simplest  method  is  to  resolve  the 
problem  into  a  case  of  reversed  curves  with  parallel  t.angent8,  by 
the  following  method,  similar  to  that  of  §  125.  If  the  curve 
used  beyond  F  is  extended  backward  toward  the  point  of  switch 
until  it  becomes  parallel  to  the  main  track,  the  outer  rail  of 
this  curve  vnll  not,  in  general,  be  tangent  to  the  corresponding 
rail  of  the  main  track,  but  there  will  be  an  offset  by  a  small  dis- 
tance which  we  may  call  a,  and  the  reversed  curve  must  be 
figured  for  a  distance  between  parallels  of  p  —  a,  rather  thanp, 
the  actual  distance  between  parallel  tracks.  If  there  be  a  torn- 
out  at  each  of  the  parallel  tracks,  p  —  2a  should  be  used. 

This  method  of  treatment  is  not  dissimilar  to  the  use  of  p 
and  q  in  spirals,  and  has  value  in  many  cases  other  than  those 
of  parallel  tracks ;  several  cases  will  be  treated  in  the  next 
chapter. 

The  method  of  finding  a  follows. 


\ 


Turnout^!.  I  fi7 

(ftiM'ii  (1  cane  u/mdiua  B  (u  be  vaed  be.yon<l 

thefrng;  also  P,  n,  g,  h. 
Htquireii  the  cn-nt^i'nafes   {frovt  the  frog 

point)  of  (A«  piiini  «iA«m  thf  ginen  awnt 

prodMcfrf  fiactiDBrd   6«come»  pevraXXtl   to 

the  main  Iraek. 


I  / 


"^v  F  EH,  QF,  raQs  of  main  track 

/   \  Produce  curve  LF  M)  A  wheM 

"^  \       liecomeB  parallel  to  EH,  and  dtw 

V         *     OC  perpendicular  to  EH 
LelCA  =  a;     FD  =  !/ 


\  / 

To  UiBuretical  point  of  frog  ;'.=  [fi  +s)  "''i  -f  {lO?; 

To  actual  point  b^=(  Jt  +  |l  sin  P+ ni  (103) 

/  =  (it  +  |)ver«P  (104) 

y-x^a^y-[lt^^^y^^F  (lOG) 

II  ihe  our?e  |pcoduced  liackwani  hecouies  parallel  above  the 

[1  ECH,  the  value  of  n  becomes  ii(jnui«  and  where  the  problem 

I  for  a  reverdpd  curve  lietwuen  parallel  llnea  Uie  iwrpemliciilar 

IsMDCe  Tiaed  must  be  tlie  distancu  belwten  parallel  lines  ji  \  a 

ntlier  than  /i  —  n,     Wliere  tlie  curve  to  be  used  beyond  tlie  frog 

t  has  a  large  radius,  tbe  value  of  a  will  probably  be  minus. 

With  this  method,  tbe  main  track  is  used  as  a  base-line  and 

e  point  of  fro);  the  standard  reference  point ;  this  correaponds 

With  prpHeiit  good  prnctioe.     If  F  be  xtaked  out  on  tbe  ground 

or  tU  position  determined  in  tbe  oHice,  the  position  of  point  A  is 

BBdfl7  found  by  v^  ^i  "•     Conversely,  If  the  positinu  or  station 

of  A  ia  found  by  cnuiputntion,  F  la  also  deterritinert.     TliP  entire 

qdlt-snlicb  tuniouc  may  then  be  laid  out  from  F  as  a  xt&rting 

^trrinl  and  from  QF  or  EH  ft«  reference  lines. 


1 


88 


Railroad  Curves  and  Earthwork. 


149.  If  it  be  desired  to 
use  greater  precision,  and 
take  into  account  the  fact 
that  the  frog  is  straight 
from  theoretical  point  F  to 
heel  G,  and  to  make  the 
curve  beyond  the  frog 
tangent  to  FG  at  G, 


Let  FG 
Then     AD  =  x 


=  h 


[  i?  + 1)  vers  F-hsXnF 
FD  =  y<  =  fi?  4- 1)  sin  F-  h  cos  F 

fi?4-|)  8\n  F—h  cos  F+nb 
(  ^  +  ^  J  vers  F-\-  h  sin  F  =  a 


ya  = 


g-x=g- 


(106) 
(107) 


150.  Problem. 


Gfiven  the  radii  JRu  ^2?  of  two  parts  of  a  re- 
versed curve  extending  from  heel  of  frog  to 
heel  of  frog  between  parallel  tracks  ;  also 
unequal  frog  angles  F,  F' ;  also  hj  h', 
also  perpendicular  distance  between  tracks 
p,  and  gauge  g, 

JRequired  angles  GOB  and  BPH. 

p/  /P  pl 


'"■^•--'vwF 


^^ 


jl 


0  o/      o/ 

Let  G  and  H  be  heels  of  frogs  F  and  F' 

LK=p;    OB  =  i?i;    PB  = /?2 
Find  LA  =  ai  and  MC  =  a2  by  (107) 

From  (76)     vers  AOB  =  P-^i--«2 


(108) 


GOB  =  AOB  -  F  and  BPH  =  AOB  -  F* 


'  /'      /''  f"--— -^-'^c 


Wbeu    F=  F'  and  fi,  =  B-i 

veKAOB^?'-"-''  =  i 

GOB  =  BPH  =AOB- 
152.  Problem.  Giwn  F=  P,  n,  ii,-  (. 
Bequlred  Ike,  length  7,  „ 

r  tangent    6«iJoesn    the  \  -..,^ 

DO  A"!/*'  ny^--. — 

lliBt   F  and  F'  ba  theo-  '  > 

tical  poiiita  of  froga  E 

Draw  KTNL  porpendic-       


V^^ 


Then 


FNslnTFN=p    - 
lsiaF  =  p    - 


KT-NL 


,^P    -  (/   -g_^':^  (110) 

sin  F 
I  is  the  distance  from  the  theoretical  point  at  F  t«  point  N 
)poe[te  the  tlieorftical  point  at  F' 

The  above  solution  holds  good  whatever  he  the  Himout  used. 
For  a  crosBover  betWMTi  Bxistine  tracka,  it  the  distance  FF' 
t  calculated,  both  frog  points  can  be  located  and  the  e 
mout  itaked  out  mithout  transit 
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153.   Problem.     Given  F^  n,p,  g. 

Required  the  radius  of  curve  B2,  to  connec 

the  parallel  tangents. 

If  RR.C.  be  taken  at  F,  th( 
theoretical  point  of  frog. 

Then  TPF  =z  Ir  =  jr 

UT     =  US  -  TS 


(i?2-|]  yera  F  =  p^g 


2i,^^  =  £^:UL.  (Ill) 
2      vers  F     ^ 


154.    Second  Solution.     UT  =p  -  gr ;  PW  =  i?a  -  £ 
by  (118)  PW  =  UT  2  n^ 

-B2-|  =  (p-sr)2n2. 


(112) 


155.  Problem.     Given  g,  p,  2,  F. 

P 

E 


Beqtdred  E2  of  curve  to 
connect  parallel  tangents. 

Let  F  be  the  theoretical 

point  of  frog ;   I   the  du- 

tance     from      theoretical 

point  of  frog  to  S  opposite 

^^  P.  a  of  curve. 

Draw    the    perpendicu- 


D   G    larsSU,  SM. 

Then      SU  =  LM  =  NT  -  NL  -  MT 

FS  sin  UFS  n  NT  -  NL  -  PS  vers  SPT 

I  ain  F  =  p  —  g  —  I  Bo—  f  )  vers  F 

2  vei-s  F 

By  taking  FS  oi*  f  =  h  (the  distance  from  theoretical  point  to 
heel  of  frog)  formula  (113)  covers  the  case  where  the  revening 
curve  starts  from  the  heel  of  froix. 


(US) 


156.    A  fiirui  of  switch  formerly  In  cQiiiinon  use  In  tlie  -.S'lu'i- 

J  .ViriitA,''  wliicli  lit  forintrd  by  two  rails,  one  on  eacli  Hifie  of  llie 

I  track,  called  the  Sieiteh  Jlailt.     Oue  end  of  the  rail  for  a  short 

I  diBtance  AC  or  BD  (iierhajiH  f>  or  10  feet)  ii  securely  ttpiked  to 

[  the  KeH,  the  rest  of  the  tail  CI  or  DL  being  free  to  slide  on  the 

10  that  it  may  meet  the  fixed  rails  of  either  uiain  track  at 

or  L,  aa  desireil.    Tliesc  fixed  ralia,  sup- 

I  ported  on  a  heavy  tie  or  Heml  Blnfk,  are  held  by  a  casting,  or 

0  of  metal  called  the  Head  Chair,  apon  which  Uie  switch 

Bnil  elides.    A  Switch  Bud  ooiiiiects  the  ends  of  the  Bwitah  rails 

f  with  the  Switch  Stand.    Hmce  one  end  of  the  rail  is  spiked 

I,  when  the  free  end  is  di'awji  over  by  the  switch  rod  the 

ii  Ih  sprung  into  a  curve  which  iiiny  with  slight  error  be  con- 

kldered  a  circular  curve,  tangent  to  the  main  line  (if  this  be 

Itraight).     In  the  stuli-ewilch  the  outer  rail  of  the  turnout  is 

Bumed  to  be  tangent  both  to  the  main  track  at  C  and  to  tJie 

it  its  point  F,     The  distance  tlirough  which  the  free  end  of 

)  rail  Is  drawn  or  Ihroten  by  the  switch  rod  is  called  tlie 

\e  o{  the  switch  ;  tills  will  be  5  or  6  inches.    The  free  end 

if  the  rail  is  called  the  Toe,  and  the  P.  0.  of  the  curve  the  Heei 

if  tbe  switch. 


Otven  gatige  nf  tmtk  g;  froff  angli  F; 

nninber  o/frog  h;  and  iftrmn  oftielteh  t. 

liequired  for  a  gtub-iuiUch,  radiita  of  lurit- 

lengtk  ofguiiteh  rail  I;  and 

DF,  llir  had  E. 
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DF  =  CDcotCFD;     E  =  gco\.\F\     E  =  '2gn  (117) 

DF2=F02-D02 

-=(*^  I)'- (*-!)' 

ji  =  ^^ilinl'  =  2gn^  (118) 

B-Eh 


These  formulas  in  §  156  and  §  157  apply  only  in  the  case  of 
the  stub-switch,  and  are  not  to  be  used  for  split-switch  tumouta. 

158.   Problem.     Given  the  degree  1)  of  a  stub-switch  turnout 

from  a  straight  track. 
Bequired  the  degree  of  curve  D'  for  a  stub- 
switch  turnout  from  a  curved  main  track 
of  degree  Z)„,  F^  n,  g^. remaining  the  same. 

It  may  be  shown  that  for  a  turnout  to  the  inside  of  the  curve 

D'=D  +  D„  (approx.)  (110) 

for  a  turnout  outside  the  curve 

D'=  D--  Dfn  (approx.) 
except  that  i)'=  D„—  D  (approx.) 

when  Dm  >  D 

Take  the  case  of  the  turnout  on  the  inside  of  a  curved  main 
track. 

When  the  main  track  is  straight,  gr,  the  distance  from  frog 
point  to  the  rail  opposite,  is  the  '*  tangent  deflection  "  of  §  70 
for  the  outer  rail  of  the  turnout  curve,  whose  degree  is  approxi- 
mately D. 

From  (26  B)  a  =  aiD 

so  that  g  ■=a\D 

When  the  main  line  is  curved,  g  becomes  the  offset  between 
two  curves,  one  the  outer  rail  of  the  turnout  curve,  and  the 
other  the  outer  rail  of  main  track. 

Assuming  the  chords  c  for  the  outer  rails  of  the  tumout 


1  the  t 


of  sLtniglil  laain  track  and 


by  (27)  a,-i=n,(A- A) 

and  the  degree  of  tlie  turnout  curve  must  be  such  that 

tf  =  a,(Z)'-Z>„) 
The  values  ol  e  anil  E  are  nearly  equal ;  au  that  what  is  true  of 
the   chord   in   this   relation   is  also  true  of  E  (very  closely), 
Theretore  for  a  given  value  of  E 

D'=  D  +  D„  (approx. ) 

FurtbeTinore  the  length  of  turnout  curve  in  equal  to  c  (very 

closely)  ;  for  tte  given  lecgtli  =  e  the  angle  1  ~  ^  =  F,  and 


100 


since  D'  - 


=  D,  the  differencs 


el)  . 


„  angle.  ^-^^=       - 
'     100      100      100 


-f. 


ao  that  the  frug  angle  is  not  changed  (materially). 

Similar  consideration  oE  tlie  two  ciLKea  of  turnout  outside  the 
curve  of  main  tmok  will  show  the  expressions  above  to  be  true. 

159.  Sx&mple.     Required  the  atub-switcli  turnout  from  a  3° 
main  line  ciure  using  a  No.  11  frog. 

Table  XXII  shows  for  a  No.  it  frog  the 

degree  of  curve         —    7°31'  =  I)  M 

The  degree  of  main  line  =   3°  00'  =  I)„  fl 

degree  of  turnout     =  lO^Sl'  =  />'=  D  +  D„  mL 

'By  precise  formula  10"  32'  -  D'  ^J 

In  a  similar  way  [or  a  turnout  on  Ilie  outside  of  the  same 

fl'-i>„  =  ZJ  =  4''ai' 

160.  Another  less  mathematical,  but  very  iweful  illustrntiou 
this:  If  we  conceive  the  utraiRlit  main  track  and  Ihe  stub- 
'itch  turnout  curve  to  be  represented  by  a  model  where  the 
ils  are  made  of  cImiIo  material  ;  using  a  '*  bending  process'' 
will  follow  that  If  the  main  track  rails  be  bent  into  a  circular 

with  the  turnout  inside,  then  the  rails  ol  the  turnout 
■will  bo  bent  into  a  sharper  curve,  and  sharper  by  the 
curve  fl„  inio  Whicli  the  straight  track  is  bent. 
illarly  when  the  straiebt  track  Is  bent  in  the  opposite  direc- 
I,  the  turnout  curve  will  become  flatter  by  the  amount  of  i}„. 
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161.  Problem,     (riven  F,  w,  k,  g,  !?,«,  D^^. 

Bequired  the  split-switch  turnout  from  tiu 
given  curced  main  track. 

Tables  XXII  A  and  XXII  Q  give,  for  various  numbers  of 
frog,  the  length  of  switch  rail  I,  heel  distance  t,  lead  E^  radios 
R  and  degree  1)  of  lead  curve,  length  of  frog  from  toe  to  theo- 
retical point  k ;  also  co-ordinates  to  quarter  points.  These 
tables  show  the  standards  adopted  by  the  Am.  Ry.  Eng.  Aasn. 
for  turnouts  from  tangents. 

For  turnouts  from  curved  tracks,  applying  the  ^'bending 
process, ^^  2,  ^  ^*,  E  remain  unchanged  in  length;  this  is  tnie 
also  of  the  co-ordinates  at  the  quarter  points,  the  y  values  bemg 
measured  along  the  curved  main  rail  and  x  values  normal  to 
this  rail ;  straight  rails  become  curved  to  the  degree  of  tbe 
curved  main  track,  track  or  rails  already  curved  are  bent  into 
curves  sharper  than  before  by  D„  (or  flatter  by  D^  depending 
upon  which  side  of  the  main  track  the  curved  track  lies) . 

The  degree  of  lead  curve  D'=  D  ±  D„ 

The  frog  remains  straight  necessarily  ;  the  distance  k  is  small 
for  all  sharp  lead  curves,  and  the  resulting  error  will  be  small 
Furthermore  the  straight  frog  is  laid  as  part  of  the  main  track 
which  is  assumed  to  be  curved,  so  that  a  correct  mathematicil 
treatment  is  impracticable. 

The  switch-rail  can  be  and  should  be  curved  to  the  degree  D^. 
It  is  better  to  curve  it  in  a  bending  machine,  bat  it  is  often  li^ 
straight  and  the  traffic  depended  upon  to  curve  it  to  a  fit  against 
the  stock  rail. 

162.  Example.     For  a  number  1)  frog,  Table  XXII  A  gives 

I  =  W  6";  t  =  6i";  k  =  0';  h  =  10'. 
Table  XXII  B  gives  for  *'  practical  leads '' 

])  =  <r20']  Ea  =  72.28; 
the  co-ordinates  are 

28.75,  1.02  ;     40.S>8,  1.7H  ;     53.19,  2.76 
In  using  a  number  9  turnout  inside  a  2*^  curved  track 

2)'=0'  21)'+2^  =  1^20' 
The  other  linear  dimensions  remain  unchanged. 


Turnouts, 
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163.   Probldm.     Given  the  radial  distance  p  between  a  given 

curved  main  track  and  a  parallel  sidinn^ 
also  frog  angle  F  (or  number  «),  and 
gauge  of  track  g. 
Bequired  the  radius  R2'  of  second  ctirve  to 
^     connect  point  of  frog  with  siding. 
I.    When  the  siding  is  outside  the  main  track. 

Let  CM  be  the  inner  rail  of 
the  given  main  line. 

CPT  inner  rail  of  turnout. 
^^=  radius  of  main  line. 
Ji2'  =  radius  of  turnout, 
p  =  TN  =  radial  distance. 
Connect  FT,  FO.    Join  FS. 
Let  FOT  =  O. 
In  triangle  FTO, 


FO  =  i2«+  2 


TO  =  i?„-|-fp 


iUso 


.    OFT  +  OTF  =  180°  -  FOT  =  180°  -  O 
OFT  -  OTF  =  OFT  -  PFT  =  i^ 
tan  i  (OFT  +  OTF) :  tan  i(OFT  -  OTF)  =  TO   +  FO  :  TO  -  FO 
cot  i  O  :tan4ii^  =2R„-\-    p  .  p    —g 

Similarly  FPT  =  i^  +  O 

In  the  triangle  PFS,  tan  J  (^+  O)  =  (^  ""  ^^^ ; 

2 

ig,^-g=      ^P-9>      (120)     L^mil±M  (121) 

2     tan^J^+O)  ^       ^  Di'  ^      ^ 

Since  the  main  track  is  assumed  to  be  curved  past  the  frog 
and  the  frog  is  necessarily  laid  straight,  it  seems  an  unnecessary 
refinement  to  assume  the  frog  straight  from  point  to  heel  in 
this  case. 
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164.   Example. 

Turnout  from  curve  outside  the  main  track. 
Let  D„  =  4  ;  w  =  8  ;  p  =  16  ;  gr  =  4.708 

Precise  Method. 

tan  iO  =  (^:ii^  =  15:2?2^  3^82.336 


i?».+^ 


P        1440.2  1440.2 

2 


82.336  log  1.916690 

1440.2  log  3.168422 

J  O  =  3°  16'  19''        tan  8/757168 

jj,    P^     (p-g)n  JF  =  3^34V3(V' 

^      2     tan  j (i^  +  0)     i (^  +  O)  =  6°  50'  49"        tan  9.079448 

__        82.386  82.336  log  1.916690 

~  tan  6°  60'  49"  686.7  log  2.836142 

ip=     7.6 

i?2'=  693.2 

i>2'=8°16'.4 

y.  ^  100  (F+0)  _.  100  X  13^  41'  38"  ^  .gg.g 
Ds'  8°  16'.  4 

Approximate  Method, 

Apply  the  *'  bending  process  '*  of  p.  93. 

In  the  case  of  a  turnout  from  a  straight  main  track,  where 
n  =  8  and  p  =  16, 

from  (112)  jB2-|  =  (i?-^)2n2 

=  (16.0  -  4.708)  2  X  64  =  1317.4 
B2=  1324.9;  D2  =  4°  19.5  ;  F=7°  09'  (Table  XXII.) 

L  =  ^QQ  X  "^"/^^  =  166.3  for  straight  tracks 
4°  19.'6  ^ 

i>2'=     2)2      +    Pm 

=  4°  19'+  4°=  8^  19'  (8=*  16'  precise  method) 

L  =  166.3  as  with  straight  track  (166.5  precise  method). 


With  both  §  166  and  5  l(Ml,  appri>xitnftte  rcsulw  may  be 
BfUjlted,  by  asing  the  "  tending  mctliod  "  of  p.  (Kl.  Where  the 
idlus  Bt  of  the  second  ciirvt  is  1aTf;e  and  p  la  aniall,  the  ap- 
pximftU  method  will  be  BufGcientl;  cloae  ;  where  p  is  large, 
B  precise  method  will  be  neceaaary.  Experience  ^ill  deter- 
3  what  caaes  It  will  be  aiifflcient  to  use  the  approximate 

lilts,  and  where  preoiae  fortuulas  ahould  be  used. 
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167.  Problem.  Givtn 
for  tracks  as  shown  in 
figure,  the  radius  B  of  stub- 
switch  curve,  also  the  per- 
pendicular distances  be- 
tween tracks p,  p',p"  ;  also 
equal  frogs. 

Bequired  AOB,  BC,  CD. 


From  (71)  versAOB  =^ 
BCsinCBE  =  CE 


also' 


BC  = 


_      P' 


sin  AOB ' 


or  BC  sin  AOB  =p' 
and  CD  =  —^— 


sin  AOB 


(128) 


Since  the  standard  turnout  curve  extends  only  from  heel  of 
switch  to  t.oe  of  frog,  any  convenient  curve  beyond  the  frog  is 
appropriate.  If  a  curve  of  the  same  degree  as  the  stub-switch 
curve  be  used  beyond  the  frog  point,  the  above  foimulas  will 
apply  (whatever  the  standard  turnout  curve  may  be),  since  the 
outer  curved  rail  extended  back  comes  tangent  to  the  rail  of  tbe 
main  track.  The  stub-switch  curve  thus  is  very  convenient  to 
use. 

If  it  seems  advisable  to  consider  the  frog  straight  from  point 
at  F  to  heel  at  G  in  the  figure  below, 

Let  FG  =  A 
CM=gr4-  ^sini* 
B=^n\g-{-h&mF) 

This  is  the  ra- 
dius of  the  curve 
whose  outer  rail 
is  tangent  to  the 
rail  of  the  main 
track  and  also  to  the  frog  at  its  heel  G. 

For  a  series  of  tracks  like  those  above  when  the  main  track 
is  curved,  the  computations  may  be  made  for  straight  tracks 
and  the  bending  process  applied.  Just  how  far  this  process 
may  be  carried  will  be  determined  by  experience. 


In  a  frei^t  yird  the  tracks  on  whkfa  can  are  stored  are 
called  ^*  body  tracks"*  and  the  track  vhkh  leads  to.  and  con- 
nects with,  these  body  tracks  is  called  the  **  ladder  track."  The 
track  AD,  f  167,  is  a  ladder  tnck. 

When  the  ladder  track  leaves  the  main  track  in  a  straight 
line  from  the  theoietica]  point  c4  troe.  if  the  body  tracks  are 
laid  parallel  to  the  main  track,  they  may  be  laid  out  in  straight 
lines  from  the  theoretical  point  of  the  frogs  used  for  the  tom- 
outs  to  these  body  tracks.  With  frogs  of  numbers  commonly 
used  in  sach  cases,  the  distance  BC  or  CD  will  be  sufficient  so 
that  there  wHl  be  plenty  of  itMnn  between  the  heel  of  frog  and 
the  point  of  the  switch  rail  following  it.  For  example,  the 
parallel  body  tracks  are  seldom  less  than  12  ft.  between  centers : 
with  a  No.  8  frog  andp  =  12  fL  BC  will  be  96.4  ft. 

The  practical  lead  (Table  XXn  B)  will  be  68.0  ft. ;  from 
theoretical  point  to  heel  of  frog  will  be  (Table  XXII  A)  8.8  ft. 
Practical  considerations  involving  bending  the  stock  raO  demand 
thit  the  point  of  switch  shall  lie  folly  4  ft.  beyond  the  rail  just 
at  the  heel  of  frog. 

It  is  necessary,  therefore,  that  on  a  ladder  track  the  distance 
from  the  point  of  one  switch  to  the  point  of  the  next  switch 
shall  not  be  less  than  68.0  +  &8  +  4.0  =  80.8  ft.  where  a  No.  8 
Erog  is  used.  Since  there  is  96.4  ft.  available  and  80.8  ft.  only 
needed,  this  arrangement  of  tracks  leaves  ample  room. 

If  the  angle  the  ladder  track  makes  with  the  main  track  be 

increased,  the  body  tracks  are  lengthened  and  the  ladder  track 

t>ecomes  shorter;  both  of  these  results  are  of  value.    In  the 

12 
3ase  taken  above  the  angle  can  be  increased  until  sin  /= 

^  80.8 

>r  /  =  8°  32',  or  in  general  terms  let  q  =  clearance  required  from 

lieel  of  frog  to  next  point  of  next  switch,  then 

BinlZ 


-Et-i-h  +  q 

It  will  be  necessary  also  that  /  shall  not  exceed  the  value  of 
AOB  in  §  167. 

The  arrangement  of  a  series  of  body  tracks  and  the  ladder 
tracks  allows  an  opportunity,  in  many  cases,  for  careful  study 
and  much  ingenuity ;  an  extended  treatment  here  will  not  be 
justified. 
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168.   Problem.     Given  for  tracks  shown  in  figure  the  radius 

B  of  the  curve  beyond  the  heel  of  frog ;  also 
J?,  p'  between  parallel  tracks ;  also  F,  n,  g. 
Required  angle  AOK  and  distance  PV". 


Let  GK  with  its  center  at  0  be  outer  rail  of  the  given  curve  of 
radius  B. 

Produce  tiiis  curve  to  A  when  it  is  parallel  to  HM. 

Let  BC  with  center  at  P,  and  ND  with  center  at  Q,  be  similar 
curves  produced. 

Let  FG,  F'E,  F''S  be  straight  lines  from  theoretical  point  to 
heel  of  frogs. 

0A  =  jBH-2;  BP  =  NQ  =  ^-2;  AH  =  KB  =  LN  =a 
2  2 


Find  a  by  (107). 

OP: 


^  +  f+a  +  i?-^  =  2i?  +  a 


Then  by  (76) 


oy  (128) 


Since  KF'  =  LF" 


vers  AOK  =  — ^ — 
2i?  +  « 


KL  = 


P' 


sin  AOK 
Kl    —  fifit—        P 

^^-^^  "sinAOK 


(129) 


(180) 


169.  ProbUm. 


II  titt'  rndiiil  <lisli 


rim  two  tmaks  are  to  be  connected 
'  a  cross-over,  which  shAJl  Ix)  a  re- 
reed  curve  of  given  unequal'  rsilli 
solid  the  frogB  '   • 

X/uirfd  Iht  rfutral    naglr  of  enrh 
curve  of  the  reveividcurte 
it  AC  =  center  line  of  Inner  track, 
hO  =  E„;  RP  =  Ri';  RQ  =  Jfa' 
Bi'andBi'are  the  radii  of  the  curves 
fond  the  frogs  and  may  be  EU«jumcd 
any  reaeonable  values. 
Find    fii  and  nj  by  applying   the 
bending  process ''  (p.  O.'i)  and  then 
05)  or  (107). 

len  in  the  triangle  POQ  find 

P0  =  B„-Hi,'  +  a, 

PQ  =  fl,'  +  »y 

OQ  =  OC  +  CB  -  BQ 

Solve  for  OPQ,  PQO,  POQ,  then  RQB 

In  practice  this  [iroblem  might  taite  the  following  form ; 

dsmime  a  (or  F)  and  n'  (or  F"). 

proni  these  values  of  rt  and  n'  compute  all  data  required  for  1 

r  between  stroight  mnin  tracks.     This  will  involve  J 

ming  value  of  Di  and  £>>.  atid  computing  O]  and  m  by  g  160  m 

i  151. 

11i6  values  of  a\  and  an  may  be  computed  either  for  the  caw  1 
reredby  (105)  or  by  (107). 
riien  apply  the  bending  process. 
^ia  will  change  the  degrees  of  the  turnout  curves  by  Cha  I 
ount  of  D^  but  the  Itngtlm  of  the  turnout  ci 
etianged  (approx.)  and  the  distances  y^i  and  y„o  obtained  ] 
(108)  or  (lOfl)  will  also  reznain  unchanged  (approx.)  a 
0  tbe  v^ues  of  iti  and  a^. 
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170.   Problem.     Oiven  two  main  tracks  not  parallel.    Al 

the  unequal  frog  angles  F,  F'  ;  also 
n',  h,  h'^'g't;  also  the  unequal  radii  h 
/?2,  of  reversed  curve  connecting  the  tx 
from  keel  to  heel  of  frogs ;  also  the  poi 
ticH  of  one  frog  F. 
Required  the  angles  BPS  and  SOH  of  the  r 
versed  curve;  also  the  position  of  point 


i. 

* 


.^•' 


-^^.Ttrf^ tLjD^iK, JE. 


B 


+ 


\  \ '  7 

Let  OH  =  JJ,  +  2 ;  BP  =  ^j  +  2 
HF=  A 

Set  transit  at  theoretical  point  of  given  frog  F. 
La^  off  FL  perpendicular  to  TF. 
Measure  FL,  also  FLE. 
Draw  perpendiculars  HD,  FK,  OC. 
Let         J=  angle  between  main  tracks. 
Then  FLE  =  90°  -  LFK  =  90°  -  /. 
HOC  =  HOA  -  COA  =  F-L 
DK=Acos(F-/) 
FK  =  FLcos/;  LK  =  FLsin/ 
HD  =  FK-Asin(JP- J) 

CE  =  HD  +  (Ri  +  |Vers  {F^  I) 

=  FL  cos  J-  h  sin  {F-I)-if  (Bi  + 1^  vers  (-P- 
KE  =  (Bi  -f  |]  sin  {F-  I)-h cos  (^-  /) 


Find  by  (107)  Oi  at  A  and  a,  at  B. 
Then     p  =  CE  — 2_a, 

OP  =  Bi  +  Bt 
Solve  by  (76)  for  BPS  and  COS. 

GPS  =  BPS-/"';  SOH  =  COS~(J!'-/) 
Also  find  BE  =  (£,  +  i?,)  sin  BPS 

LB  =  BE  -  KE  -  LK 
From  B,  the  point  of  trog  P  can  readily  be  set  in  the  field,  its 
position  having  been  eatablished  by  (100)  by  computation. 

171.  Problem.  Given  the  S  of  either  curve  o/ a  three^hrow, 
T  tandem  tplit  neiteh  vsith  eteiteh  raHs  of  equal  length;  the 
ttjrual  JVop  anijles  F  and  F' ;  the  dittaace 
DB  from  point  to  point  of  switch  =  d; 
also  n  and  g. 
Required,  Cke  angle  C  of  crotch  frog  at  C. 

Let  ACF  s.ad  BCF'  be  rails  oE  equal  turn- 
out whose  curves  become  par- 
allel to  DF  at  N  and  L. 


Let  OC  =  PC  I 


N  and  L  ; 


Continue 
join  PO. 
Draw  perpw.diculars  AD,  OM,  PM,  KL,  PL, 
From  (9U)  OP  (96  A)  find  a  =  SK  =  TN. 
Then  MO  =  MK  +  NO  -  NK 

=  fl  +  e+S  +  2-(ff-2a) 


In  right  triangle  OMP  find  MOP  and  PO. 
In  Isosceles  triangle  PCO,  cos  COP  =  ^^  = 


CHAPTER  IX. 
CONNECTING  TRACKS   AND  CROSSINGS. 

172.  In  many  cases  where  a  branch  leaves  a  main  track, 
an  additional  track  is  laid  connecting  the  two.  This  is  called 
a  *'r"  track,  and  the  combination  of  tracks  is  called  a  '*y." 


173.   Problem.    Given  a  straight  main  track  HK,  also  th 

P.  C.  and  radius  B\  of  curve  beyond  the 
frog.  Also  radius  B2  of  "F"  track  be- 
tween the  frogs.  Also  select  practicable 
values  ofFi,  F2,  Fz. 

Required  the  distance  HK  from  P.C.  of 
turnout  to  P.C.  of^^Y^^  track;  also  the 
central  angles  of  turnout  and  of  "T" 
track  to  the  point  of  junction. 

Let    HK    be    the    given 
straight  main  track. 

AB  the  tamout. 
CLthe  *'r''  track. 

Draw  perpendicular  NP. 

Let  HK  =  NP  =  Z 

AOB  =  /, 

CPL  =  /y  =  180°  -It        \ 

Find  AH  =  ai ;  KC  =  ag ;  BL  =  a^        by  (107)  p.  88. 

ON 


A 

C 

N 

p 

0 

,— -^'" — ■ ^ 

Then  cos  AOB  = 


cos  It  = 


OP 


HO-  KP      __  J?i  H-  ai  -  ■R2  -  a% 


OB  +  BL  +  LP         iJi  +  2^2  +  as 

I  =  (i?i  +  i?2  +  as)  sin  It 
104 


(132) 
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174.   Problem.   Given  a  straight  main  track  HEK,  also  the 

P.C.y   radius  beyond  the  frog  OB,   and 
central  angle  AOB,  of  turnout  curve  con- 
necting with  a  second  tangent  BD  ;  also 
the  radius  PC  o/  "F"  track.    Also  select 
practicable  values  of  F^  F^. 

Required  the  distance  HK  from  P.O.  of 
turnout  to  P.O.  of'Y^^  track;  also  dis- 
tance BD  from  P.  T.  of  turnout  curve  to 
P.T.  of'Y'Urack. 

Let  HEK  be  the  given  main 
track;  ABD  the  turnout;  CL 
the  "  r"  track. 

Let  AO  =  i?i;  CP  =  i?2 
HK  =  AC  =  ;;      BD  =  m 
HA  =  ai;     KC  =  aa 
AOB  =  /i;     DL  =  a2 
CPL  =  /2 
Produce  DB  to  E. 
Find  «!  and  02  by  (107). 


Draw  parallel  AV. 
Then  BD  = 


ED 


(VB        +      EV) 

=     KP  tan  J  CPL    -(aO  tanj  AOB  + -4^^ 
^  \  '^  sin  KEV/ 

=  (i?2  +  a2)tan  i  /a  -  (  i?i  tan  J  /i     +  ^^] 
m  =  (i?2  +  a2)cot  iIi-(Bi  tan  i  Ii     +  -^j^  (134) 


also 


HK  = 


EK 


+ 


EH 


?  =  (i?2  +  «2)cot  J  /i  +  (  Ml  tan  J  /i    -  ^j-^  (135) 

In  case  different  frogs  are  used  near  D  and  K  so  that  KC  and 
DL  are  not  equal,  the  formulas  will  be  modified. 

Let  KC  =  «a  the  smaller  value 

DL  =  ai  the  larger  value. 
Following  the  method  of  §  191,  p.  122  : 

EK  =(i?2  +  a,)  cot  i  /i  +  ^^• 

sm  /i 

ED  =:(i?2  +  a,)  coti  /i  +^^^'. 

tan  I\ 
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175.   Problem.    In  the  accompanying  sketch  where 
HBC  =  main  track.        AD  =  turnout. 

LK  =  *'r"  track. 

Given      HB  =  i ;      OB  =  22« 
AP  =  i?i ;    LQ  =  Bi. 
Select  Fi\  F2\  Fz. 
Bequired  the  points  D  and  C. 

Find  AH  =  ai ;  CK  =  02 

DL  =  as  by  (107) 

then      PH  =  i?i  +  ai 

CQ  =  i?2  +  «2 
DQ  =  i?2  +  «8 
PH  +  BO  as  base  of  a  right  triangle 
HB  as  its  altitude 

OPH,  and  PC  the  hypotenuse 

PQ  =  JBi  +  i?2  +  as,  QO  =  i?„  +  i?2  +  a2 
POQ,  OPQ,  PQO 
BOC, APQ 


Considering 

Find 
Find  also 
then 


then 

D  and  C  will  then  be  easily  determined. 

In  the  figure  where    HBC  is  the  main    track    and   LK  is 

the  turnout,  AD  the  "F "  track. 

Given  OB  =  i?«  ;     KQ  =  B2 
AP  =  jRi;  BOC  =  0 
Select  Fly  Fi\  F^ 
Bequired  the  points  A  and  D. 

Find  ai,  a2,  aa  by  (107) 
Find  QN,  ON,  then  EP 
also  EQP,  EQ 

then  EN  =  HB 

and        PQO  =  EQP+OQN 
PQO  determines  position  of  L  or  D 
EPQ  determines  length  AD  and  EN  =  HB  fixes  H  or  A 


curve  AD  18  a  3°  ouire  and  Y  track  a  7"  curye,  then  the 
)L  =  03  will  be  calculated  just  as  it  wcmlil  be 

tangent  with  a  10°  curve  (10°  =  7°  +  3°),  the  bbdi 

angle  of  frog  being  used. 

Similarly  the  offset  CK  =  o;  will  be  tlie  same  as  that  for 


Connectini/   Tracks  ami    Croggin 

In  finding  CK  and  DL  in  the  foregoing  problenia  of  S  173  and 
S  175  the  valiies  of  as  and  a,  mil  fuund  from  (^lO'J  afi^r  apply, 
ing  the  "  bending  process. " 


M 


e  whose  degre 


a  tlie 


176.  Pioblem.     Given  Ihe  nulli,  Il\,  Ri,  ••/  (iro  fiiivea  crow-  | 
ing  at  C ;  also  the  angle  at  crossing  C  ; 
aUo  g  and  g'. 
Seqnired,  Chf  frng  angles  (M  A,   B,   D,   E ; 
alan  the  lengths  on  the  curves  of  the  Tiiti»-  _ 
AS,  BE,  DE,  AD. 

Having  given  OC  =  Jii; 
"  OCP  =  C;    andPC  =  fli; 

find  in  triangle  OCP,  the  line  O 

Having  given  Ok=Bi  —  ~ 

gT    J 

also      OP ;  and  pA  =»--=-  1 


also      OP ;  and  PB  = 


Then  APB  =  BPO  -  APO,       and  AB  =  (^Tfj  -  ^- j  aiiRle  APB. 
The  trog  angles  at  D  and   E.  and  the  lengtlis  AD,   DE,   EB,J 
■BUT  be  calculated  in  similar  fashion. 
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177.   Problem.    Given  a  cM»t?e  crossing  a  tangent,  i?,  9^  9\ 

and  angle  C  between  tangent  and  ctiroe. 

Bequired  frog  angles  at  A,  B,  F,  D. 
Draw  AO,  BO,  CO,  FO,  DO ;  also,  MO  perpendicular  to  CM. 


Then 


cosMOA  =  cos^  = 


MO  =  i?  cos  G 
MO-f 


co8MOD  =  cos2>  = 


MO+I 
C08J5  = (138) 


-B  + 


9 


cos  F  =: 


5  + 

9 
2 

MO- 

9' 
2 

B- 

9 

'2 

M0  4 

9^ 
2 

(136) 


(137) 


72       ^ 


(139) 


DDF  =  MOD  -  MOF  =z  D  -  F 


The  rail  length  DF  =  f  i?  -  |j  angle  DOF;  and  BF  =  BL  -  FL 

Example.    Given  C  =  32°  28' ;  2>  =  8°  ^  =  3 ;  gr'  =  4'  SJ". 
Bequired  angle  D  and  distance  DF. 


i?8log=2.865385 
82°  28' cos =9^926190 
MO=604.748  log=2.781575 
\g'=     2.354 

607.102  log=2.783261 

OF  =715.28   log=2.854476 

31°55'23"cos=9.928785 

Table  XX.  42'  =0.0122173 

21" =0.0001018 

0.0123191 


i?8=716.78       MO=604.748 

}fg=     1.50       \gf=     2.354 

OD=OF=715.28  602.394 

602.394  log=2.779881 
715.28   log=2.854476 

32°  37' 44"    cos  9.925405 

31°  55'  23" 
DOF=  0°42'21" 

2.854476=log715.28  =  i?-| 
log =8.090579 

0.945055  log=8.812=DF. 


OoHiiecting  Track*  aiul  Oronsi, 


■gg 


,  178.  When  two  tracks  cross  at  a  Btiiall  angle,  they  a 
Dnneuted  b;  a  "alip  switch,"  in  which  the  outer  rail 
Klj  within  the  tiinile  of  the  croeain^  aod  is  composed  of 
witch  rails  and  a  coiineoting  curve  as  sliown  in  the  figure  belowi 
'  Problem.  Given  for  a  aiiming  uf  tv>o  tracks  ihe  angle  of 
eroaging  Jriiy  P,  also  n,  ft,  g ;  alio  clearance  i» 
from  actual  point  of  frug  Co  point  of  eplit 
sieitch;  aho  I  aad  t. 
Begmred,  Icngiha  along  rail  beljeeen  frog poinU; 
also  radiwt  B  of  curve  for  a  slip  nBitrh. 


.esel^^H 
3eloiri^^| 


h  of  switcli  lail 
HA  =  LB  =1 

FiE  =  FiQ  =  in  =  clearani«  required 
Tben  Im  =  distance  between  theoretii^al  and  actual  points  of 
s  Fi  and  F* ;  in  Eroga  Fi  and  Fj  theoretical  and  actual  pointa-  _ 
oolncide.  J 

F,Fi,  =  -f^  +  b,i  =  F,F.j  =  FuFi  =  FjFi  I 

Bin  F  -| 

In  the  alip  switch,  produce  the  gauge  lines  OA  and  QB  to  V  on 
e  line  FgFo.  Althougli  the  point  of  switch  lias  a  thickness  ED 
(about  a  quarter  ol  an  inch,  no  appreniable  error  results  if  DV 
«  ualcuiated  assuming  DFjV  to  be  a  triangle,  in  which 

FiDV=5;  DF3V  =  llu'-^;F-.D  =  F|Fi-m 


2      tani(f-3'^ 
Middle  ordinate  for  cliordAB=('B  +  |]yerai(^ 


Ari'AB  =  [/i+!A  angle  {F-iS) 
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182.  Problem. 


(riven  a  straight  main  track  iBC  and  a 
curved  branch  track  of  radius  Ft  inter- 
secting at  an  angle  I;  also  radius  Bi  nf 
turnout  curve  from  heel  of  frog  to  branch 
line ;  also  F,  w,  h,  6,  g. 

Required  in  the  figure^  IB,  lOA 


"••*  „\i/ 


Let  0  be  the  center  of  curve  of  branch  line 

P  be  the  center  of  curve  of  turnout 
Draw  perpendiculars  PB,  OC,  PK 
Find  a  by  (107) 

IOC  =  7 

OC  =  i?fr  cos  7;  IC  =  Rb  sin  7 

OP  =  7?6  -  Rt 


In  Figure  1 


KO  =  OC  -  {Rt  +  a) 
KO 


OP 


=  cos  POK  ;     PK  =  OP  sin  POK 


IB  =  IC-PK;     IOA  =  POK-7 


In  Figure  2 


PK  =  {Rt  +  a)  -  OC 

^  =  sin  POK  ;     KO  =  OP  cos  POK 
OP 

IB  =  IC-K0;  lOA  =  POK  +  90° - 7 

Other  cases  will  occur  requiring  figures  different  from  those 
shown  here  •  some  of  them  will  be  suggested  by  the  figures  in 
181. 
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183.   Problem. 


Given  a  straight  track  and  a  curved  track 
of  radius  R^  intersecting  at  a  given  angle 
I;  also  radius  lit  **S  turnout  curve  from 
heel  of  frog  to  heel  of  frog  ;  also  F,  «,  h,  6,  g. 

Required  in  the  figure,  lOA,  \B 


^'^  o^: 


oLjK 


Let  0  be  the  center  of  curve  of  main  track 

P  be  the  center  of  curve  of  turnout 
Draw  perpendiculars  PB,  OC,  OK,  or  PK 
Find  «!  and  02  at  A  and  B  by  (107) 

IOC  =  / 

OC  =  B„  cos  /;  IC  =  i?«  sin  I 

OP  =  2?„  -  (Bt  +  «i) 

In  Figure  1 

PK  =  2?|  +  02  -  OC 

^  =  sin  POK  ;     KO  =  OP  cos  POK 

IB  =  IC-KO;     lOA  =  POK +90°-/ 

In  Figure  2 

KO  =  OC  -  (Bt  +  ai) 

^  =  cos  POK  ;     PK  =  OP  sin  POK 
OP 

.IB  =  IC-PK;     IOA  =  POK-/ 

Other  cases  will  occur  requiring  figures  different  from  those 
shown  here ;  some  of  them  will  be  suggested  by  the  figures  in 
S  181. 
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184.  Problem. 


Given  two  curved  lines  of  track  of  radii  B\ 
R2  crossing  each  other ,  intersecting  at  an 
angle  I;  also  the  radius  Bt  of  turnout 
from  heel  to  heel  of  frog  ;  also  F,  n,  h^  &,  g. 

JRequired  in  the  figure^  API,  lOB 


Let  O  and  P  be  centers  of  main  tracks 
Q  be  center  of  turnout 

OIP  =  / 
Find  fli  dX-k,  and  a2  at  B  by  (107) 


In  triangle    I  OP, 


Solve  for  OP,  lOP,  IPO 
In  triangle  OQP, 


10  =  i?2 ; 
IP  =  i?i; 
OIP  =  / 

QP  =  i?i  -  {Bt  +  ai) 
QO  =  JB2  +  {Bt  +  aa) 
OP  computed 


Solve  for  QOP,  QPO,  OQP 
From  QPO  and  IPO,  find  API 
From  lOP  and  QOP,  find  lOB 


CHAPTER  X. 
SPIRAL  BASEMSNT  CURVE. 

185.  Upon  tangent,  track  ought  properly  to  be  level  across ; 
upon  circular  curves,  the  outer  rail  should  be  elevated  in  accord- 
ance with  the  formula 

in  which  e  =  elevation  in  feet 

g  =  gauge  of  track 
V  =  velocity  in  feet  per  second 
B  =  radius  of  curve  in  feet 


In  passing  around  a  curve,  the  centrifugal  force  c  = 


32.2  i? 


It  is  desirable  for  railroad  trains  that  the  centrifugal  force 
should  be  neutralized  by  an  equal  and  opposite  force,  and  for 
this  purpose,  the  outer  rail  of  track  is  elevated  above  the  inner. 
Any  pair  of  wheels,  therefore,  rests  upon  an  incline,  and  the 
weight  W  resting  on  this  incline  may  be  resolved  into  two  com- 
ponents, one  perpendicular  to  the  incline,  the  other  parallel  to 
the  incline,  and  towards  the  center  of  the  curve. 

We 
The  component  j>  parallel  to  the  incline  will  he  p  =  —  - 

if 

It  will  be  a  very  close  approximation  to  assume  that  c  acts 
parallel  to  the  incline  (instead  of  horizontally).  The  centrifugal 
force  will  be  balanced  (approx.)  if  we  make 

We       Wt^ 
p  =  c  or 


9       32.2  i? 

whence  e  =  ^^^  (140) 
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In  passing  directly  from  tangent  to  circular  curve,  there  is 
a  point  (at  P.  C.)  where  two  requirements  conflict ;  the  track 
cannot  be  level  across  and  at  the  same  time  have  the  outer 
rail  elevated.  It  has  been  the  custom  to  elevate  the  outer  rail 
on  the  tangent  for  perhaps  100  feet  back  from  the  P.C  This 
is  unsatisfactory.  It  has  therefore  become  the  best  practice 
to  introduce  a  curve  of  varying  radius,  in  order  to  allow  the 
train  to  pass  gradually  from  the  tangent  to  the  circular  curve. 

186.  The  transition  will  be  most  satisfactorily  accomplished 
when  the  elevation  e  increases  uniformly  with  the  distance  I 
from  the  T.8.  (point  of  spiral)  where  the  spiral  easement  curve 

leaves  the  tangent ;  then  -  is  a  constant 


gv' 


gv' 


Since 
Then 

also 
where 


°'  larm = ^  (*  *"'"*'*"*)  °'  *' = 32.2  ^ 

^,  «,  A  are  constants,  Bl  =  C  (a>  constant) 

Bele 


Rl  =  Bch  and  E  = 


>e''e 


I 


D      Dc        Dc 


I 

Ic 


(141) 
(141  i) 


Let 


Then 


Be  =  radius  of  circle 

De  =  degree  of  circular  curve 

le  =  total  length  of  spiral  in  feet. 

s  =  the  **  Spiral  Angle  "  or  total  inclina* 
tion  of  curve  to  tangent  at  any  point. 

Sc  —  spiral  angle  where  spiral  joins  circle. 

Bds  =  dl  or  d8  =  — 

B 


8  = 


Idl 

BJ>e 


Again 


2  Bcle 

dx  =  dl  sin  s      and      dy  =  dl  cos« 


G421 


Spiral   Kii'fw.n/    CiiriY. 
All  values  f>f  g  will  generally  be  small,  and  we  may  an 

en  rfr  =  fil  d'j  =  :U 

which  is  Oie  equation  of  the  "Cubic  Parabola,"  a  curve  Tre- 

quenlly  uaed  as  au  easemBnl  curve. 

If,  however,   tlie  approximation  ceHs=  1   be  not  used,  the 
suiting  curve  will  be  more  nearly  correct  than  is  the  Cubic 

f>arabola.     In  this  cBse  sin  s  =  a 


Integra  tin; 


(143) 


Ax  =  m-- 


2  liJc 


The  resulting  curve  we  inay  call,  fur  the  laolt  of  a  better 
ime,  tlie  "Cubic  Spiral"  Easement  Curve. 

Tlie  Cubiu  Parabola  is  well  adapted  to  laying  out  curves  by 

uffaeta  from  the  tangent."     Modem  railroad  practice  £avora 

deflection  angles  "  as  the  method  of  work  wherever  procti. 

Cftble.     In  the  case  of  an  easement  curve  the  longitudinal  meas- 

conveniently  maile  aa  chords  along  the  curve, 

more  convenient  for  use 

ftn  is  x  =  — ^—  as  well  as  more  nearly  correct.     Evidently 

e  properties  of  the  two  curves  will  lie  very  similar. 
The  following  notation  in  connection  with  sptrals  has  been 
AdopUid  by  the  Am.  Ry.  Eng.  Ass'ii,     For  the  point  of  cluuige  j 

from  tangent  to  spiral,  T.S. 

from  spiral  to  circular  curve,  S.  C. 

from  circular  curve  to  Hpiral,  C.iS. 

from  spiral  tji  tangent,  fl.T. 
This  notation  will  be  adopted  Iiere. 
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187.    Given,  in  a  Cubic  Spiral,  I,  h,  Be 
Required  «,  «„  and  ''total  deflection  angles^"  i,  ig 

(142)BGN=s=     ^ 
and     CFN=««  = 


F  N 

This  (145)  is  the  expression  (in  the  form  of  length  of  arc  for 
radius  1)  for  the  central  angle  of  the  connecting  circular  cur?e 
for  a  length  of  one-half  the  length  of  spiral.  In  another  form 
it  is  /^ 

200 

If  the  circular  curve  be  produced  back  from  C  to  K  where  it 
becomes  parallel  to  AN,  its  length  in  feet  will  be  ^  since  KOC  = 
CFN=Sc. 


8c=  !^?     (Je  in  feet  and  Se  in  degrees)  (145  A) 


Also  M  =  q  =  f  (approx. ) 

Again  for  any  point  B  on  the  spiral 
sin  BAN  =  sin  i  =  -  (approx.) 

V 


(146  JB) 


'■  =  f("PP"'">=6|w  =  6|^ 


But 

Whence 

Also 


8  — 


n 


.3  3 


i :  I*  =r^  :  I 


•2  . 

e    J 


or^  =  ^•(;-J 


from  (142) 

(146) 

(14dil) 


Also  the  back  deflection  ABG  =  BGN  -  BAN 

=  s  -i  =  Si-i  =  2i 

Also  ACF  =2  I, 


(14610 
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It  will  be  observed  that  the  Cubic  Spiral  has  the  following 
properties  (some  slightly  approximate) : 

(a)  The  degree  of  curve  varies  directly  with  the  length  from 
the  r./S'.  (141^) 

{h)  The  deflection  angles  vary  as  the  squares  of  the  lengths 
from  the  r. /S'.  (146^) 

(c)  The  offsets  from  the  tangent  vary  as  the  cubes  of  the 
lengths  from  the  r.iS^.  (144) 

{d)  The  *^ spiral  angle"  at  the  point  where  the  spiral  joins 
the  circular  curve  is  equal  to  the  central  angle  of  a  circular 
curve  of  the  same  degree  and  of  a  length  one-half  that  of  the 
spiral.  (1^) 

(c)  The  deflection  angle  to  any  point  on  the  spiral  is  one- 
third  the  spiral  angle  at  that  point.  (1^) 

188.    Given  l^  l^  Be    Bequired  y  and  ye. 
f!rom  (30)  the  excess  of  h3rpotenuse  over  base 

e  =  c  —  a  =  — 
2c 

Then  in  the  Cubic  Spiral,  at  any  point  on  the  spiral,  let  the 
excess  de  =  dl  —  dy 

from  (30)         <fe=^=         ''^''        -    ''^' 


2dl     2x4  BJ^IM     8  BcHe* 
integrating,        e  =  ?-y  =  ^^, 

'  40  BcHc^ 

1/  -Z  -_i-_  =  Z,--^i-  (147^) 

189.   Given  B^  Vc,  ««  «c        Bequired  AL  =  g  and  LK  =i). 

ON  =  arc  and  AN  =  yc 

AL  =  AN  -  OC  sin  COK    or    q  =  yc-Bc  sin  Sc        (148) 

LK  =  CN  -  OC  vers  COK        p=Xc-Bc  vers  «c   (148  A) 

Tables  have  been  computed  for  the  Cubic  Spiral  described 
above.  These  have  been  abandoned  in  favor  of  the  spiral 
adopted  by  the  Am  Ky.  Eng.  Ass'n,  and  new  tables  arranged 
for  this  spiral  which  is  descnbed  in  the  foUowluv^ft^^cVu^w, 
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190.  In  the  Cubic  Spiral,  the  lengths  have  been  considered 
as  measured  along  the  curve  itself ;  but  measurements  in  the 
field  are  necessarily  taken  by  chords.  This  is  recognized  in 
defining  the  degree  of  a  simple  curve  §  39  as  the  angle  at  the 
center  subtended  by  a  chord  of  100  ft.  Consistent  with  this, 
in  the  Am.  Ry.  Eng.  Ass'n  Spiral,  the  length  of  spiral  is 
measured  by  ten  equal  chords,  so  that  the  theoretical  curve  is 
brought  into  harmony  with  field  practice.  This  spiral  will  be 
referred  to  here  as  the  A.  R.  E.  A.  Spiral,  and  adopted  in  place 
of  the  Cubic  Spiral.  The  two  curves  substantially  coincide  up 
to  the  point  where  s<.  =  15°,  and  the  discussion  of  the  Cubic 
Spiral  applies  in  a  general  way  to  the  A.  R.  E.  A.  Spiral  also. 
Beyond  «<.  =  15°  the  A.  R.  E.  A.  Spiral  has  its  tables  computed 
substantially  without  approximations,  making  it  a  very  perfect 
and  convenient  transition  curve  even  for  sharp  curves  on  street 
railways. 

The  A.  R.  E.  A.  Spiral  retains  the  follovnng  features  charac- 
teristic of  the  Cubic  Spiral : 

(a)  The  degree  of  curve  varies  directly  with  the  length  from 
the  T.S.  I)       I  ,..,    ., 

(h)  The  deflection  angles  vary  as  the  squares  of  the  lengths 
from  the  T.8. 

(146^) 


ic      \lc) 


(d)  The  spiral  angle  at  the  point  where  the  spiral  joins  the 
circular  curve  is  equal  to  the  central  angle  of  a  circular  curve 
of  the  same  degree  and  of  a  length  one-half  that  of  the  spiral. 

(e)  For  practical  purposes  the  deflection  angle  to  any  point  on 
the  spiral  is  one-third  the  spiral  angle  at  that  point  (up  to  a 
value  of  Se  =  15°), 

or  '  =  i  (^^) 

Beyond  15°  and  up  to  45°  for  values  of  s^i  correct  values  have 
been  computed  by  the  Am.  Ry.  Eng.  Ass'n  and  the  following 
empirical  formula  is  found  to  apply  : 

I  =  f  -  0.00297  s  (seconds) 
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With  the  A.R.E.A.  Spiral,  the  angle  made  with  the  tangent 
at  the  T,8.  by  the  first  chord  is  taken  as 

/y    -    *" 


300 

No  appreciable  error  is  found  to  result  if  the  angles  made  by 
successive  chords  with  this  tangent  are  taken  as  exact  multi- 
ples of  a\  as  follows : 

1,  7,  19,  37,  61,  91,  127,  169,  217,  271 

It  is  evident  that  these  values  of  ai,  0C2,  etc.  depend  upon  Sc 
and  are  independent  of  the  length  of  chord  used. 

For  computing  values  of  Xc,  Ve  the  method  of  "offsets  from 
the  tangent  ^'  §  66  is  adopted  and  co-ordinates  x,  y^  at  each  chord 
point  are  found  by  using 

-^  sin  «!,  -S-  cos  «! :    --  sin  a2,     -  cos  a^t  etc. 
10  10  10  10 

For  a  given  value  of  s^  the^nal  co-ordinates  XcVe  will  be 
directly  proportional  to  1^,  so  that  ?^  •  ^  will  be  constants  of  a 

given  value  of  Se-    It  will  be  true  of  the  long  chord  C  from  T.S. 
to  8.  G.  that  —  will  also  be  a  constant. 

A  condensed  table  of  values  of  ^,  ^,  ~  is  given  in  Table 

'c        *c        *c 

VII,  B  ;  for  values  of  s«  differing  by  0°  30'. 

This  table  will  have  occasional  rather  than  frequent  use  ;  in- 
termediate values  may  be  interpolated  with  sufficient  precision 
for  ordinary  cases ;  the  labor  of  interpolating  will  not  be  bur- 
densome. 

From  these  values  of  Xe  and  ?/„  determined  as  above,  values 
of  ic  have  been  computed  for  successive  values  of  Sc  up  to  45^ 
and  these  are  tabulated  in  Table  VII.  All  of  the  computations 
mentioned  above  have  been  made  by  the  Am.  Ry.  Eng.  Ass'n. 

For  convenient  use  in  the  field  the  deflection  angle  to  each 
chord  point  is  necessary,  and  the  author  has  computed  these  for 
successive  values  of  s^  and  tabulated  them  in  Table  VII. 

The  deflection  angles  are  constant  for  a  given  value  of  Sc  and 
may  be  used  for  this  value  of  Sc  whatever  the  length  of  spiral, 
provided  the  chord  length  is  made  one-tenth  the  length  of  spiral. 
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Values  of  p  and  q  have  been  computed  by  the  author  by  (148) 
and  (148  A)  for  various  degrees  of  curve,  and  for  various  lengths 
of  spiral,  and  these  are  found  in  Table  VI  which  gives  for  each 
degree  and  half  degree  of  curve,  a  series  of  lengths  of  spiral,  and 
for  each  length,  values  of  s^,  p,  g,  Xet  Vey  O. 


191.   Problem.     Given  /,  h,  and  Re  or  Z>c. 

Bequired  the  Tangent  Distance  T,. 

Find  q  and  p  by  §  189 
or  by  Table  VI  or  by 
Table  VII B. 

(a)  When  the  spirals 
at  both  ends  of  the  cir- 
cular curve  are  alike. 

Let  AL=g  and  LK  =p 
AV=AL+LV 

=AL4-0LtaniL0D 
2;=g  +  (i?,+p)tanJ/ 
:r.=g-|-7;+ptani/     (149) 

where  T^  is  tangent  distance  for  circular  curve  alone,  for  the 
given  value  of  /. 

(6)  When  different  spirals  are  used  at  the  ends,  separate 
values  must  be  found  for  LV  and  DV. 

Let  LK  =  pz 

BD=p.  L^ V 

Draw  arc  DE.  eI 

Also  perpendiculars  EV,  VS.        ^ 

S^  =  pi-p, 

sin  / 

tan  I 


LV=(i2-hp.)tani/-l?L=l|f 

tan  / 


(149  A) 


DV=(i^  +  p,)tani/-h^^^ 

sin  / 


(149  B) 


.S)jiV>iZ  Uasemnd    Curve.                    12^^| 

RiP^H  n  /(ne  u 

K  xhuieii  in  sketch.                             ^^H 

lleqnired  tti  r 

inneet  Ikn  tanj/mta  by  a  4°  curn^^H 

•nith  a  uptral  ISO  feet  long  at  each  end.               ^^H 

? 

r^  I 

Find  T^ 

Table  III, 

2"  14'    T,  =  1125.8(40                      ^H 
281.46                          ^^1 

Table  IV.                 .06  corr.                "^^M 

Table  VI.     p  =  0.H4 

./  =  80,H7      381,50=  r.                  ^H 

nat  tan  1(22"  U')  =  0.1WMU                      89.97  =  q                   ^H 

0.1064Ux0.il4  =  0.18 

.lH  =  plani/       ^H 

■171.06=  r,                ^M 

«.= 

3°  30' 

r=  40 +  72.7                       ^M 

2«„  = 

r  12' 

3  +  71.7  =  7*.             ^H 

/  = 

22°  U' 

r,.9. 43  +  01.0                 ^M 

/-2#.= 

16=02' 

1  +  80.0  =                     ^H 

_ 

4°)15.ai13 

<S'.C.  44 +81.0                         ^M 

~ 

876.8 

3  +  76-8  =  Z.               |H 

Table  VI. 

^  =  3''3U'  = 

°.fi         C.$.  48  +  60.8                        ^M 

Deflection  angles  for  spiral  from                 1  +  BO.O  —  I,               ^^H 

Iftbla  VII.  for  s,  =  S'.li 

,v.r.  50+3U.8                ^m 

iteiuit  at 

43+01.0  r.s 

Defl.  angleH  for  circular  curra^H 

i  =  0°  01'  t 

oiS  +  IB.O 

with  transit  at  44  +  81.0 

o^m' 

4.1  +  37.0 

s„=3^  36' 

O'Ofi' 

13  +  65,0 
4.5  +  73,0 

f,  =  lM2' 
back.leflectiiiii  tu  r-A      =2"  24'  ^_ 

ri8' 

©•S8' 

4.1  + ill. 0 
44  +  Ofi.O 

rorr,  =  10.    !^  =  0^2.1'  46           ^H 

0"3S' 

44  +  27.0 

40          ^H 

0=46' 

44  +  46.0 

4"  23'    47          ^H 

O'SS' 

44  +  03.0 

'1^23'    48            ^M 

I- 12' 

44  +  81.0 

/-»..      16»02'      ,.3,,     c,„tM 
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192.  Problem.     Given  Dc  and  l^ 

acquired  p,  q^  and  other  data  for  spiral 

from  (146  A)  s^  =  ^«  •  (146  A) 

The    Am.  Ry.   Eng.    Ass'n    uses    the    following    empirical 
formulas  for  values  of  p  and  q, 

p  =  alc-\-  bDc  q  =  elc  -VfDc 

Tables  of    the  coefficients  a,  6,  e,  /,   condensed  from  the 
A.  R.  E.  A.  Tables  are  given  in  Table  VII  B  for  values  of  $t 
differing  by  W ;  intermediate  values  may  be  interpolated. 
The  deflection  angles  may  be  found  as  before  from  Table  VIL 

193.  Problem.     Given  D^  and  p,      \ 

Required  to  lay  out  spiral.  I 

I 


from  (146)        KC  =  ^  (approx.), 
from  (146  B)       q=  ?«  (approx.) 


''~6bz-6s:  '""^'^ 


2 


from  (26)  CQ  =  ^=A^  =  g^J^    (approx.)     for  circle 

therefore  CN  =  |cQ  =  CQ  +  ^  =  CQ  +  QN  (approx.) 

CQ  =  3  QN  =  3  KL  =  3i)  (approx.) 

CN  =  4  QN  =  4  KL  (approx.) 

X       P 

CN  =  28TL  =  8TL  =  4KL 

"•"L  =  Y  =  I  (approx. )  (149  j)) 


from  (144) 


■al  Easement   Curve.  125 

=  3;)  the  length  of  (mrve  may  be  readily  determined, 
jdie  center  i>[  the  uin^ulu  curve  KC  be  at  0,  Llien 
.    KOC  =  CFN  =  B, 

100 


OK  °      R, 


=  L  for  circular  curve  KC  ;  1^  =  2  L 
[{U0)  1,  =  "?;  for  other  defleo(ioiim*  =  !'y^y         (148  X) 

m  back  iletlectloii  ACF  =  2  i,. 
f  the  above  method,  the  values  iif  *„  and  I,  may  be  reached 
I  mibstantial  accuracy  without  the  uhs  of  the  epiral  tables- 
ire  c1o««  resulta  arc  neceasary,  ji  ina;  be  re-couiputed  by 
to  VII  B  from  the  values  of  Sj  anil  /,  already  I'.iund  by  the 
te  formulaB.  If  tlio  new  value  of  p  is  not  Buffloiently  clone 
ie  given  value,  correct  values  of  ^,  and  l^  may  be  found  by 
I  The  value  of  q  is  fouud  by  Table  VII  B. 
be  deflection  angles  may  then  be  taken  from  Table  VII. 
Iwill  be  uDderBtood  that  the  toelhiad  of  §  193  is  more  labori- 
.tban  the  more  common  method  of  §  191 ;  its  value  lies  in 
laot  that  it  la  thorouglily  elastic  and  any  given  lengtii  of 
ti  maybe  used.  In  aalmihir  way,  if  the  value  of  p  (r.ogether 
t  D,)  determiuea  the  spiral  to  be  used,  the  uiethud  of  j  lu:i 
Kkes  useful. 

^nximate  Kethod. 

bblem.     Ginca  D,  anil  flther  I,  nr  p. 

Svi/Hir'^  »„  nnrf  the  deJlivliiiH  angles  wilk'iul  Ihr 
VBP,  ff  talilp». 
fJume  the  long  chord  KC  to  be  equal  to  ^■ 

'#  183  find  gp  from  S,  and  L  by  (30)  or  find  L  from  U, 


1-K  Rmry-iJ  Cnrr^*  and  Rirthicork. 


IM.   Fxidvork  of  Laying  oat  Spiral. 

z     Sele:"  :r.  ''z.r:  zr'^ir.  i  -±*  vertex  V  and  measure  /;  or  else 
:ix    z.  £r:'iiL'i.  jt.i-':  -  -.t»i*:".c  :he  p.iinc  K  where  the  circular 

CIT^r  "■"1.1  Ct-MZie  Tanllrrl  »o  Lkll^Ilt. 


:f  s^inl  -..:  ?  in  jr>e=. 


i  • 


;7       .■■:ZITri:eC      CT     j ->> 

ani*.  fr.zi  rVcLf  VI   .r 

'■     >*-   r  5-  a:  *  :t 

;ex.  :r  >7  r_fjiszrji.i  .-  fr -3.  r*rlni  l.  as  the  case  may  be. 

'W'":"::!  irk.-.<r;  a:  T  >.  nr.  in  a^Mral  using  deflectiun  angles 

:>:zi  Ti:-:-  VTI. 

■"    "W"::i.  -nrfcZL*:-  a;  > '.'.  ;uni  Temier  to  0^  and  bevond  (f 

: :  zi-rASurs  AZ-^'-f  *r  —   I    :1»  wSI  be  2  i",  when  *,  is  less  than 
• ";  * 

Tiif  'inihrkss^:  :-  71>..  and  when  vernier  reads  0^  the 

>      Ki-   LI  :-r:ilar  ."^rre  by  deflection  angles  ;  the  central 

^^.:^  :rs^:s::  a:  ^  J.     \*i<  at  C.S.)  lun  in  second  spiral 

I:  :ir   "  z'zjuck "  i*  re's  gahaantiallv  perfect,  re-set  tk( 

\:    >    ..  Ti:r<.&z.:  :J^:  tvtj:  spiral  shall  be  correct  throughout 
:5  :  .-.r:  .;T.^.i.     Li   -ise  :*«-  spiral  and  circular  curve  do  not 
,::;•.  V  -.?•-.•: r/r  &;  :1*  ■.'.>,  "Jie  discrepancy  should  be  thrown 
.r:i  ir  :Mrrr  -wbrrv  :is  effect  will  be  unimportant. 
'*>■":■:■-..   1:  :.r.-ujtr  .t^tv*  »  TisKe  fivHn  the  C.S,  the  general 
r;-; ::  •■:  ::  i  ri  -sr.:  ^.t*  lie  Ksk  raohs. 
.*     :.-.     -  .:  r.r«  sTiril  fir:-—  rS.  to  AC. 
.^     :.«.;    ;  .:  f»eo:-i  srir*:  frr-ai  ^.T.  to  C\S. 
/     S:  ■         :rjLr.>:  *-  O.  :s.  asii  lay  out  ciicular  curve  from 


.?/((>«;  Easfiiifttt  Cut 


U  spiral  hy  nffsfts  from  the,  irmgntt. 


om  Table  VI  fliid  value  of  j',. 

I}d  other  values  til  7.  at  cunveulent  intervala  by  foTmula 


1  144) 


ds  method  will  be  useful  iit  Ciinea  but  mure  iiften  spirala 
be  laid  oul  by  deftectimi  distances 


Ample,     tiioen  D,  =  4",  I,  -  240. 

Beqvtrfi  nfsHii  from  lanyeii 


ke  oftsetB  at  middle 
ble  VI  gives : 

qiiarwr,  and  eighth  poinle. 

Z,  =  240 

jr,  =  (1.70 

u=m 

K,  =  (i.70      ^8   =0.8376 

'^^.h=  so 

His  =  0.6376  +  8   =0.1047 

^^.=   »0 

rt  =0.1047  +B   =0.0181 

^B%=00 

X,  =  0.0131  X  3"  =  0.35 

^H^^iso 

Is  =  0.0131  X  6"  =  1.64 

^^El,=  180 

jTb^  0.0131  xU"  =  2.83 

^Mt=^io 

x^  =  0.0131  X  7"  =  4.4il 

le  "cubic  Hpiral"  will  be  laid  out  b;  measuring  auccessive 
|b  of  SO  ft.  eaeb,  iktid  nieaiiuring  the  proper  oRaet  from  the 


W  the  "  Ciihic  Parabola," 
!onnula  is  x=  -^ 


'•(:)■ 


e  coutputatians  may  be  the  same  aa  for  the  cubic  spiral, 
e  distances  of  30  will  be  laid  ofi  <iti  the  tangent 
e  ofbet  laid  oR  at  rigla  atiglea  to  the  tangent. 
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196.  It  may  occasionally  (although  not  frequently)  hiqipeB 
that  the  entire  spiral  cannot  be  laid  out  from  the  T.8.^  and  il 
will  be  nect'ssary  to  determine  deflection  angles  when  tin 
transit  is  at  some  intennediate  point  on  the  spiral.  It  will  ta 
desirable  to  occupy  some  regular  chord  point. 

In  any  Cubic  Spiral,  the  degree  of  curve  D  increases  uniformtf 
with  the  length  (141  A).  Hence 
the  degree  of  curve  at  I  must  be 
equal  to  the  difference  in  degree 
between  the  circular  curve  and 
the  spiral  at  5  where  length  A  I 
=  C5. 


Since  the  divergence  in  the  degree  of  the  spiral  is  the 
for  a  given  distance,  whether  this  divergence  be  from  the  tifr 
gent  AL  or  from  the  curve  CK,  it  will  naturally  follow  from  ttl 
principles  established  in  §00,  that  the  offset  to  the  spiral  fort 
given  distance  from  C  will  be  the  same  as  the  offset  for  the  MM 
distance  from  A,  since  the  change  in  degree  at  correspondiog 
points  is  always  the  same  whether  from  tangent  or  curve. 

The  same  conclusion  will  be  reached  by  referring  to  §100 
near  the  bottom  of  p.  03,  where  the  elastic  model  and  the  "bend- 
ing process  "  is  referred  to ;  this  bending  process  being  thew 
found  to  be  correct  (approx.)  from  the  demonstration  §158, 
p.  J)2.  If  this  principle  be  cori-cct,  it  will  follow  that  KT  =  TL, 
which  may  be  considered  an  extsreme  case.  That  KT  =  TL  is 
demoiLstrated  (in  140  Z>)  to  be  correct  is  an  additional  assurance 
of  the  correctness  of  the  principle  stated  above. 

It  will  further  follow  if  E  I  and  D  5  are  equal,  and  at  equal 
distances  from  A  and  C  respectively,  that  the  angles  E  A  I  and 
DCS  will  bo  equal  (closely).  For  the  offset  divided  by  the 
distance  gives  ap])roxi!nately  the  sine  of  the  angle,  and  since 
the  sini'S  are  eiiual,  the  angles  also  are  equal ;  similarly  the 
anj^les  LAT  and  KCT  are  equal. 

In  other  words,  the  divt'r«,'ence  of  any  given  spiral  for  a  given 
distance,  is  the  same  either  in  offset  or  in  angle,  whether  the 
divergence  be  from  the  tangent  or  from  the  circular  curve. 


,1^ 


iTb. 


J 


spiral  Eiisenwiit  Curve. 


,97.     It  will  therefore  folUiw  thai  if  a 

r  point  B  OD  the  spiral  ABC,  the  t 

»l  up  luid  the  line  of  sight  be  limiight 


:the  auxiliary  tangent  8G  at  that  point,  then  the  deflection 
3  any  fui-ward  point  on  the  spirttl  will  be  the  huiii  o 
)  the  "total  deflection  angle,"  for  the  distance  from  B  U 
A  point,  due  to  the  circular  curve  HBJ,  whoae  degree  is  tin 

ne  of  the  spiral  at  B ;  and  (2)  the  "  total  deflection  angle ' 

n  the  original  tangent  for  that  spiral  for  the  same  distance 
jkoned  from  the  T.S.  For  any  back  point,  the  deflection 
^e  from  this  auniliary  tangent  will  be  the  difference  between 

le  angles. 

he  proper  use  of  these  deflection  angles  nlll  allow  the  Una 
Bight  to  be  brought  on  the  itaxiliary  tangent,  as  well  aa  glv« 
e  for  seltinj;  all  points  on  the  spiral. 

bample.  Required  forward  deflection  an^es  from  point  fl 
»  spiral  300  feet  long,  to  join  6"  curve. 

3,  =  7"  80'=  7" 
e  tangent  BG  is  found  by  laying  off  from  ciiord  A 
fcrward  deflection  to  point  (1,  or  2  x  54'  =  1''48'. 

,1  point  0  =  0.0  X  6°  =  3' 

teflontion  angle  for  30  ft.  on  3°  curve  = 

e  total  angles  will  be  at  point 


64'- 


■  06'  =  roo" 


9.     81' +  13'  =1' 
10,  10B'+24'  =2' 

le  book  deflectionswill  beat  point  6,     27'  —  01'  = 
4.     54'  -  08'  = 
3,     Bt'  -  13'  =1' 
2,  108'  -  24'  =  r 
1,  136'  -  37'  =  1' 
0.   W2'  -  64'  =  1 

e  back  deflection  from  point  6  to  T.S.  alBa=0^ 54' x5 


i^n 
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198.   Tlie  mer.hiid.  of  dL'terminijig  Uie  an^lo  belween  S 
geut  anil  any  cliord  of  tlie  spiral  ma;  now  be  readily  undeni 
and  iu  duscribed  in  the  Prrx:eedings  of  tbe  Ani.  Ky.  Kng.  Am'n 
OB  follows : 

"Dividing  tbe  spiral  into  ten  equal  parts,  the  angle  betweeu  1 
the  tangent  at  the  T.8.  and  the  chord  from  a  spiral  (n 
the  point  (n)  is  the  central  angle  of  tbe  spiral  from  tlie  T.S.  lo  I 
the  point  (n  —  1),  plus  the  degree  of  curve  at  the  point  (n  —  1)  f 
times  half  the  distance  in  stations  from  (ii  —  1 )  to  (n),  plus 
deflection  from  tbe  tan^eiit  at  the  T.S.  to  the  chord  subtending  I 
the  first  tenth  of  the  spiral " 


-m'- 


100 

"  Sabatituting  the  i 
ceaslre  values''  of  u 
and-271— 300th9"oi 

In  a  similar  fashion  the  A.m.  Ry,  Eng.  Ass'n  has  calculated 
the  forward  and  backvi'ard  deflections  when  the  transit  is 
intermediate  station  on  the  spiral  and  Table  VII  A  sIigwb  thta 
as  multiples  (by  full  numbers)  of  the  lirat  chord  deflection 
angle  i,. 

In  finding  the  numbers  for  this  Table  tbe  assumption  was 
■mide  that  the  deflection  angle  from  the  T.&  to  any  point  a 
one  third  the  spiral  angle  to  that  point,  which  is  approxiinsi* 
only  where  s,  exceeds  15''.  When  the  transit  is  set  at  a  paint 
pi  and  a  deflection  angle  (from  the  auxiliary  tangent  at  i*)  it 
taken  to  another  point  1"'  the  Am.  Ry.  F.ng.  Ass'n  states: 

"  The  formulas  and  rule  are  approximate  and  should  not  hi 
used  when  tlie  central  angle  from  P  to  P"  e](ceedii  the  oenDil 
angle  from  the  T.S.  by  more  than  lo".' 

Table  VII  A  funiiahea  a  very  simple  method  of  finding  for- 
ward and  back  deSectioiis  when  it  becomes  necessary  b 
transit  at  an  intermediate  point  on  the  spiral.  While  muiliid;- 
ing  (i  may  be  somewhat  bunlensome,  setting  up  at  intermedkle 
points  will  not  be  frequent,  and  simplicity  Is  of  prime  importsnw. 


Spiral  JSaievienf    Curve. 

199.   Campoiuid  Curvaa.    In  tbe  case  af  Compound  Curve%  I 
ia  pruptr  and  (leeirable  lliat  eaBi^ineni,  uurves  should  ho  ii 
Bced  between  the  two  clruulsi'  cuivea  forniiiif;  the  uutnpnuiij 


PiOblem.    Given  in  it  Compound  Curve,  Dt,  D„  p,  or 

Stguired  the  Deflection  Aagleg  for  a  Cvhio  Spin 

to  connect  the  circular  curves. 

(a)  Find  by  Table  VII  or  by  S  193  Uie  Deflection  AnglM 
vper  for  a  Cubic  Spiral  to  cunnecl  a  tangent  with  a  citcuImJ 


Let  these  =  !> 


I.   1^3. 


(6)  Find  the  dcflettlon  angles  to  corresponding  points  t 
s  ot  the  circular  curvex,  the  auxiliary  tangent  for  these  bi 
the  point  where  the  Cubic  Spiral  leaves  this  circular  curve  | 
irbere  the  trnnHit  will  be  set). 

liOt  these  =  -g'.  '-^,  -^,  etc. 

(ej  The  required  total  deflections  from  A  will  be  for 

point  1         -  -  +  (,  point  2         -"  +  ij 

^l„.a      *  +  .-.». 

The  requirtd  toial  deflecUuns  from  C  will  be  for 

il'.  d'- 

point  1  ~  ii  point  !i        ~o  ~  *a  "' 

LBiiDllar  proceduro  niay  be  followed  if  it  be  desired  to  lay  on^'l 
B  spiral  by  aZmUt.    Cimveiiient  poitits  may  be  set 
rDnlBr  curves  and  tbe  offsets  taken  from  either  curve. 


1.^2  Railroad  Curves  and  Earthwork. 

Example.     Given  Di  =  4'^,  D,  =  r\  U  -  200. 

From  Tables  VI  and  VII  find  deflection  angles  for  a  ci 
Z>  =  7°  -  4°  =  3°  with  l^  =  200,  where  s^  =  3°  00'.  On  4^ 
lar  curve  deflection  angle  for  20'  chord  =  0°  24'. 

4^^  curve  deflection  -}-  spiral  deflection 
for  point 


1 

0°  24'  +  0-^ 

'  01'  =  0^  2;V 

2 

0°  48'  4- 

02'  =  0°  50' 

3 

r  12'  4- 

05'  =  1°  17' 

4 

1°  36'  + 

10'  =  1°  46' 

5 

2°00'-h 

15'  =  2^  15' 

6 

2°  24'  -h 

22'  =  2°  46' 

7 

2°  48'  + 

29'  =  3°  17' 

8 

3°  12'  + 

38'  =  3°  60' 

9 

3°  36  + 

49'  =  4°  25' 

10 

4^00'  + 

60'  =  5°  00' 

These  are  total  deflection  angles  from  auxiliary  tangen 
the  transit  is  on  the  4°  curve. 

Field  work. 

(a)  Fix  L  or  K  in  ground  from  topography  or  other  pr 
requirements,  the  same  as  for  any  compound  curve, 
(h)  Assume  Ig  ^^^  compute  p. 

(c)  Fix  A  and  C,  true  transit  points  on  curve  at  distai 

from  L  or  K. 

(d)  Set  transit  at  A. 

(e)  Bring  line  of  sight  on  auxiliary  tangent  at  A. 

(/)  Set  off  '* total  deflection"  angles  to  spiral  and  i 
spiral. 

200.   Determination  of  Length  of  Spiral. 

The  basis  used  by  the  Am.  Ry.  Eng.  Ass'n  for  flxin 
proper  length  of  spiral  is  the  increase  per  second  of  the  < 
tion  of  the  outer  rail.  Too  rapid  an  increase,  it  is  thought 
cause  some  discomfort  to  passengers.  The  discussion  is  tc 
tended  for  a  pocket  book,  and  will  not  be  attempted  here. 

The  Am.  Ry.  Eng.  Ass'n  has  prepared  a  diagram  shov 
Table  VII  C  which  covers  the  recommendation  of  the  Ast 
tion  for  fixing  the  length  of  spirals. 


Spiral  Easement  Curve. 
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201.    Problem.     GiveM  two   mnplr  curvps  with  connectiufj 

tangent. 
Required  to  substitute  a  simple  curve  of 
given  radius  with  connecting  spirals  at 
each  end. 


Let  DC  =  t=z  given  tangent,  connecting  the  two  curves  AD 
and  CB  of  radii  i?,  and  Hi  respectively. 

Let  GT  be  the  given  new  curve  of  radius  Jl^- 

^Vssume  suitable  spirals  and  find  from  table  VI,   GE  =  pi  and 
ST  =  P'2  for  these  spirals,  also  gi  and  (/.2- 
Join  OP  and  draw  perpendicular  OL. 


^Bi-Bs. 


t 


Then  tan  LOP  =  -'- — ^';  OP  = 

t  cos  LOP 

In  the  triangle  OPQ  there  are  given 

t 


0P  = 


;  OQ  =  i?,  -  i?.  -  p,  ;  QP  =  7?,  -  7?^  -P2 


cos  LOP 

Solve  this  triangle  for  OQP,  QOP,  OPQ. 
Then  CPS  =  180^  -  (OPQ  +  OPL) 
EOD=    J)0°- (QOP  +  LOP) 

Knowing  the  stations  of  D  and  C,  the  stations  of  E  and  S  are 
readily  found  and  also  the  stations  of  the  C.S.  and  8.C.  by 
applying  q\  and  qo. 
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202.  Problem.     Given  I  and  Be  for  circular  curve  GH 
p  and   corre- 
sponding qfor ' r 

a  spiral  to  fit      TVS. 
the  given  curve. 

Required  the  distance 
BH  =  /i  through  which 
the  circular  curve  GHE 
must  he  moved  in  along 
VO  to  allow  the  use  of 
this  spiral ;  also  the 
distance  Qk  =  d  from 
F.a  to  T.S. 


y 


/ 


BH  =  PO  =  KG  = 
C3A  = 


KL 


cos  LKG 
P 


cos  J  / 

AL  +  LG 

AL  -f  LK  tan  LKG 


d  =    g  +  p  tan  }  / 


Problem.     Given  7,  Be  and  h. 
Required  p  and  d. 

p  =  h  cos  J I 

q  is  found  by  Table  VII  J?  or  by  §  ] 

d  =  q  -\-  p  tan  |  L 

In  re-running  old  lines  to  introduce  spirals,  where  an 
circular  curve  is  to  be  replaced  by  a  spiral  and  a  circul; 
of  the  same  degree,  it  is  clear  that  the  circular  cur 
necessarily  be  set  in  towards  the  center  from  H  by  s 
amount  h.  Practical  considerations  may  often  fix  the 
h  by  which  the  curve  must  be  moved.  The  method  < 
will  be  found  of  considerable  value  in  revisions  of  li 
it  allows  great  flexibility  in  the  selection  of  spirals. 
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03.    It  ma;  BomeCimes  seem  more  desirable  tu  change  the    ^H 
lUB  ot  the  circular  curve  bu  as  to  keep  ttie  new  aligiiinent  !□    ^H 
b  poBitioti  aa  to  show  as  little  deviation  as  i>ossible  Itota  the    ^| 
tklfgnment  and  at  the  aame  time  keep  the  length  of  line  aa    ^H 
yly  as  possible  unchaii^d.    Tbia  may  be  aecompiiabed  as  ^H 
icated  in  the  figure  below,  where  the  line  i£  carried  outwards   ^H 
i  and  inwards  near  D  and  L.                                                     ^H 

•oblem.     GiDtn  I  and  -Ei  for  circular  cur 

^iral;    also    BH  =A 

uured  along  VOtorjil-     ^            d         l 

ce  DB  ;   ai«a  p 

H  throuyh which  new    jg^         , ^^'r''*— ^ 

milar  curve  is  to  pass                   j           i*^      ^ 
tUots  the  me  of  this                 ,          [ 
«I.                                      !        1 

'.tgiiired    the     radius                   \          | 
sKP  of  the  nan  euroe                   |          ] 
J     also    q    cojiaisteiit                "[~-^   ]      ,-•' 
\pandJit;  also  dis-                u[--^*f^ 
w  Dk=dfrom  P.C.               -[,''' 

\\  /^ 

P0  =  NO  =  OB  +  BH  -  PH 

-  R,  +    b    -El 

OM  =  DO  -  DM 

=  DO  -  PK  -  KL 

=  «,-B.-p 

NM  =  NO-OM  =  A+p 

PO  vers  NOP  =  NM 

p,  -  i.  +  k)  vers  1  /=  A    +  p 

III-  Ii^  +  h=  -^^ 

(151) 

ttd  q  from  p  and  Jl^,  by  g  193. 

en                           DA  -  AL  -  DL 

=  AL-  MP 

d=  7  -tfli-J'ii+WH 

°U-  (1^ 

^^1 
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204.  When  it  is  necessary  to  keep  the  middle  point  Him> 
changed,  on  account  of  a  bridge,  or  heavy  embankment,  or 
otherwise,  it  then  becomes  necessaiy  to  make  part  of  the  curre 
sharper,  a.s  CF  in  tlie  figure  below.  The  most  practical  method 
appears  to  be  to  assume  the  angle  FOH,  the  part  of  the  curve  to 
remain  unchanged  ;  also  assume  the  value  of  p  and  compute  all 
other  necessary  data. 

Problem.     Given  I  and  B\  of  circular  curve,  also  p  of  pro- 
posed   spiral,    alio 

A  D       L v_   angle    FOH  =  /i  of 

'  ~~^     =^=:^«-  the    circular   cunt 

which  is  to  remain 
I  /        Xp  unchanged. 

Required  the  m- 
y^  dius  1?2  of  new  cvrte 
CF,  to  cfpmpoujd 
with  original  curve 
FH  ;  also  q  consi^ 
ent  with  p  and  Bi\ 
also  the  distance 
DA  =  d  /Torn  P.C, 
to  r.AT. 


T.S. 


N 


ol/' 


FOH  =  /i 
DOH  =  i  / 
OP  vers  NOP  =  NM  =  MD  -  ND 

=  LP  -  KP=p 

iIii-Jio)yers(iI-Ii)  =  p 


lil  -   lio  =  -  ■    -- 


p 


vers  (J  /—  /i) 


(IM) 


Find  q  from  p  and  F->  by  §  193. 
Then  DA  .-  AL  -   DL 

r:.  AL   -  MP 
d  =q-  ( A'l  -  Ih)  sin  (i  /  -  /i)  (162  J) 

By  making  FOH  =  7i  =  0,  i?2  becomes  continuous  from  the 
first  spiral,  through  H  and  to  its  connection  with  the  second 
spiral. 

Another  practical  method  would  be  to  assume  2?2  and  p  and 
compute  /i.  7,  d. 


CHAPTER  XI. 
SETTING'  STAKES  FOR  EARTHWORK. 

205.  The  first  step  in  connection  with  Earthwork  is  staking 
out,  or  '^  Setting  Slope  Stakes/^  as  it  is  commonly  called. 

There  are  two  important  parts  of  the  work  of  setting  slope 
stakes: 

I.   Setting  the  stakes. 

II.  Keeping  the  notes. 

The  data  for  setting  the  stakes  are  : 

(a)  The  ground  with  center  stakes  set  at  every  station  (some- 
times oftener). 

(6)  A  record  of  bench  marks,  and  of  elevations  and  rates  ot 
grades  established. 

(c)  The  base  and  side  slopes  of  the  cross-section  for  each 
class  of  material. 

In  practice,  notes  of  alignment,  a  full  profile,  and  various 
convenient  data  are  commonly  given  in  addition  to  the  above. 

206.  I.  Setting  the  Stakes.     The  work  consists  of : 

(a)  Marking  upon  the  back  of  the  center  stakes  the  *'cut" 
or  "  fill"  in  feet  and  tenths,  as 

C  2.3  or  F  4.7. 

(6)  Setting  side  stakes  or  slope  stakes  at  each  side  of  the 
center  line  at  the  point  where  the  side  slope  intersects  the  sur- 
face of  the  ground,  and  marking  upon  the  inner  side  of  the 
stake  the  "cut"  or  " fill ''  at  that  point. 
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207.    (a)  The  process  of  finding  the  cut  or  fill  at  the  centei 
stake  is  as  follows : 

Given  for  any  station  the  height  of  instrument  =  ^,  a^id  the, 
elevation  of  grade  —  hg. 

Then  the  required  rod  reading  for  grade 

rg  =  hi-hg,  (153) 

It  is  not  necessary  to  figure  hg  for  each  station. 

Let  hg^  =  hg  at  Sta.  0 

hg^  =  hg''      *»       I 

hg^  =  hg  "    **    2,  etc. 
Also  use  similar  notation  for  r^. 


Let 

g  =  rate  of  grade  (rise  per  static 

Then 

^0t  -^90-^9 

hg^  =  hg^-\-g 

K  =  K  +  ^'  ®*^ 

^80  =  ^'-'  K 

Vg^  =   hi-   hg^ 

=  hi  -(.K  +  9)  =  hi-hg^^g 

rg,  =  rg,-g  (164) 

Similarly,      rg^  =  rg^  —  g,  etc. 

It  will  be  necessary,  or  certainly  desirable,  to  figure  h,  and 
rg  anew  for  each  new  hi.  It  is  well  to  figure  hg  and  Vg  Tas  a 
check)  for  the  last  station  before  each  turning  point. 
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13!) 

bcample. 

A,=  10«.25 

Sta.  0,  grade  cievatiou  100.00 

e  +  1.00 

5,      " 

lori.oo   , 

+  0.50 

10,      ■' 

107.60 

j-,„  =  ioa.25  - 

00.00  =  0.26 

6.25 

''!',= 

6,26- 

1.00/ =  5.25 

'■»!  = 

6.25- 

1.00     =  4.25 

*'»,  = 

4.25- 

1.00     =  8,25 

3.26- 

1.00     =2.26 

'■».= 

2.26- 

1.00     =1.26 

Change 

1.2,1- 

0.50     =  0.75 

'■«,  = 

0.76  - 

0.60     -0.26 

1  Is  found  necessary 

to  take  a  T.P.  here,  and  we  therefore    ^| 

V=   K,  + 

2!7 

■ 

=  105.00  + 

1.00  =  106.00 

■ 

r^  =  A,- 

ft,,  =  106.26  - 

106.00  =      0.25 

■ 

r,j,  etc.,  are  "checked."     ^H 

D8.    Having  thus  found  r,,  nest,  by  holding  the  rod 

up«n      H 

surface  of  the  ground  at  the  cente 

sUke,  the  rod  reading      ^H 

L 

M          *■ 

=  LO  is  observed  from      ^| 

K 1 

--7   i        ° 

fill 

■ 

^-J-"""'^^' 

7     \r.       ^ 

=  OG  =  MN  -  LO 

■ 

\            1°         / 

'           \  ' 

=  r,  -  r. 

(165)       ■ 

In  the  figure  gi» 
lues  of  1',  andean 

A            G          B 

^         '     VJ 

^  n  positive  yalue  ot 

c  indicates  a 

'cut,"  a  negative  value      ^| 

KndicateBa"fill." 

^H 

,«aJi  be  shown  that  i 

1  the  two  casea 

of  "fill," 

^1 

h  When  fti  Is  great*' 

than  ft,,  and 

■ 

5   When  ft,  is  Ipss  than  Ii„ 

..th.    1 

faituula  given  will  liold  good  by  paying  due  attention 

U  r„  whether  +  or 

^ 

^^ 

d 
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209.   (J))  Setting  the  Stake  for  the  Side  Slope. 

(1)   When  the  surface  is  level. 


D 


Let  6  =  AB  =  base  of  section 

c  =  OG  =  center  height 

«=  |i^  =  AM  =  side  slope 
EN      DM  ^ 

d  =  OD  =  OE  =  distance  out 

Then  <2  =  GB+BN 

=  J6-fsxDM  =  i6  +  8xEN 

=  \h  -Ysc 

Setting  the  Stake  for  the  Side  Slope. 
(2)   When  the  surface  is  not  level. 

Here  the  process  is  less  simple. 


7R" 


Let 


6  =  AB  =  base 

c  =  OG  =  center  height  (or  cut) 

s  =  slope 
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A,.  =  EK  =  side  height  right 
^=DH=  '*        "      left 
dr  =  GK  =  distance  out  right 

d|  =  GH=       "         ''    left 

I 

Then  d^  =  J6  +  s;^1 


I- 
f 


(167) 


But  hr  and  ^{  are  not  known.  It  is  evident  from  the  figure 
that  Ar  >  c  and  A|  <  c  in  the  case  indicated,  and  therefore 

<2r  >  J  6  +  «c 
di<\h'\-  sc 

It  would  be  quite  possible  in  many  cases  to  take  measure- 
ments such  that  the  rate  of  slope  of  the  lines  OE  and  OD  would 
be  known,  and  the  positions  of  E  and  D  determined  by  calcula- 
tion from  such  data.  But  speed  and  results  finally  correct  are 
the  essentials  in  this  work,  and  these  are  best  secured  by  find- 
ing ^1  and  hr  and  the  corresponding  di  and  dr  upon  the  ground 
by  a  series  of  approximations,  as  described  below. 

Having  determined  c,  use  this  as  a  basis,  and  make  an  estimate 
at  once  as  to  the  probable  value  of  hr  at  the  point  where  the 
side  slope  vrtll  intersect  the  surface,  and  calculate  dr  =  \h  -\-  shr 
to  correspond. 

Measure  out  this  distance,  set  the  rod  at  the  point  thus  found, 
take  the  rod  reading  on  the  surface,  and  if  the  cut  or  fill  thus 
found  from  the  rod  reading  yields  a  value  of  dr  equal  to  that 
actually  measured  out,  the  point  is  correct.  Otherwise  make 
a  new  and  close  approximation  from  the  better  data  just  ob- 
tained, always  starting  with  hr  and  calculating  dr^  and  repeat 
the  process  imtil  a  point  is  reached  where  the  cut  or  fill  found 
from  the  rod  reading  yields  a  distance  out  equal  to  that  taken 
on  the  ground.  Then  set  the  stake,  and  mark  the  cut  or  fill 
corresponding  to  hr  upon  the  inner  side,  as  previously  stated 

Perform  the  same  operation  in  a  similar  way  to  detennine 
rf,  =  J6  -f-  shi^  and  mark  this  stake  also  upon  the  inner  side  with 
a  cut  or  fill  equal  to  h. 
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It  requires  a  certain  amount  of  work  in  the  field  to  appreci- 
ate fully  the  process  here  outlined,  but  which  in  practice  is  very 
simple.  It  may  impress  some  as  being  unscientific,  and  at  first 
trial  as  slow,  but  with  a  little  practice  it  is  surprising  how 
rapidly,  almost  by  instinct,  the  proper  point  is  reached,  often 
within  the  required  limits  of  precision  at  the  first  trial,  while 
more  than  two  trials  will  seldom  be  necessary,  except  in  difficult 
country. 

The  instrumental  work  is  just  the  same  in  principle  as  at 
the  center  stake. 


Let        Tr  =  NE  =  rod  reading  at  slope  stake  right, 
then  KN -NE  =  »v-rr  =  Ar 

here  r,  is  the  same  for  center,  right  and  left  of  section. 

In  some  cases  it  may  be  necessary  to  make  one  or  moie 
resettings  of  the  level  in  order  to  reach  the  side  stakes  from 
the  center  stake.  In  this  case,  of  course,  a  new  Vg  must  be 
calculated  from  the  new  hi.  This  introduces  no  new  principle, 
but  makes  the  work  slower. 

A  "  slope-board  "  or  ** level-board"  has  quite  frequently  been 
used  to  advantage.  In  certain  sections  of  country  this  might 
be  considered  almost  indispensable.  It  consists  simply  of  a 
long,  straight-edge  of  wood  (perhaps  16  ft.  long)  with  a  level 
mounted  in  the  upper  side.  It  is  used  with  any  self-reading 
rod.  A  rod  quickly  hand  marked  will  serve  the  purpose  well. 
Having  given  the  cut  or  fill  at  the  center,  or  at  any  point  in  the 
section,  the  leveling  for  the  side  stakes,  and  for  any  additional 
points,  can  readily,  and  with  sufficient  accuracy,  be  done  by 
this  ** level-board,"  and  the  necessity  for  taking  new  taming 
points  and  resetting  the  level  avoided. 
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D,   II.   h'efjiing  the  Xotfu. 

B  form  uf  note-book  iised  for  keeping  the  notes  ot  slope   I 

m  and  of  centtr  cuts  and  fiUs,  ofMii  ualW  "  croBS-sectio' 
I^J,  is  shown  on  the  following  two  pages. 
rile  left-hand  column  for  stnlioiiB  sliuuld  read  from  bottom 
top. 
Tht  »UTfitfe  elevalioM  in  column  2  are  «ti(  obtained  directly 

n  the  leaelg,  but  result  from  adding  to  the  grade  eleva- 
U,  a[iy  stailou  the  uut  or  lill  at  tliat  xtation,  paying  due 
benlion  to  th«  sigiiB.  ThiH  column  of  surface  elevations  need 
it  be  entered  up  in  the  field,   but  may  be  filled  in  as  ofiic« 

^b«  column  of  grade  elevations  conalsls  of  the  grade  eleva*    ' 
LB  figured  for  each  station. 

Qgures  marked  +  are  cuts  in  feet  and  tenths,  and  those 
d  —  are  fills ;  the  figures  above  the  cuts  and  fills  are  the 
t  from  the  center,  and  the  position  in  the  notes, 
;r  rfglit  or  left  of  the  center,  eorresponds  to  that  on  tlie 
1. 

^e  oolumns  on  the  right-hand  page  are  used  (or  entering,    , 
^computed,  tlie  '■quantities,"  or  number  of  cubic  yards.ln 
h  section  of  eartliworh. 

jte  column  "General  Holes"  is  used  for  entering  extra 
itBOrementB  (of  diiclies,  etc.)  not  included  in  the  regular 
ito^ecUon  notes;  also  notes  oE  material  "hauled";  dassifi' 
~  in  of  material  and  various  other  matters  naturally  classed 
ir  the  head  of  "  Hemnrks." 

^fTben  the  surfai^e  is  irregular  between  the  cenCeT  and  side 
,  additional  rod  readings  and  distances  out  are  taken, 
the  results  entered  as  showu  for  station  0  on  p.  144,  the 
tlon  itself  being  as  shown  below  in  the  sketch. 
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211.  Form  of  Cross-Section  Book  (left-hand  page). 

(Date') 

CName«  of  Party) 
Base  20 ;  1  to  1 
U;  Utol 


Station 


-1-69.7  P.  T. 


+27.2  P.C. 


+87 


+76 


+64 


+50 


Surfiice 

Grade 

Elev. 

El«v. 

97.1 

105.00 

»4.4 

104.70 

96.9 

104.00 

98.0 

108.27 

98.1 

108.00 

100.6 

102.87 

102.8 

102.76 

108.: 

102.64 

106.4 

102.60 

116.1 

102.00 

117.7 

101.00 

109.2 

100.00 

Cross-Section 


18.4 
-7.6 

22.1 
-10.1 

19.8 

-8.2 

16.6 
-6.4 

16.0 
-6.0 

18.8 
-4.2 

10.8 
-2.2 

10.0 
0.0 

18.4 
+  8.4 

16.7 
+  6.7 

22.7     10.0 


-7.9 


-10^ 


-T.1 


-6^ 


-4.9 


-8^ 


0.0 


+  1.1 


+  8.9 


+  13.1 


+  12.7  + 17.2 


+  10.T 


J 
-J 


10.0  _ 
+  18.1  +. 


1^0 


+  S.0  +  10.1 


9.0    ^^2      8.5      18.4 


+  7.8  +14.7  +- 
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!.    (Right-hand  Page.) 


Excavation 


>ck 


S.  Rock 


Earth 


Embank- 
ment 


General  Notes 


1+6 
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213.   CrOBH-se  U  n 
PC.  or  P.  r.  of 
addition,  al  ever 
sb  owing  a  proHI      e 
statJona :  — 


k       t  every  full  Hlation,  al  everj 

grade  cuts  the  surface,  and  in 

li    e  rface.     In  the  figure  below, 

1  uld  be  (akea  at  the  foUowini 


13. 


At  Stations  0,  I,  3,  2  +  52,  3,  4,  5,  5  +  30,  6, 
9,  9+29.  9  +  82,  10,  II,  11  +  30,  13,  IS  +  asP.C, 
15,    16,    n  P.T.,    18. 


214,  It  \a  not  necessary  actually  to  drive  stakes  in  all  cassa 
where  a  cross-section  Is  taken  aud  recorded,  buC  in  every  cm 
where  they  will  aid  materially  in  construction  stakes  should  bfl 
set.  It  ii)  best  to  err  on  the  safe  side,  which  is  the  liberal  side^ 
In  passing  from  cut  to  Gil,  it  is  customary  to  lake  full  croas-- 
sections,  not  only  at  the  point  where  the  grade  line  cuts  tb« 
siirCace  at  tlio  center  line  of  survey,  but  also  where  the  gradai 
cuts  the  surface  at  the  ontsida  of  tbe  base,  botb  tight  and  I^flS 
as  in  the  figure  below,  which  illustrates  the  uott's  im  p.  Hi 
full  cross-sections  are  taken  not  only  at  stations  2  +  76,  bi^ 
also  at  2  -^  64  and  2  +  87. 


"jSittiti^  Stakes  for  Earthwork. 
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215.  Stakes  are  actually  set  at  the  center  G  and  at  the 
poliiiA,  where  the  ontBJde  line  nt  the  baae  c)(  Ef.cavation  cuts 
IhCBiiTbce,  and  at  B,  where  the  outside  line  of  the  base  ttf  Em- 
Sq«Jh»i'n(  cnts  Ihf  Hurtace.  It  is  not  customary  to  set  Btaltes  or 
rrcanl  the  notes  fov  the  poinU  A'  and  B'.  Tlie  staJieB  at  A,  G,  and 
B  ue  a  Bufficieut  guide  for  construction,  and  the  soliditieB  or 
"quantities"  would  in  general  be  afiectAd  ouly  slightly  by  tlje 
uldilionat  notes  if  they  were  made.  When  the  line  AGB  crosses 
Ihc  center  line  nearly  at  right  angles,  it  would  not  be  necessary 
to  lake  wore  than  one  seoUon  bo  far  as  the  notes  are  concerned. 
U  ia  well,  however,  to  set  the  stakes  A  and  B  exactly  in  their 
prapet  position. 

216.  Wherever  an  opening  Is  to  be  left  in  an  Embankment 
'or  a  bridge  or  for  any  other  structure,  stakes  should  be  set  m 


I 


i 


Jl  A  and  B  fat  the  side  of  the  base  and  top  of  the  slopes  AF 
^•>ilBH)  Slakes  should  be  set  marked  "Bant  to  Irrade"  ;  and 
**  F  and  H  (at  the  foot  o(  the  slopes)  stakes  should  be  eel 
""Marked  "  Tof  of  Slopt.^'  Where  the  bank  Is  Uigli,  an  addi- 
*-^onid  stake  K  at  foot  of  slope  may  be  set  aa  an  rud  to  construo- 
**<».  The  8t4ikes  at  0  and  E  should  also  be  set  as  ordinary 
■J^pe  stakes;. 

J17.  The  " level  notes"  proper,  or  the  record  of  height*  of 
'"Wtniment,  bench  marks,  turning  points,  etc.,  used  iu  setting 
■*«P8  itftkes,  are  usually  kept  separate  from  the  cross-section 
*»Ot«.  One  reason  for  this  is  that  level  notes  run  from  top  to 
^•Wmo  of  page,  while  cross-section  notes  read  from  bottom  to 
top  of  page.    The  level  notes  should  be  kept  either  in  the  back 
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of  the  cross-section  book  or  in  a  level  book  carried  for  that 
purpose.  Keeping  tliese  or  any  other  notes  on  a  slip  of  paper 
is  bad  practice. 

218.  Earthwork  can  be  most  readily  computed  when  the 
section  is  a  *'  Level  Section^'*'*  that  is  when  the  surface  is  levd 
across  the  section ;  but  this  is  seldom  the  case,  and  for  purposes 
of  final  computation  it  is  not  often  attempted  to  take  measure- 
ments upon  that  basis. 

219.  In  general,  in  railroad  work,  the  ground  is  sufficiently 
regular  to  allow  of  "  Three-Level  Sections  ^^  being  taken,  one 
level  (elevation)  at  the  center  and  one  at  each  slope  stake, 
shown  by  these  notes,  where  Base  is  20,  and  Slope  J  to  1 :  — 

11.3  ^4  2  12.8 


H-  2.6  +  5.6 

The  term  '*  Three-Level  Section  "  is  usually  applied  only  to 
regular  sections  where  the  widths  of  base  on  each  side  of  the 
center  are  the  same.  In  regular  three-level  sections  the  calcu- 
lation of  quantities  can  be  made  quite  simple.  To  facilitate 
the  final  estimation  of  quantities,  it  is  best  to  use  three-levd 
sections  as  far  as  possible. 

220.  In  many  cases  where  three-level  sections  are  not 
sufficient,  it  may  be  possible  to  use  ^^  Five-Level  Sections.-* 
consisting  of  a  level  at  the  center,  one  at  each  side  where  the 
base  meets  the  side  slope,  and  one  at  each  side  slope  stake,  as 
shown  by  the  following  notes  :  — 

Base  20,  Slope  1  to  1, 

22.7  10.0         ^^^^  10.0  22.2 


+  12.7  +17.2  +13.1  +12.2 

The  term  ^^  Five-Level  Section  ^^  is  usually  applied  only  to 
regular  sections  where  the  base  and  the  side  slopes  are  the 
same  on  each  side  of  the  center. 

221.  Where  the  ground  is  very  rough,  levels  have  to  be 
taken  wherever  the  ground  requires,  and  the  calculations  mtut 
be  made  to  suit  the  requirements  of  each  special  case,  althongb 
certain  systematic  methods  are  generally  applicable.  SQch 
sections  are  called  ^^ Irregular  Sections,^^ 


CHAPTER   XII.       . 

METHODS  OF  COMPUTING  EARTHWORK. 

222.  In  calculating  the  volumes  or  ^'quantities'*  of  Earth- 
work, the  principal  methods  used  are  as  follows  :  — 

I.  AvEKA(ii\(;  End  Areas.     II.    Prismoidal  Formila. 

223.  I.  Averaging  End  Areas. 


-  -;/  station  1 


Mution  0 


I«et  Ay\  =  area  of  cross-st'ction  at  Station  0 

A      ^        (I        (fc  H  H  (t  tl  I 

I  =  length  of  section,  Sta.  0  to  Sta.  I 

r=  volume  of  section  of  earthwork  (Sta.  0  to  I) 

• 

Then  V  =:^±±Ali  (in  cubic  feet)  (158) 

=  !d<L±Ai  .  L  (in  cubic  yards)  (lAO) 

As  (158)  is  capable  of  expression  1"=  ylo    +  -^i^ 

'*  is  practically  based  on  the  assumption  tliat  the  volume  con- 
*^of  two  prisms,  one  of  base  Ak\  and  one  of  base  A\^  and  each 

^^  a  length,  or  altitude  of  \  . 

140 
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224.   To  use  this  method,  we  must  find  the  area  A  of  each 
cross-section ;  the  cross-section  may  be  :  — 

(a)  Level,     (b)   Three-Level,     (c)  Five-Level,     {d)  Irregtilar. 


225.   (a)  Level  Cross-Section. 
Let 


h  5=  base  =  AB        8  =side  slope  =  5^  _  EM 

^       AL       BM 

c  =  center  ht.  =  OG 
A  =  area  of  cross-section 

Then  DL  =  EM  =  se 
-4  =  ABxOG-hDL  X  AL 

=  6c  -h  sc^ 

=  c(h  +  8c)  (160) 


226.   (&)  Three-Level  Section.    First  Method. 


Let  b  =  base  =  AB  « =  side  slope 

c  =  center  height 

hr  =  side  height  EK  hi  =  side  height  DH 

dr  =  distance  out  ME         di  =  distance  out  DL 
A  =  area  of  cross-section 
Then     .4=       OGD     +      OGE       +      GBE      -h      AGO 

=  iOGxDL+JOGxME-t-iGBxEK4-iAGxDH 

ic(di-^dr)  +  i^(hr+hO 


c(d,  +  (J,)  +  I  (A,  +  h,) 


(161) 
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227.   (6)  ThreeXeyel  Section.    Second  Method. 


Using  the  same  notation. 

GB 
GV 
GV  =  ^  =  A 


8         28 

OV  =  c  +  GV 


28 


The  triangle  ABV  is  often  called  the  ^^  Grade  Triangle.^ 
.  Area  ABV  =  GV  x  GB 

Area  EODV  =  OV  x  ^  +  OV  x  ^ 

2  2 


\        2«/       2 


\        281       2  4« 


Let 


A  =  EODV  -  ABV 

28^ 

D  =  di-\-dr 

\  281  2  4« 


(162) 


In  using  this  formula  for  a  8erie8  of  cross-sections  of  the 
same  base  and  slope,  —  and  —  are  constants,  and  the  compu- 

28  4^8 

tation  of  A  becomes  simple  and  more  rapid  than  the  first  method 
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230.  AnalheT  melliod  which  hue  beeti  used  for  calculatii 
IrregulsF  cross-aectiona  is  to  plat  them  on  arosB-eectioD  papc 
and  get  the  area  by  '' WaiifmBtec."'  In  very  irregular  crot 
aectioDB  this  method  would  prove  economical  as  compared  wi 
direct  oompulatiQii  by  ordinary  meihodB,  but  it  is  probable  Ih 
in  altuoat  evory  case  equal  speed  and  equal  precision  can 
obtained  by  tbe  uae  of  suitable  tables  or  diagrams  (to  be  e 
plained  later) ;  for  this  reason  the  use  of  the  planimetcr  is  xi 
recani mended,  certainly  where  diagrams  are  available, 

231.  Whatever  may  be  the  form  of  section,  or  whatever  t 
method  of  computation,  having  found  the  values  of  A  for  e^ 
croBB-section,  the  volume  V  is  found  for  the  End  Area  Methf 
by  the  formula  above  given. 

It  is  found  that  this  formula  is  only  approximately  corr^ 
Its  simplicity  and  gubstimtlal  accuracy  in  ihe  majority  of  ca-> 
render  it  bo  valuable  that  it  has  become  tbe  formula  in  m« 
common  use.  It  gives  results,  in  general,  larger  than  tbe  K 
Bolidily. 

232.  II.  Prismoidal  Ponnnla. 

"  A  prismoid  is  a  solid  having  for  its  two  ends  any  dissiiniJ 
parallel  plane  figures  of  the  eame  number  of  sides,  and  oil  fc 
sides  of  the  solid  plane  figures  also." 

Any  prismoid  may  be  resolved  into  prisms,  pyramids,  Jb ' 
wedges,  having  as  a  common  altitude  the  perjiendicular  distu* 
between  the  two  parallel  end  planes. 

Let  An  and  Ai  =  areas  of  ond  planes. 

Jf  =  area  of  middle  section  parallel  to  the  e3 

( ~  length  of  priHmoid,  or  perpendicular  d 

tance  between  end  planes. 
r  =  volume  of  the  prismoid. 
Then  it  may  be  sliown  that 

r=(-4„  +  -l,V+  .4,)- 
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933.   Let  B  =  area  of  lower  fa«e,  or  base  of  a  priBm,  wedge, 
or  pyramid. 
b  =  area  of  upper  face. 

ffl  =  middle  area  parallel  to  upper  and  lower  faces. 
a  =  altitude  of  prism,  wedge,  or  pyramid. 
« =  solidity  "     "  "       "        " 


Then  the  art 

of  the 

upptffaee  b 

n  terms  of  lower  bate  S 

Bill  be  for 

Prism 

Wedge 

Pyramid 

6  =  B 

ft  =  0 

6  =  0 

ud  ihe  middle 

r«,,. 

will  be  for 

Priam 

Wedge 

Pyramid 

The  solidity  s  will  be  for 
Wedge 

2     G  b\       -i       /a 

Pyramid 


l^nee  a  prismoid  is  composed  of  prisms,  wedges,  and  pyramids, 
Ibe  same  expression  may  npply  to  the  prismoid,  and  this  may 
te  put  In  the  general  form 

K=  Mo  +  4  Jtf  +  ^0  i  (163  a: 

Wig  the  nQtatio"  of  the  preceding  page. 
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234.  A  regular  suclioa  <.if  earthwork  having  lor  its  gnrfacQ  a 
plaue  face  is  a  prisntoid.  Must  Bections  of  oanliwotk  have  not 
their  surface  plane,  and  are  not  strictly  priamoida,  although 
they  are  so  regarded  by  houib  writers. 

In  this  figure  the  line.i  EoOo  and  EiOt  are  not  pttrallel,  and 
therefore  the  surface  OuOiEiEq  ia  not  a  plane.  The  most  com- 
mon aaaumption  as  to  this  surface  is  that  the  lines  OoO]  and  EnEi 
are  right  lines,  and  tliat  the  Hurfiwi!  OuOiEiEu  is  a  warped  sur- 
face, generated  by  a  rigbt  line  moving  as  a  e^neratrix  always 


parallel  to  the  plane  OoGoBnEg  and  upon  the  lines  OoOi  aod 
EqEi  aa  directrices,  as  indicated  in  the  ligure.  The  surface  thus 
generated  is  a  warped  surface  called  a  "hyperbolic  paraboloid." 
It  will  be  shown  Ihat  the  ' '  prigmoidal  formula ' '  applies  also  to 
this  solid,  which  is  not,  however,  properly  a  prismoid. 

235.    In  tlie  following  figure,  which  bus  perpendicular  sldea 
OoAuAiDi,  EoBgBiE,   and  the  lines  DoEu  and  DiEi  right  lines, 

D  let  60  =      base      =  AqBo 

6,=         "        =A,Bt 
Co  =  center  ht.  =  OflGo 
^  DiiAu  -H  EbBo 
2 
a  =  center  ht.=^OiGi 
.__  DiAi  -H  EiB^ 
2 
I  =  length  (altitude) 
of  section =GoG, 
Aa  =  area  of  OoAoBoEa 
Ai  =  area  of  DjAiBtEi 
V  =  volume 
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(.■„  ,4,  [iir  »  aectioii  distant  z  fium  G 


TTien 


Ai  =  f-ic, 


<l,  =  J,c.=      [i,+C6o-/.i)f][=.+('^-Ci)^] 


I 


fl  6iCi  +  3  bir-a  +  3  ''i^'i  +  2  Vo  1 
-3&i(ii-2  6|fo-3Vi  I 

-  8  (/ici  I 

-  2  ftiCi  J 
(2  6,ci  +  2  &,^B  +    6ifu  +    6oc,) 


i 


336.  Apply  l.lie  ''  Priaraoidal  Formula  "  fei  tlie  same  % 
Ike  bilge  and  center  heigbt  of  tliu  miildte  section  are  ;  - 

Ii._6o  +  *i  ,.    - '-«  +  Cl 

R. ^  <.„-      2 

^s  finCi,  >ii  =  ?iiCi 

Jf  =  ^L+6l  X  5^+^  =  area  ot  middle  section 
2  2 

=  j    (''o'-o+     Wo  +  Vl  +  ftiCi  +  ft,cj  +  6iCi) 

=  ^  (2  iiCi  +  2  bni-i,  +  &ifo  +  ('o^i)  (165) 

TW"  li  tha  Ksme  M  fiiniiulii  (1114)  fniiiid  above  to  be  cnrreol 
'"til*  warped  But£aiie.  I'herofore  tlie  "  I'riBmoidaJ  Formula  " 
(18!  A)  applies  to  the  Bection  shown  in  S  23o. 


I 
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",  237.   The  sections  of  dartltwoTk  comnioiily  used  in  railir 

work  are  bounded  not  by  perpendicular  sides,  but  by  ludii 
planes. 
I  Di  In  the  flgore,  HUppi 

^^^^v  Z^^'^'-T^  ^   plane   to  be    pas 

^^^^^^B  /    J         I  ^'^^<     tlirongb    tlie   line    Eo 

^^^H  /   ^  1    _G,I  _  /Ig      cutting  AoBo  at   P„  a 

^^^B  /       /"  /''Ay    '    *iS!  at  Pi-     The  p 

^^^^^^ft  /       ^''      /''  // /  moidal  formala  appl 

^^^H  Z._.^',__/_y',y  lo  the  aoUd  EdPoBuBiE 

^^^^P         /\   /       /  /'/ /  out  out  by  this  pUi 

^^^^B  /     ^^'_ ^'s,^y_y  aincB  this  solid  ia  a  ti 

P  /__.i--T^ — '^''"n''  /  prisnioid.      If  the  pi 

I  '["/'  '      //[  /  moidal  formula  appl 

I  L^ [ '         /    /  to  the  entire  solid,  a 

]  *i  Go        P.    9i  also  to  the  part  cut  o 

i  it  mtut  apply  to  the 

I  maining  solid   DoAoPoEoEiPiAiDi,  and  this  represents  in  fa 

l'  one  side  of  a  regular  three-level  aection  of  earthwork  in  whi 

I  DoAfl  representfi  the  center  height  and  EoPo  the  slope, 

j  If  the  prismoidat  formula  applies  to  the  section  upon  one  s: 

I  of  the  center,  It  applies  also  Ui  the  other  aide,  and  so  to  1 


238.  The  '' Frigmoidal  Formula^'  is  of  wide  applical* 
Since  it  applies  to  prisms,  wedges,  pyramids,  and  to  aol 
bounded  by  warped  surfaces  generated  as  described,  it  foUo 
that  it  applies  to  any  solid  bounded  by  two  parallel  plane  fai 
and  defined  by  the  surfaces  generated  hy  a  right  line  inovl 
upon  the  perimeters  of  these  faces  as  directrices.  It  may  a 
be  stated  here  without  demonstration  that  it  also  applies  l«  I 
fraata  of  all  solids  generated  by  the  revolution  of  a  conic  si 
lion  as  well  as  to  the  complete  solids,  for  instance,  the  sphen 

The  priamoidal  formula  is  generally  accepted  as  correct  I 
the  computation  of  earthwork  and  similar  solids,  and  the  mH 
urements  of  a  section  of  earthwork  are  taken  so  as  to  np 
sent  properly  the  surface  of  the  ground  if  this  be  a  walj 
surface  of  the  sort  described.  The  failure  to  use  tho  prlsmoh 
formula  Is  explained  often  by  the  additional  labor  atoetm 
for  its  use. 
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339.  Fi>r  "  three-level "  Bections  oE  earthwork,  a  result  o< 
Mt  bj  tlie  prismoldal  formula  may  be  aecuieii,  and  the  woi^.  1 
rinpUfled,  by  oalcukting  ihv.  quAiitlties  first  by  tlie  ii 
tBUhod  of  "end  aTEas,"  and  then  applying  a  correcUon  whidi  I 
m  mil  call  "  Ths  PriBmoidal  Correction." 

let    r,  =  solidity  by  end  areas 

F,  =     "  "  prismoidal  formula 

Then  C=  I',—  r,  =  prlsmoldal  c- 
III  ths  figure,  %  23G, 

I',  =  by  foi-mula  (104)  =    (3  ftjCi  +  2  'loCi,  +  b^(^,  +  finCi)    i 


c=  r,-  v^  = 


(ftiri  +     h,ri,  —  b\Ci,  —  hifi\) 


-  ''o)  Cn  +  fti'  -  Ao  -  AoO 

When  the  solid  asauicies  a  trian- 
gular croBs-section,  aa  tn  thu  figure, 

hj  =  0  A,'  =  0 

C  =i- (61-60) Cfti-Ao)    (1<W) 
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240.  If  any  solid  be  divided  into  a  number  ot  solids 
triangular  cross-section,  the  above  correction  may  be  ap 
each  such  triangular  solid,  and  the  sum  of  tlie  correcti( 
be  the  correction  for  the  entire  solid. 


Let  this  figure  represent  a  section  of  earthv^ork  divic 
i*iree  parts,  as  indicated  by  the  lines  DqGo,  EqGo,  DiGi,  I 

Then,  for  the  solid    OoDoGoEoEiGiDiOi, 

C  =  ^  [(ci  -  Co)  (cZ,^  -  (//„)  +  (Ci  -  Co)  ((fr,  - 

=  ^     (Cl  -  Co)  (C\  +  dr^    -  di^  -  dr^) 

Let  Di  =  dfij  +  dr^  and  Do  =  (?^  +  dr^ 

C  =  l-   (ci-Co)(i)i-i>o) 

For  the  solid  GoBoEoEiBiGi, 

(166)         C  =  1(|-|)(A...A.^ 

=  ;^(0)(^,-Ar.) 
=  0 

Simflarly  for  the  solid  AoGoDoDiGiAi. 

Hence  for  the  entire  solid  AoBoEoOoDoDiOiEiBiAi. 

C  =  ^(ci-Co)(i)i-2>o) 
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When        /  =  100 


^         (ci  -  Co)  (Di  -  Z>o)  in  cu.  yds.       (168) 


3.24 
Since        C^V.^Vj,,  Fp  =  Fe -  C  0^9) 

When  (ci  —  Co)(Z>i  —  I>o)  is  positive^  the  coiTection  C  is  to 
be  subtracted  from  P^. 

When  (ci  —  Co)  (Di  —  Do)  is  negative^  the  arithmetical  value 
f)f  C  is  to  be  a(?der?  to  V^.  The  latter  case  seldom  occurs  in 
practice,  except  where  C  is  very  small,  perhaps  small  enough 
to  be  neglected. 

For  the  purposes  of  the  prismoidal  correction  it  should  be 
borne  in  mind  that  the  signs  +  or  —  mean  simply  cut  or  fill^ 
and  should  not  be  considered  in  determining  whether  to  add  or 
subtract  the  correction. 

For  a  section  of  length  L     Ci  =  —  Cioo 

°       '  100 

^p/  =  ^(Feioo-Cioo)        (160^) 

The  prismoidal  correction  has  two  principal  forms.  For  a 
solid  bounded  by  ends  of  triangular  section  the  form  is 

This  should  be  considered  the  fundamental  form.  In  the 
case  of  regular  "Three  Level  Sections"  it  takes  a  secondary 
or  special  form 

O  =  ^(ci-co)(i)i-i)o)  (107) 

This  last  formula  can  be  used  only  when  the  width  of  base 
is  the  same  at  both  ends  of  the  section.  From  the  method  of 
its  derivation  it  is  evident  that  for  the  right  half  of  a  regular 
three  level  section 

a  =  ^  'ci  -  Co) {dr^  -  dr)  (167  A) 
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241.   In  passing  from  cut  to  fill  as  in  theiigure 


for  the  right  half      Cr  =  -^  (ci  -  co)  (<2n  -  dr^)  from  ( 167  ^ ) 
for  the  left  side       Q  =:±(ci  -  co)/|  -  0^  from  (166) 


C  =  j|(Ci-Co)(I>l-dro) 


For  the  special  case  of  a  side  hill  section 

Oo 


the  prismoidal  correction  for  cut  will  be 
the  prismoidal  correction  for  fill  will  be 


^'=f2^-*»)(|-*'-|-''-) 


=  ^  («!-<»)('»*.-<»».) 
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r 

243.  ForumJa  (KJD)  can  also  bt  ustd  to  (ijid  ibe 

r  Uie  triangular  pyrftniids  (lor  excavation  Sta.  !  +  76  to  3+S?,  1 

»d  embftiikment  !  +  64  lo  2  +  76),  rack  tiid  vf  the  tii/ramitt  I 

SeiOE  conaidfireil  to  have  a  triangular  section.     A  mnch  simpler  ■ 

my  to  find  the  correction  for  a  pyntniid  'm  this, 


IB  may  roadlly  lie  ^llOw^  In  be  tme  for  any  i>yvaiiiid,  wince 

c=v.~i\  =  a'  (n 

ilnw  by  the  End  Area  uietliod     V.  =  A     +0 


.   In  the  caseof  regular  "Five-Level  Seetion8,''a8ahowa   \ 
In  Iha  dgiire,  p.    16li,  Ihu  priHinuidal  correition   may  ha  o 
P"**  for  each  of  the  triangidar  uiaasea  hounded  by 
1.    LGM  ».    MEBG  3.    LDAG 

J"!  the  case  of  LGM,  the  priBinoidal  correction  will  evidently  \ 
^  =  0,  Btnce  Do  =  AB=  Di,  and  therefore  B,,  -  d  =  0. 
n  for  the  mass  bounded  on  one  end  by 

MEBG  =  C=— (/,„-/.,)(ri,„-iir,)        from  (169)   ] 

*^  liy  LDAG  =  C  =  -  \   (/,„  -  /,,)  (((,„  -  J,,)        from  (189),  J 

W*.  Id  the  ease  of  "Irregular  Sections,''  the  prlBnioid*! 
""^tlon  cannot  with  convenience  he  accurately  employed. 
"'^  are,  however,  aeveral  uiethodB  by  which  we  may  oalcu- 

"priBmoidal  correction"  which  will  be  approitmateljr    I 
"""Wt,  Uid  good  enough  (or  practical  imrpoBes. 
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Inspection  of  the  formula  C  =  —  (ci  —  Co)  (-Di  —  />o)       (167) 

makes  it  clear  that  the  correction  will  be  large  when  the  two  end 
sections  differ  much  in  size,  and  small  when  the  end  sections 
are  nearly  equal.  Ordinarily  in  a  large  section  both  c  and  D  are 
large.  For  any  (jivcn  area  of  section  in  a  regular  three-level 
section,  if  c  is  made  smaller,  D  must  be  increased  in  nearly  like 
measure,  and  formula  (167)  will  show  little  change  in  the  value 
of  C  even  if  c  be  changed,  if  the  area  remains  the  same. 

For  the  pui-pose  only  of  finding  the  prismoidal  correction 
there  are  several  approximate  methods  based  on  the  principle 
above  stated. 

1.  Where  the  section  is  only  slightly  irregular.  Neglect  all 
intermediate  heights  and  figure  correction  from  c  and  D.  This 
is  a  very  simple  method. 

Where  more  careful  results  seem  desirable, 

2.  Find  c  and  I)  for  an  "  equivalent  level  section  "  ;  that  is, 
a  level  section  of  equal  area  to  the  irregular  section.  Use  the 
c  and  D  thus  determined  in  computing  the  prismoidal  correc- 
tion. These  can  be  used  with  the  c  and  D  of  a  regular  three- 
level  section,  or  with  the  c  and  D  of  another  equivalent  level 
section. 

The  c  and  D  of  the  equivalent  level  section  may  be  found 
from  Tables  or  from  Diagrams,  whose  use  will  be  shown  in 
later  chapters. 

8.  Find  an  equivalent  regular  three-level  section  (not  level) 
either  by 

(a)  retaining  c  and  computing  Z),  or 

(Jb)  retaining  B  and  computing  c. 

The  method  of  doing  this  will  be  made  simple  by  Diagrams 
described  in  a  later  chapter. 

4.  Plot  the  irregular  section  on  cross-section  paper,  and  draw 
lines  to  form  a  regular  three-level  section  which  will  closely 
approximate,  in  form,  to  the  irregular  section,  and  find  c  and  D. 

While  the  results  obtained  by  any  of  the  above  methods  are 
approximate,  the  resulting  error  can  be  only  a  small  fraction  of 
the  entire  correction,  which  is  itself  small. 

The  method  of  averp-ging  end  areas  and  applying  the  prismoi- 
dal correction  allows  of  great  rapidity,  and  secures  great  pre- 
cision, and  well  meets  the  requirements  of  modem  railroad 
practice. 


•  ■CHAPTER    XIII. 


SPECIAL   PROBLEMS. 

245.  Conection  for  Curvature. 

Li  tbe  c^aae  of  a  curve,  tlie  eniln  of  a  section  of  efirthwork 
not  parallel,  but  are  in  each  enee  normal  to  the  citrve.     In 
.  nlittlig  the  solidity  of  a  eecMon  of  earthwork,  we  bave  her 
re  Bseumed  tlie  ends  parallel,  and  for  curves  this  is  equiralenbl 

loUUug  them  pen'^i^dioular  to  the  chord  of  the  curve  between  J 

IhetnoBtatioDa. 
Then,  as  shown  in  Fig.  1  (where  IG  and  GT  are  centflr-1 

(liords),  the  solidity  (as  above)  of  the  secitions  IG  and  GT  v 

Ik  tog  great  by  the  wedge-shaped  mass  RGP,  and  too  smalt 


Fto.  I. 

QGS.  When  the  croaa-seetionH  on  each  aide  of  tlie  CButer  ' 
■1X1  (qml,  (hese  maascB  bakiice  eauh  other.  When  the  cross-  i 
1  an  one  aide  diHers  much  in  area  from  that  on  tlie  othei^  j 
ll»  WTTBction  necessary  may  he  considerable. 
1G0 


166 


Railroad  Curves  and  Earthwork. 


In  Fig.  2,  use  c,  ^i,  hr^  di,  dr,  by  s,  as  before. 

Let  D  =  degree  of  curve.    Make  BL  =  AD,  and  join  OL. 

Then    ODAG    balances 

OLBG,  and  there  remains 

an  unbalanced  area  OLE. 

Draw  OKP  parallel  to 

AB. 

By  the  **  Theorem  of 
Pappus"  (see  Lanza,  Ap- 
plied Mechanics),  *'If  a  plane 
area  lying  wholly  on  the  same 
side  of  a  straight  line  in  its  own 
plane  revolves  about  that  line, 
and  thereby  generates  a  solid 
of  revolution,  the  volume  of  the 
solid  thus  generated  is  equal  to 
the  product  of  the  revolving 
area  and  of  the  path  described  by  the  center  of  gravity  of  the 
plane  area  during  the  revolution.  ^^ 

The  correction  for  curvature,  or  the  solidity,  developed  by 
this  triangle  OLE  (Fig.  2)  revolving  about  OG  as  ^ 

an  axis  will  be  its  area  x  the  distance  described 
by  its  center  of  gravity.    The  distance 


Fig.  1. 


out  (horizontal)  to  the 
center  of  gravity  from 
the  axis  (center  line)  - 
will  be  two  thirds  of  ^ 
the  mean  of  the  dis- 

\ 

I              yV- 

'^             P 

tAnces  out  to  E  and  to 
L,  or 

_2 
3* 

A 

di-hdr 
2 

G             B         M 
FiQ.  2. 

and  the  distance  described  will  be 


The  area 


I .  ^L±_i  X  angle  QGS 

OLE=    OKx    NL+-P& 

2 

KrJzA 


HI-\ 


•Special  Problem*.  X 

Therefore  Use  correction  for  curvature, 

I    "When  IG,  GT  are  eftcli  a  full  atatioii,  or  100  ft.  in  length, 


'-(1+ 


Vs  /        2  8 

/^+  »e] (ftr -  »()(*■  +  A) X  0.002111  D  (pu.  ft.)  (173)    ' 

(-  +  ac\ {hr -  ft,)(*-  +  ''O X  O-OOOll  D  (cu.  yds.)        (173) 

246.   ■\Vlien  IG  or  GT,  or  liiith,  are  lesa  than  100  ft.,  let 
IG  =  lo  ftuil         GT  =  li 

Then  QGE  =-^  x  ^  and  SGE  =     " 

^  100      2 

=  (^  +  >c\  (Jw-  A,)(<i,+dO  ^ X 0.0001 1 D  (cu. yds.)   (174) 

34T,  The  correction  C  is  to  be  added  when  the  greater  area 
Is  on  the  oateide  of  tbe  curve,  mid  subtracted  when  the  greater 
area  ia  on  tbe  Inside  of  the  curve. 
When  the  center  height  is  0,  as 
in  Fig.  3,  we  may  consider  this 
a  regular  section  In  nbich  c  =  0, 


100 


Ftq.  3. 


hi  =  0,  and  d|  = 
f  ^\  h±Jl  X  0.00011  D  (ot 


168 


Railroad  Curves  and  Earthwork . 


In  the  case  of  an  irregular  section,  as  shown  in  Fig.  4,  "tlie 
area  and  distance  to  center  of  gravity  (for  example,  of  OH  EK^L) 
may  be  found  by  any  metliod  available,  and  the  correction 


figured  accordingly.    The  correction  for  curvature  is,  in  pres^^^ 
railroad  practice,  more  frequently  neglected  than  used.    Nev 
theless,  its  amount  is  sufficient  in  many  cases  to  fully  warra- 
its  use. 


ut 


-^1 


248.   Opening  in  Embankment. 

Where  an  opening  is  left  in  an  embankment,  there  TeaaAxC^^^^ 
outside  the  regular  sections  the  mass  DEKHF. 

D 


B 


H 


mi- 


This  must  be  calculated  in  3  pieces,  ADF,  BEKH,  ABHF. 


Let 


h  =  base  =  AB 
dr  =  distance  out  right 
di  =  distance  out  left 

^~  ^r-  \  taken  parallel  to  center  line 
;),  =  AF  i  ^ 

•^^  =  I  heights  at  I  ^ 

«i  =  solidity  ADF 
«3  =  BEKH 
88  =  ABHF 


1 

1« 

On*. 

■ITien  (approximately)  following  tlie  "  Tlienrem  nt  Pappus,'' 
B,  =  uiesn   of   tiiangulac  sections   AD  and    AF  x  distance   de 
Bcribed  by  center  of  gravity. 

Id  Uie  quarter  cone  AFD,  AF  =  pi 

^^ 

.o  =  *4                    « 

■ 

Then  average  radiuH  ^,=  mh  =  *fJJ2                      ' 
2 

I 

Area  of  vertical  triangular  seelion  A,  = -^'                 ^| 
nialaiiae  from  A  to  oenler  of  gravity  of  vertical  seclion  =  S 
Arc  described  by  center  of  gravity  =  ^'  x  f  =  ?^' 

nuia 

.../^x'J'.c..,., 

i( 

i 

-^^Slf"'-'-) 

^■1 

n.o.ooo;/,s,>(ra.  yd..) 

SIS 

fiimiiarly,  In  tlie  quarter  coue  BEKH 

H 

1 

Tl.e  .,.„„»««.  a      BH  +  2BK  +  BE 

H 

..  =  ^4-«^<— ■> 

B 

*,  =  0.nO!iT/,AV(cn,  yds.) 

(177; 

yor  thfliolid  AGBHF 

..      —  AF+are.BH^,B 

- 

4 

(17») 
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The  work  of  deriving  formulas  (176)  and  (177)  is  approxi- 
mate throughout,  but  the  total  quantities  involved  are  in  gen- 
eral not  large,  and  the  error  resulting  would  be  unimportant. 

There  seems  to  be  no  method  of  accurately  computing  this 
solidity  which  is  adapted  to  general  railroad  practice. 

249.  Borrow-Pits. 

In  addition  to  the  ordinary  work  of  excavation  and  embank- 
ment for  railroads,  earth  is  often  ** borrowed"  from  outside 
the  limits  of  the  work  proper ;  and  in  such  excavations  called 
**  borrow-pits,"  it  is  common  to  prepare  the  work  by  dividing 
the  surface  into  squares,  rectangles,  or  triangles,  taking  levels 
at  every  corner  upon  the  original  surface;  again,  after  the 
excavation  of  the  borrow-pit  is  completed,  the  points  are  repro- 
duced and  levels  taken  a  second  time.  The  excavation  is  thus 
divided  into  a  series  of  vertical  prisms  having  square,  rectangu- 
lar, or  triangular  cross-sections.  These  prisms  are  commonly 
truncated  top  and  bottom.  The  lengths  or  altitudes  of  the 
vertical  edges  of  these  prisms  are  given  by  the  difference  in 
levels  taken, 

1st,  on  the  original  surface,  and 

2d,  after  the  excavation  is  completed. 

This  method  of  measurement  is  very  generally  used,  and  for 
many  purposes. 

250.  Truncated  Triangular  Prisms. 

K  Let  A  =  area  of  right  section  EFD  of  a 

truncated  prism,  the  base  ABC 
being  a  right  section 

h\  =  height  AH 

h2  =      "      BE 

hz  =      *♦      CK 

a  =  altitude  of  triangle  EFD  dropped 
from  E  to  FD 

Let  F  =  volume  of  prism      ABCKHE 

^/=  solidity"      *'  ^BCFOE 


s„  = 


n 


"•  pyramid  VO^HV. 


I 
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Then 


9l 
9u 


=:  Ax  ^D-Ax 


3  AD 
8 


_^  ^^  AD  +  BE  4-  CF 
8 


area  DFKH  x  ^ 
3 

^KF+HD^PD^a 

2  8 

=  KF±H2xFDx^ 

3  2 

_KF+HD.,  . 
"        3        ""^ 


K=:||4.,^=: 


=  ^ 


.  /AD  +  BE  +  CF.  KF+HD\ 
(AD  +  HD)4-BE4-CCF4-KF) 


^  ftl  +  ^8  +  ^8 
3 


(179) 


If  the  prism  be  truncated  top  and  bottom,  the  same  reason- 
ing holds  and  the  same  formula  applies. 

251.  Truncated  Rectangular  Prism. 

Let  A  =  area  of  right  section  ABCD 
of  a  rectangular  prism 
truncated  on  top  (base 
is  ABCD) 

^1  =  height  AE 

h2  =      '*      BG 

hs  ^      »»      KC 


Ha  = 


(I 


HD 


V  =  volume  of  prism 
6  =  AD  =  BC 


a  =  AB  =  DC 
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Then  using  method  of  end  areas, 

2 

2  2 


X  a 


—  ai)  ^1  +  ^2  4-  ^8  4-  ^4 


y^   ^  ^1  +  ^  +  ^8  +  ^4   (cu^  ft^)  (18Q) 

^ ^  ^  ,  ^1  +  ^  +  ^8  +  ^4  (cu.  yds.)  (181) 

We  may  find  F,  correct  by  the  prismoidal  formula,  if  we 
apply  the  prismoidal  correction.  The  prismoidal  correction 
C  =  0,  since  Do  -  i>i  =  0  (or  in  this  case  AD  -  BC  =  0).  The 
formula  therefore  remains  unchanged.  It  is  evident  from  this, 
then,  that  the  solution  holds  good,  and  the  formula  is  correct, 
not  only  when  the  surface  EH  KG  is  a  plane,  but  also  when  it  is 
a  warped  surface  generated  by  a  right  line  moving  always  par- 
allel to  the  plane  ADHE,  and  upon  EG  and  HK  as  directrices. 

Some  engineers  prefer  to  cross-section  in  rectangles  of  base 
16'  X  18'.     In  this  case 

V=  15'  X  18'  .  h^  +  lH  +  hz  +  h^  (cu.  yds.) 
27  4 

^  10^ij±^2_±A±At  (cu.  yds.)  (182) 


4 
Other  convenient  dimensions  will  suggest  themselves, 
10'  X  13.5'    -    "'^'   '  ^-  '^'      -    "-'  — 


as 

or    20'  X  13.5'    or    20'  x  27' 


By  this  method  the  computations  are  rendered  slightly  more 
convenient;  but  the  size  of  the  cross-section,  and  the  shape, 
whether  square  or  rectangular,  should  depend  on  the  topog- 
raphy. The  first  essential  is  accuracy  in  results,  the  second 
is  simplicity  and  economy  in  field-work,  and  ease  of  computation 
should  be  subordinate  to  both  of  these  considerations* 


Spptilal  Prohleinif. 
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lU,  Assembled  Prisma. 

In  Uie  cade  of  an  asamnbly  of  prisms  of  equal  base,  it  is  not 
neceffiaiy  1o  separately  calculate  eacb  prism,  but  Uie  solidity  of 
a  munber  of  prisms  may  be  calculated  \n  one  operation, 

b  the  prism  B, 

p-  —  .  m  +  m  +  fc«  -I-  6i 


■l-ftt4 


From  Inspection  It  will  be  seen,  taking  A  as  the  common 
iiH  ol  bme  of  a  single  prism,  and  taking  the  sum  of  the 
Hltdiiieti,  that  the  heights  (h,  Rj  cntt^r  into  the  calculation  at 


> 

' 

' 

E 

' 

- 

„ 

L 

*"  prism  only  j  os,  04  into  two  prisms  each  ; 
^'  ^t  Into  three  prisms  ;  Aa,  bi  into  four  prisms ;  and  similarly 
ftfongiioot. 


^    Ii  =  sum  of  heights 


*.= 


'  ^^  lie  total  volume, 

V,  =  a'-^^^^^^^^^^^^^^^^^  (cu.  ft.) 


two  prisms 


(H3) 
(1841 
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253.  Additional  Heights. 

When  the  surface  of  the  ground  is  rough  it  is  not  unusual 
to  take  additional  heights,  the  use  of  which,  in  general,  involves 
appreciable  labor  in  computation,  it  being  necessary  commonly 
to  divide  the  solid  into  triangular  prisms,  as  suggested  by  the 
figures  just  below,  which  include  the  case  of  a  trapezoid. 


The  computations  may  be  simplified  in  the  two  special  cases 

which  follow : 

(a)  When  the  additional  height  he  is 
in  the  center  of  the  rectangle. 

Here  the  solid  is  composed  of  an 
assembly  of  4  triangular  prisms  whose 

right  sections  are  of  equal  area  =  —• 

4 


The  volume  of  the  assembled  prisms 
4  *  3 


=  :^  (2  ^1  +  2  A2  +  2  /is  +  2  ^4  +  4  Ac) 
=:A(S hi  +  Shi  +  Shs  -^  Sh4)+  ^(^hc  -  hi  --  h2  -  hs  -h 
y_  j^hi  -h  h2'^  hs-^  hi  ■  Af  ^       hi  -^  h2  +  hs  +  hA       ,jg 

or  the  total  volume  is  that  due  to  the  four  comer  heights  p^ 
the  volume  of  a  pyramid  of  equal  area  of  base  and  whose  al 
tude  18  the  difference  between  iYie  cewt^x  \iei\^\it  ^uod  tlie  me 
0/  the  four  corner  heights. 


special  Prohlems. 


{!!)  When  tlie   additioiiiil   heigltt  is   at 
lie  middle  of  one  side  of  l\w,  rectitngle. 


''=^  ■  ^  (ft.  +  A«  +  ft.  +  ''I  +  ft.  +  A-)  + 

^■'^  (''„+''.  + ft.) 
\'=fAhy  +  K  +  ft.  +  ft'j  +  ft.  +  ft™  +  2  A„  +  2  fti  -t  2  A,) 

=  |(M  +  fti  +  3ft,  +  ;ift.  +  4M 

=  J^(Ui  +  3  Th,  +  3  7,i,  +  .1  ft,)  +  fl  (*  ft- -  2  fti  -  2  ftj) 


or  Uic  ln»!  golidltj  Is  (.bat  due  to  the  four  corner  helghta  pliu  \ 
toe  solidity  of  a.  pyramid  of  equal  area  of  boBo  and  whose  altU  I 
tode  la  Uie  difference  between  Ihe  middle  lieiglit  and  the  n: 
of  the  adjacent  side  heights. 


Appireatly  the  principle  of  the  pyramid  applies  conveniently  j 
ooly  ta  Ihesa  two  eaaefl. 

llie  case  where  the  point  lies  on  one  of  the  sides,  i 
■li«nute  method  oC  dividing  tlie  lectangla  (or  trapezoid)  k  I 
Iinli(ai*(i  below. 


^0  deiails   of  the  computation   in   this  case  need  i 
"ifteii  out  here. 


w 
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234.  The  comnioQ  pTactiM  in  the  caae  of  boiron-pits  is 
g  MS.  Wlien  the  original  surface  and  the  Burfft 
whiah  the  excavtitioii  is  made  are  both  i«im«whal  rou^h  an 
regular,  this  method  is  naturaiiy  and  properiy  adopted. 

In  many  cases  uf  excavation,  the  work  Is  caniecl  toafiiii 
surface,  BometimeB  a  plajia  aurfiii*,  or  severai  planes,  or  i 
other  very  siinple  surface,  sometimes  to  a  more  camplic 
surface  wbure  cross-sectiiming  the  flnii^bed  surface  vrould 
readily  allow  the  facta  to  be  shown  on  the  plan. 

In  either  of  these  cases  the  foUowuig  method  seems  prefen 

(o)  CroBS-section  the  original  surface  as  before. 

(fc)  Awtuine  a  cfinvcnient  horizontal  plane,  slightly  li 
tlian  the  surfaceto  tvhich  the  excavation  has  been  carried. 

(c)  Find  the  tmnl  earthwork  to  the  original  crosa-sectii 
surface,  atiove  this  assumed  plain!  aa  a  base. 

(d)  Find  the  total  earthwork  to  the  finished  surface,  a 
tlie  assutned  plane  as  a  base.  In  many  cases  this  siu-faoe  w 
bounded  by  only  a  few  planes  and  thus  will  allow  very  ^ 
computations. 

(e)  Find  the  difference  between  (e)  and  (d)  ;  this  will 
tlie  amount  of  earthwork  exi'avated. 

255.  It  often  happens  that  an  excavation  is  made  ot 
siderabie  length  and  not  great  breadth,  and  often  ot 
great  depth.  In  stripping  soil  under  a  proposed  embank 
these  conditions  prevail.  The  excavation  can  then  bee 
handled  very  much  as  excavation  is  handled  on  railroads 
line  will  be  run,  and  a  series  of  cross-sections  taken,  the 
serving  as  a  center  line,  and  cross-sections  being  taken 
stations  along  the  line  as  often  as  required  by  the  surface 
ditions.  The  cross-sections  will  l>e  very  irregular,  not 
injj  any  uniform  base,  but  much  aa  represented  in  the  t 
lielow. 
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(a)  Find  elevatUins  on  original  surface  ABCDE. 

[()  Find  elevaiimis  on  excavated  surface  FGHIKLE. 

(()  Asgame  a  horizonUl  Una  at  a  convenient  elevation  MN. 

(d)  Calculate  area  MFSCDEN. 

(!)  Calculate  area  MFGHIKLEN. 

(/)  Area  reijuireii  is  the  difference  between  ((()  and  (e). 

2S7,   Ii  is  frequeutly  neceasary  to  find  the  excavation  m 
lij  digging  into  the  side  of  a  high  bank,     Crosfi-section  points   j 
'xi  *  Bleep  dlopu,  often  in  Ioohu  sand,  cannot  be  expected  t 
jieM  good  resuItB  for  computiiis  excavation. 

til  Buoh  caaen  the  following  method  may  prove  valuable. 


\i)  Deiermine  with  care  lintli  the  position  and  elevation  of 
f^i' A  at  edge  of  top  of  bank;  alao  of  B  near  bottom  of  mope. 

C')  SiRht  from  A  to  bottom  of  stake  at  B  and  read  on  level- 
"gfOdCC,  DD',  etc.,  at  the  same  time  measuring  AC,  AD,  etc. 

(')  After  the  excavation  has  been  made,  find  the  positions  of 
'^andB':  also  tliedistanaes  HH',  LL',  etc.;  also  A'H,  A'L,  etc. 

(*)  Plot  on  crosB-aectiozi  paper  and  measure  area  between 
^"Jbial  surface  and  BKcavated  surface.  This  can  probably  be 
o  b«Bt  advantaKe  by  planiineter. 
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EARTHWORK  TABLES. 

258.  The  calculation  of  quantities  can  be  much  facilitated 
by  the  use  of  suitably  arranged  **  Earthwork  Tables." 

For  regular  ** Three- Level  Sections"  very  convenient  tables 
can  be  calculated  upon  the  following  principles  or  formulas  :- 

E 


A  G 

Use  notation  as  before  for 

c,  hi,  hn  dh  dri  Sy  I,  A,  S 
A=    ABKL    +         OKE         -     ODL 

OK  X  EM         OL  X  ND 


Then 


=  c(b  +  sc)  + 
=  c(6  +  «c)  + 


^(EM  -  ND) 


For  a  prism  of  base  A  and  I  =  50,  the  solidity 
S=bOA  (cu.  ft.)  =  ^  ^  (cu.  yds.) 

^=^c(6  +  «c)  +  g(|  +  «cyft,  +  ftr-2c)  (ou.yd8.)     (1 


0^ 
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259.  For  cross-sections  of  a  given  base  and  slope,  that  is, 
given  b  and  s  constant,  we  may  calculate  for  successive  values 
ol  c,  and  tabulate  values  of  L  and  K  as  follows :  — 


L 

A' 

• 

§<h  +  SC) 

27V2^     J 

L  represents  the  solidity  for  the  level  section. 
K  is  for  use  as  a  correction.    The  formula  then  adapts  itself 
to  this  table  for  any  desired  values  of  c,  hi,  hr. 


8=L->cK{hi->chr-2c) 


(186  A) 


Having  found  for  successive  stations  So  and  8\  (each  for  a 
prism  I  =  60),  then  for  the  full  section  by  *'  end  areas," 


for 


^•100  =  8q-\-  Si 

Fao.  =  ^  +  ^' 

too 

27 

50^0      50^1 

27           27 

F«ioo  = 

^o+zS'i 

(187) 


260.  When  I  is  less  than  100, 

^or  level  sections  /t^  =  )^  =  c 

Az  4-  /ir  -  2  c  =  0 


(188) 


*»d  the  formula 


^omi 


es 


S^L-^KQii-^-hr-^c) 
8=L 


(189) 


*or  level  sections,  and  the  quantities  for  any  given  values  of  c 
^^  be  directly  taken  from  column  L  without  any  correction 
^na  column  K, 

In  preliminary  estimates,  or  wherever  center  heights  only 
^  nsed,  such  tables  are  rapidly  used. 
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261.   Tables  may  be  found  in  Allen's  Tables  XXXII 
various  bases  for 

ft  =  20  s  =  li  to  1  p. 

6=14  s  =  lJtol  p. 

An  example  will  illustrate  their  use, 

6  =  14  s=litol 

Notes :  — 

Sta.  I  JM  «3.7  -1|4 

-6.0  -3.6 

0       :^        -2.6        i^-^ 


-2.4  -2.2 


Calculations :  — 


3.7        Z  =  134.0  K=\\.Q  ^/  +  ^,  =  9.6 

-h   26.6  2.2--^^       2c  =  7.4 


8i  =  169.6  2.32  ^-—1-2.2 

23.2 
26.62 

2.6       L=   82.2  JSr=10.0  /ii  +  Ar  =  4.6 

-     4.0  0.4^- —        2c  =  5.0 


8q=   78.2  4.00  ^--^_0.4 

Fioo  =  ^i  +  ^0  =  237.7 

262.   There  is  also  in  Allen's  Tables  XXXI  a  ''Tabh 
Prismoidal  Correction  "  calculated  by  the  foimula 

C  =  3^(Co-Ci)(Z)o-i>,) 

In  the  example  above 

Co— Ci=   2.5—   3.7  =-1.2 
Do- A  =  20.9- 28.4=  -7.6 

From  Table  find  opp.  7.5  for    1  2.31 

2  4.63(10 

Fioo=  F,  =  237.7  o.2  046        0.46 

C=__2^  0=2.77 

Fp  =  234.9 


r 
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163.   When  tlie  ^cUou  La  less  Lhaii   100  fl.  in  length,  llie   \ 
^maidiil    [correction    la    tiiado    befcii'c    iiiLillli>lyiiijj   by  - 


(« 


(IIJO)  3 


2M.  Equivalent  Level  Sectiona. 

Tbe  Table  of  p.  1711  (or  Table  XXXII,  Allen's  Tablea)  showB  | 

&<k  L  dalumn  the  value  of  S=  —A  for  valueit  oF  ae) 
27 
c.    Conversely  if  there  be  given  the  S  of  any  sect: 
itimgulivr"  or  "regular  liiree  level,"  the  vulue  of  r  tor  a  level   \ 
•eclion  of  the  same  iirea  may  be  found  from  the  /,  colnLiin, 

Bwmpta.   From  p,  180,  Ilatie  14,  Slope  \\  to  1  fur 

S,  =  150.5  e  =  i.2  from  Table  XXXII   < 


-4.2  '  -i.-i 

Z6S.  For  general  oalculatlonn  adapted  both  to  regular  "  Thrae-    , 
ewlSecHons"  and  to  "Irregular  Sections,"  tables  can  be  cal-  - 

nlM«d  upon  the  following  principles  and  formulae :  — 
These  tables  are,  in  elleci,  tables  of  "  TriangiUar  Prisma,"  In    \ 

Wliloli,  having  given  {in  feet)  the  base  B  and  aliitude  n  of  any 

ItiiDBlfi,  the  tables  give  the  solidity  (in  cubic  yards)  for  a 

Priam  ol  lengtii  /  =  50  ]  that  is, 


t .  _  aa   ou  _  oij 


(191) 


2   '-il 
Whenover  the  calculations  can   be  brought  into   the  form 
^-~'iB,  the  result  can  be  taken  liirectly  fi-om  the  table. 

M6,  In   AUen's   Field    and   OfBoe    Tables,    "  Three- Level 
8«ffliiMia"  are  provided  for  in  Table  XXXII  for  slope  of  1  j 
1  »n4  hues  H  to  30.      "  Prismoidal  Corrections"  are  to 
WltaSXXIj  and  "Triangular  I-riaius'"  in  Table  XXX. 


peofljto      ^_ 
found  In    ^^^ 
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60 
267.   In  the  tables  the  formula  8=  —  aB  takes  foi 

8^  —  X  width  X  height^  and  the  tables  are  arranged  a 


Hkights. 

WiDTHB 

50 

—  width  X  height 
54 

The  application  to  ** Three-Level  Sections"  is  as  folL 
We  have  formula  (162),  p.  161, 

V        28j2      4« 
and  for  a  prism  50  ft.  in  length  (I  =  50) 

27  64V        28j         54    2« 

or  S  \8  the  sum  of  two  quantities,  each  of  which  is  ii 
form  for  the  use  of  the  tables. 
For  cross-sections  of  a  given  base  and  slope  (b  an 

stants),  ---  is  a  constant,  and  also  —  •  —  '  b  is  const 
^28  54    2s 

We  may  then  calculate  once  for  all  — ,  and  call  tl 
constant).  * 

Also  -^  •  -^  •  &,  and  call  this  a  constant  E. 
54    28      ' 

Then  S  =  ^iC'^B)D^E 

54 

In  using  the  tables,       c  +  -8  =  height 

D  =  width 

As  in  the  previous  tables,  having  found  So  and  /Si, 

Fioo  =  ^0  +  /^i 

and  ^'  =  ('^«+'^^>lJ6 
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268.  Szample.    Allen's  Tables  ZXX. 

Iffotes: — 

Sta.  I  —1^  -  1.2  —^ 

-  2.4  -  1.2 

Sta.0  — M  -0.7  — ^ 

—  2.2  -  0.6 

6  =  11  «  r=  IJ  to  1 

:^  =  8.7  =  S 

Grade  triangle,  52  x  3.7  x  11 

64 

Under  height  8.7,  find  1=    3.43  10.    =34.3 

1=   3.43  1.    =   3.4 

J^=37.7 
Station  1.  c=   1.2 

B=   3.7 

height  =  4.9 

1>  =  0.1  +  7.3  =  16.4 

Under  height  4.9,  find  1=  4.54  10.    =45.4 

6  =  27.22  6.    =27.2 

4  =  18.16  .4=    1.8 

74.4 
Jg=37.7 


eiauonO.          c=  0.7 

J?=   3.7 

height  =   4.4 

^=8.8  +  6.4  =  16.2 

Under  height  4.4,  find 

1=   4.07 

10.    =40.7 

6  =  20.37 

6.    =20.4 

2=    8.16 

.2=    0.8 

61.9 
JF  =  87.7 

So  =  24.2 

V  = 

8i+  So  =  60.9 
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269.   Irregular  Sections. 


An  '*  Irregular  Section ''  can  be  divided  into  triangular  p; 
as  in  the  figure.  Taking  generally  two  triangular  parts  toge 
for  purposes  of  calculation,  we  have 


^^  _  ^,  X  (AG  -  dn) 
2 

2 

^j  -  ^1  X  (dH  -  0) 
2 

2 
^ ^ 

A, 

^^  -  ^B  X  (dr  -  dp) 

2 


o4 

H=^—h\dp 

8^-—hp(d^  —  di) 
54 

«7  =  — ^b(<^"-  ^^p) 
o4 


iS'  =  «i  +  «2  +  »8  +  «4  +  ««  +  «6  +  «7 


(1 


Vi  =  (aS'o  +  Sv) 


I 
100 


The  calculation  of  Irregular  Sections  in  rough  cour 
becomes  very  laborious  unless  the  best  methods  are  used, . 
this  process  should  be  thoroughly  understood. 


CHAPTER  XV. 

SASTHWOBE  DUGRAMS. 

270.  Computations  of  eartbwnrk  may  also  be  made  by  n: 
of  diagrama  (rom  which  results  uinj  be  read   by  inspection 
nierelj. 
The  principle  of  Iheir  construction  is  espjaiued  aa  follows :  — 
<^!vffn  an   equation   containing  three  variable  quantities  aa 

tt  we  assume  some  value  of  z  (making  i  a  constant),  the 

'^aation  then  becomes  the  equation  oF  a  right  line. 
If  this  line  be  platted,  uaing  rectangular  coordinates  (aa  the 

one  e  =  1  in  the  figure),  (hen  having  given  any  value  of  y,  the 
corresponding  value  of  a  may  be 
taken  oft  by  scale.  It  a  new  value 
of  »  be  assumed,  the  equation  is 
obtained  of  a  new  line  which  may 
also  be  platted  (a.H  z=  \  in  the 
figure),  and  froni  which  also,  hav- 
ing given  any  value  of  y,  tlie  cor- 
responding value  of  z  may  be 
determined  by  scale.  Asaumlng 
a  .series  of  values  ot  e  and  plattint, 
we  have  a  series  of  lines,  each 
representing  a  different  value  of  i, 

*"d  from  any  one  of  which,  having  given  a  value  ot  y,  we  nia,i' 

^  BcnlE  determine  the  value  of  r.. 

^18,  jfinen,  values  of  z  and  y  ;  required,   x,  we  may  find, 

!•  The  line  corresponding  fJi  the  given  value  of  2,  and 
2.  Upon  tills  line  we  may  find  the  value  of  *  correspondLij; 
WUie  given  value  of ;/. 
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271.  Next,  if  iostead  of 


f  platting  upon  Unet  aa  coordmal* 

axes,  V 

re   plat   upon 

cross-section 

paper, 

he  croas-section  lines  fonn 

a  Hcale 

BO  tbKt  the  values  of  x  and 

J  need 

not  be  scaled. 

but  may  be 

read  b;  simple  inspection  as  in  the 

figure. 

272. 

If  Ibe  equati 

n  be  in  the 

form 

x  =  azii 

(195) 

the  same  procedure  is  equally  possible,  and  the  Hoe  represent- 
ing any  valne  of  z  will  still  be  a  right  line. 
If  the  equation  be  in  the  form 


3;  =  a(2  +  6)(j(  +  c)  +  <i 


In  which  a,  b,  c,  d, 

possible,  and  the  line  representing  a  give 


ne  procedure  is  still 
value  of  «  is  a  right 


The  use  of  diagrams  of  this  sort  is  therefore  poaaible  for  the 
solution  of  equations  in  the  form  of 

x  =  a(z  +  bXy  +  e)  +  d 

or  in  Edmpler  modifications  of  this  form. 

273.  Referring  again  to  the  figure  above,  we  may  consider 
the  horizontal  lines  to  represent  soccessive  values  of  x  and  refer 
to  them  as  the  lines 


and  similarly  we  may  refer  to  vertical  lines  as  the  lines 


Just  as  we  refer  to  the  inclined  lines 

z  =  i;  z^l,  etc. 
Having  given  any  two  of  the  quantities  x,  y,  z,  the  third  ma; 
be  found  by  inspection  from  the  diagram  by  a  process  aimllai 
to  that  described. 
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374.  Diagram  for  Prismoidal  Correction. 
Fomida  c  =  jij  (Co  -  ci)(i>o  -  Di) 

This  liu  (he  form   r,=    a  K     s     x      n 


Cmitrucllon  of  diagram. 
AssimiE  (as  we  tlid  for  a)  a 


•ies  of  values  o[ 
i,  3,  4,  5.  etc. 


When  Cg  —  ci  =  1,  tbe  equation  of  the  line  cg  —  oi  ll 

To  plat  this  right  line,  we  must  find  two  or  more  polnta  oii 
'^  Hne.  For  the  reason  tliat  cross-section  paper  in  generally 
*>rpGd  somewhat,  it  is  beat  to  take  a  number  of  points  not 
BWB  than  3  or  4  inches  apart,  in  order  to  get  the  lines  miffl- 
riently  eiaot.  For  convenience,  take  values  of  D^  —  Di  aa 
loUows:  — 

When  (co  —  Ci)  =  1 

^  Dtt-Dx  =  0,    3,24,    6.4S,    0.72.    12.96,    16.20,  etc. 
"len  C=0,      1   ,      2  ,      3  ,       4    ,       6   ,  etc. 

When  Cg  —  Ci  =  2,  tlie  e'jual.ion  of  the  line  co  —  Ci  is 
0  =  r!^,-Ha,-I>0 
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275.    In  like  manner  a  tAble  may  be  coaHtmcted. 


1 


1 


276.   It  will  be  noticed  that  when  D„  —  Di  =  Q,  C  =  0. 
Therefore  for  all  values  of  co  ^  Ci,  the  llaes  pass  throng 

Wb  may  proceed  to  plat  the  lines  cq  — ci  =  l,  00  —  01  = 

Co  —  "i  =  3,  etc.,  from  data,  shown  in  the  abore  tsble,  pM 
upon  the  lines  Z>u  -  -Di  =  3.24,  D„  -  Di  =  6,48,  etc.,  the  pO 
shown  with  i^irclee  around  thutn  in 


Having  the  lines  &>  —  ci  =  1,  co  —  ci  =  2,  3,  platted,  ir 
mediate  lines  are  interpolated  mechanically  upon  the  ( 
ciple  that  vrHical  lines  would  be  proportionally  divided 
ML  is  prripurtionally  divided  into  6  equal  pans),  and  po 
aro  marked  for  the  lines 


1.2, 


1.4, 


For  the  most  convenient  use,  the  values  of  co  —  ci  are  U 
0  every  aecond  tenth  of  a  foot  in  interpolating,  aa  is  abowl 
ibe  diagram,  p.  181,  between  I  and  2  ;  tliat  is, 
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277.  For  0se. 

Pind  the  diagonal  line  cnrreapoDding  to  tho  given  Tftlu.^^  of 
Co  —  ci ;  follow  this  up  iintU  tlie  verlicai  line  representing  tbe 
given  valae  of  Do  —  Di  is  reached,  and  the  iiiMrsection  la  fcl»«M 
found.  Then  read  o2  the  Talue  of  C  corresponding  to  tliii 
Intersection. 


Exnmple. 


nfomi    «^ 


From  this  a  diagram  citn  be  constructed  flimilar  \\ 
that  for  Prtamoidal  Correction. 

The  lines  for  all  values  of  c  pass  through  the  origin. 

In  oonslructing  this  table,  any  values  of  D  might  liave  ^"^^^ 
taken  instead  n£  those  used  here.     Those  used  were  aelecfc"^^ 
because  they  give  resultH  simple  in  value,  easily  obtainad,  ■•■' 
readiljr  platted. 


Earthwork  IHagram%,  191 

279.   Diagram  for  Tliree-Leyel  Sections. 
Formula.       8  =  l(c^l^B -^.  ±.  ,  (192) 

A  separate  diagram  will  be  required  for  each  value  (or  com- 
bination of  values)  of  h  and  s.  Since  h  and  s  thus  become 
constants,  the  formula  assumes  the  form  of 

x  =  a(z-^  b)y  +  d  (197) 

and  the  diagram  will  consist  of  a  series  of  right  lines. 

A  table  can  be  made  up  by  taking  successive  values  of  c  =  0, 
1,  2,  3,  4,  etc.,  and  finding  for  each  of  these  the  value  of  S 
corresponding  to  different  values  of  2>,  using  the  above  formula. 

To  make  separate  and  complete  computations  directly  by 
formula  would  be  quite  laborious  ;  there  is,  however,  a  method 
of  systematizing  the  construction  of  the  table  which  can  be 
shown  better  by  example  than  in  any  other  way. 

280.  Example,    b  =  H  «  =  IJ  to  1 

Formula  S  =  ^(c  +  ^]D-^.±.b 

64V       2s/         54    2s 

becomes  ^  =  §0/    ^  m^_|0    U  .  ^^ 

54V         3/         54     3 

/8'=~/'c+^^2>-  60.49  (198) 

A  table  has  been  prepared  for  successive  values  of 

c  =  0,        1,        2,        3,        4,        6,        etc. 

and  for       2)  =  14,  16.2,        21.6,        27.0,        etc. 

These  values  of  D  are  selected  for  the  following  reasons : 
/>  =  14  is  the  least  possible  value  ;  D  =  16.2,  21.6  are  desirable 
because  they  are  multiples  of  5.4,  and  the  factors  in  the  for- 
mula show  that  the  computations  will  be  simplified  by  selecting 
multiples  of  6.4  for  the  successive  values  of  D. 
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,., 

in.-j 

..a 

■JT.II 

3... 

b:. 

«., 

» 

12.088 

Ifi. 

20. 

25. 

;». 

35. 

40, 
1267:8 

dj« 

1] 

0 

9.61 

82.84 

66.18 

79.61 

102.84 

1 

12.033 

24.51 

52.84 

81.18 

109.51 

187.84 

166.18 

2 

25.92a 

39.51 

72.84 

100.18 

139.61 

172.84 

206.18 

3 

aa.m9 

54.51 

92.84 

131.18 

169.51 

207.84 

248.18 

4 

61.852 

69.51 

112.84 

150.18 

199.51 

242.84 

286.18 

6 

84.815 

84.51 

132.84 

181.18 

229.61 

277.84 

326.IB 

6 

77.778 

99.51 

152.84 

208.18 

269.61 

312.84 

386.18 

7 

SO.  741 

114.51 

172.84 

231.18 

289.51 

347.84 

406.18 

8 

103. 70J 

120.51 

1 02.84 

268.18 

319.61 

■'i82.84 

446.18 

9 

118.867 

144.51 

21234 

281,18 

349.51 

417.84 

486.18 

10 

120.630 

159.51 

282.84 

306.18 

379.51 

462.84 

628.18 

" 

When  D  =  16.2 

we  may  again  calculate  directly 


=  U  •  V  ■  ^  -  «0.49 
=     00.49      -  60.49  =  0 

=  SJt-¥-l*'-2- 60.49 


We  have  S=ii-^.D-  80.49 

Then  for  any  new  value  D' 

5"  =  jj  ■  Y  •  -O'  -  eo-49 

S"  -  S  =  SI  ■  YCO'  -  J>) 
for  i)*  =  16.2        D- 14.0        B'  -  D  =  9  J 

^_,?=|j.^x2.2  =  0.51 
5=0 
iff  =8.61,  vrtiicli\a6TileMA\'ii\»aAfc. 
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Similarly,  /S"  -  ^  =  f  f  .  ^{D"  -  D') 

D"  =  21.6  jy  =  16.2  D'f^jy  =  6.4 

=  23.333 
^=   9.61  S^^=   79.609 

iS"  =  32.843  23.333 

Similarly,  8^'  -  S"  =  23.333  fi'^  =  102.842 

8"'  =  66.176  23»333 

8^  -  iS^'"  =  23.333  /S'^i  =  126. 176 

>»»▼  =  79.609 
Constant  increment  fori)'-  D  =  6.4  is  23.333. 

281.   Each  result  is  entered  in  the  table  in  its  proper  place. 
The  final  result  for  c  =  0  and  D  =  43.2  should  be  calculated 
Independently  as  a  check. 


When 

e  =  0 

• 

^=M-¥'^       -60.49 

When 

/)  =  43.2 

^=U.Yx  43.2 -60.49 
=  60  X  J^  X  0.8  -  60.49 
=  ^si                      60.49 
=  186.67             -  60.49 

8=  126.18 

This  checks  exactly,  and  all  intermediate  values  are  checked 
by  this  process,  which  is  also  more  rapid  than  an  independent 
calculation  for  each  value  of  2>. 

282.  We  now  have  values  of  8  for  the  various  values  of 
J)  =  14.0,   16.2,  21.6,  etc.,  when  c  =  0. 

Next,  find  how  much  these  will  be  increased  when  c  =  1. 

Formula  8  =  fj(c  +  -»/)2)  -  60.49 

for  any  new  value  &        8^  -  fj(c'  +  ^)D  -  60.49 
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When        c'  =  1  and    c  =  0,  c'  —  c  =  1 

Similarly,  S"  -  S' =  fj(c"  -  c')!) 

When        c"  =  2  and  c'  =  i,  c"  -  c*  =  1 

That  is,  for  any  increase  of  1  ft.  in  the  value  of  e^ 

When  2>  =  14 

^-^=Uxl4  =  12.9©3 
This  we  enter  as  the  constant  difference  for  column  D  ^  1-^ 

We  have  already  found  i$o  =   0 

12.963 

JSi  =  12.963 
12.963 

82  =  26.926 

This  gives  column  14.  Ss  =  88.889  et9^ 

When  D  =  16.2 

(201)  ^  -  S=^D  =  JJ  X  16.2  =  60  X  0^ 

=  16 
Enter  16  as  the  constant  difference  in  column  16.2. 

We  already  have  80=  9.61 

16. 
81  =  24.61 
16. 

Si  s  39.61 

This  allows  us  to  complete  column  16.2.     Ss  =  64.61  eta 

Similarly  for         D  =  21.6  8*^8=20 

Enter  20  as  constant  difference  in  column  21.6,  and  compl 
column  as  shown  in  table. 
Similarly,  fill  out  all  the  columns  shown  in  the  table. 
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.   The  flna!  result  tor  e  =  10,  D  =  43,2  flliould  be  chIl'u- 
udepeodently,  luid  directly  Irom  tlie  formula,  iia  a  check. 

'S=SKc+ V)-0  -(W.40 

«=10  i)  =  4:t.2 

£t=  iJ  X  14.Q0T  X  43.2  -  60.41) 

=  50  X  14.867  X    0.8  -  00.49 

=  40x14.66''  -  (10.49 

=  686.03  -  00.49 

S=  526.19 

le  gives  520.18.  This  checks  8nfilc1entl7  close  to  Indl- 
no  errur  hus  been  madu.  It  would  yield  tin  exact 
e  look  C  +  V  =  H-0067. 


t,  Note  that  tor 


=  43.2        Talue  =  52e,I8 
=  37.8  "         4S2.84 

Diff.    =    73.34  * 

=  37.a\     j„g_    _    J3  33 


line  e  =  10  a  ccnstunt  difference  In  found  between  buccbb- 
nloes  of  D  diftering  by  6.4.  This  may  be  demonstrated 
=  73.33. 

I  values  in  the  table  except  column  14  are  Hatistaotorily 
ud  by  applying  this  diSerence  of  73.%!  iu  Ibie  10  together 
the  independent  check  of  c  =  10,  j?  =  43.2. 
e  value  at  c  =  10,  D  =  II  can  also  be  checked  and  shown 


f.  Oavlng  the  table,  page  1H2,  completed,  the  construction 
}  di^jratu  la  simple. 

k  "■Diagram  for  JTiree'Level  Sertinnn,  Bane  14,  Slope  Ij 
I WSB  oalculated  and  constructed  according  to  tills  table. 
tHagram  given  shows  a  general  arrangement  of  lines  and 
p  conTsnient  for  use.  For  rapid  and  conTenlent  use,  the 
"mslioidd  be  constructed  upon  cross-section  paper,  Plate 
id  in  this  ease  the  diagram  will  be  upon  a  scale  twice  that 
^dlapam  accompanying  these  notes. 


A  "ouTVB  of  level  aeclion  "  tiaa  been  platted  on  this  dij 
hi  the  following  manner.     For  lewel  sections,  when 


The  line  parsing  through  these  points  gives  tlie  ' 
level  section." 

Aside  from  the  direct  i^ae  of  this  curve  of  level  s 
preliminary  eatiinatea  or  otherwise),  it  is  very  useful  in  teaditV 
to  prevent  any  gross  errors  in  the  use  of  the  table,  since,  in 
general,  the  points  (intersectloRs)  used  in  the  diagram  will  li* 
not  far  from  the  curve  of  level  section. 

28fi.    Use  of  Diagram.  ' 

Find  the  diagonal  line  corresponding  to  the  given  value  of  «;    ■ 
follow  this  up  until  the  vertical  line  representing  the  given  »»!*>* 
of  D  ia  reached,  and  this  intersection  found.    Then  read  oB  tJw 
value  of  8  corresponding  to 


Example.    Notes. 


16.0 


12.4 


For      Sla. 


=  25.4 


5i  =  ido.  ^H 

and  3.8.    ^^H 
itched,       ^^^^1 


c  =  3.7  is  the  middle  of  tbe  apace  between  !1.6  and  3.8. 
Follow  this  up  until  the  vertical  line  28.4  is  reached. 
The  Intersection  lies  upon  the  line  8x  = 
Enter  this  above  opposite  Sta.  1. 
For     Sta.  0      c  =  2.5  D  =  20.9 

c  =  2.5  is  the  middle  of  space  between  2.4  and  2.6. 
Follow  this  up  imtil  the  middle  of  space  between  20.8  B^^ 
ai.O  is  reached. 
The  intersection  lies  just  above  the  tin 

So  =  78 
F.nter  this  opposite  Sta.  0. 
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The  prismoidal  correction  may  be  applied  if  desired. 

287.  Diagrams  may  be  constructed  in  this  way  tliat  will 
give  results  to  a  greater  degree  of  precision  than  is  warranted 
by  the  precision  reached  in  taking  the  measurements  on  the 
ground. 

In  point  of  rapidity  diagrams  are  much  more  rapid  than  tables 
for  the  computation  of  Three-Level  Sections. 

For  *'  Triangular  Prisms ''^  and  for  Prismoidal  Correction, 
the  diagrams  are  somewhat  more  rapid. 

For  Zicvel  Sections,  the  tables  for  Three-Level  Sections  are 
at  least  equally  rapid. 

288.  The  use  of  approximate  methods  for  applying  the  pris- 
moidal correction  to  irregular  sections  will  now  be  rendered 
very  practicable  by  the  use  of  these  *^  Diagrams  for  Three-Level 
Sections." 

Method  1.  No  use  of  diagrams  is  necessary. 
Method  2.  Having  found  for  any  irregular  sections  (by  tri- 
angular prisms  or  any  other  method)  the  solidity  S  for  50  ft. 
in  length,  find  upon  the  diagram  the  line  corresponding  to 
this  value  of  S;  follow  this  line  to  the  curve  of  level  section, 
and  read  off  the  value  of  c  (for  a  level  section)  which  corre- 
sponds, and  also  the  value  of  D  for  the  same  section. 

Method  3.  Having  found  in  any  way  the  value  of  aV  ;  if  c  is 
given,  find  the  value  of  D  to  correspond ;  if  2)  is  given,  find  the 
value  of  c  to  correspond. 

Method  4.    The  use  of  diagrams  is  not  needed. 
The  diagrams  shown  at  the  back  of  the  book  are  given  partly 
to  show  a  good  scheme  or  arrangement,  and  partly  to  allow 
practice  in  their  use.     For  regular  work  the  scale  is  too  small 
to  be  desirable,  and  trying  to  the  eyes.    They  are  not  sufii- 
ciently  extensive.    In  offices  where  there  is  much  earthwork 
computation  to  be  done,  diagrams  should  be  constructed  on 
doable  the  scale  and  extending  to  higher  numbers.     Several 
sheets  may  be  required  for  each  kind  of  diagram.     It  may 
seem    that   sufficiently   precise   values   cannot  be   read  from 
these  diagrams,  but  the  diagrams  are  much  more  precise  than 
the  field-work,  where  a  center  cut  is  not  sure  to  owfe  \fcii\3c\.  q\^ 
loot. 


289.  Wben  material  from  excavat[oD  in  hauled  to  be  plat 
in  embaulsment,  it  is  cmtoiimry  to  pay  to  the  contraeloi 
certaiTi  euiti  £or  every  cubic  yard  haaled.  Oftentimes  it  is  p 
Tided  tiiat  no  payment  sball  he  made  for  material  bauled  Ii 
than  ft  specifled  distance.  In  tlie  east  a  common  limit  of  "fi 
haul"  is  1000  ft.  Often  in  the  west  COO  ft.  ia  the  limit 
'■  free  haul."  Someiiinea  100  ft.  ia  the  limit. 

A  common  custom  is  to  make  the  unit  for  payment  of  hai 
one  yard  hauled  100  ft. ;  the  price  paid  will  often  be  (rora  1 
2  cents  per  cubic  yard  liauled  100  ft. 

The  price  paid  for  "  haul "  ia  small,  and  therefore  the  slan 
ard  of  preciBion  in  calculatiou  need  not  be  quL(«  as  fine  ae 
the  calculation  of  the  quantities  of  earthworlc.  The  toi 
"haul"  will  be  the  product  of 


(1)  the  total  amount  of  excavation  hauled,  and 

(2)  the  average  length  of  haul. 


I 


290.  The  average  length  of  haul  ia  the  distance  betireen  t 
center  of  gnivlty  of  the  material  as  found  In  excavation,  a 
the  center  of  gravity  as  deposited.  It  would  not,  in  general, 
simple  to  End  the  center  of  gravity  of  the  entire  mass  of  eii 
vation  hauled,  and  the  most  convenient  nay  is  to  take  ea 
aeotion  nt  earthwork  by  itself.  Tlie  "haul"  for  each  seeti 
is  the  product  of  the 

(1)  number  of  cubic  yards  in  that  section,  and 
,  (2)  distance  between  tlie  center  of  gravity  in  eicaTatJt 
and  the  center  of  gravity  as  deposited. 


Haul. 
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k  291,  When  BKcavation  is  placed  In  embank  inent,  there  may 
be  some  difflculty  In  detenniiuiig  just  where  8uy  giwen  section 
imvitian  wQl  be  placed,  and  where  ila  center  of  giaTilf 
■will  be  in  embankmenL 


I 


In  hauling  excavation  in  embankment,  tliere  is  some  plane, 
W  indicated  by  AB,  in  wliicli  all  exoavaiioii  inuxt  be  liauled  on 
llim^  to  be  placed  In  embankment,  and  (another  way  of  piit- 
^^  It)  from  nhjcli  alt  malerial  placed  in  embankment  niual 
be  laalsd  on  its  way  from  excaTatioii.  We  may  figure  the 
Vnal  bull  as  the  sum  of 

(1)  total  "haul"  of  exeavatimi  to  AB,  and 

(2)  total  "haul"  of  smbanknieiit /r'lm  AB. 
The  total  "  haul "  ol  esravation  ta  AB  and  the  total  "  haul 

'^  embirnkment  from  AB  will  most  conveniently  be  caloulal 
•»  the  siun  of  the  hauls  of  tlie  several  sooiioua  of  earlhworit;' 
»or  eaoU  seclicm  the  haul  is  the  product  of 
(1)  the  vulume  I'df  that  aeellon,  and 
(B)  distance  from  center  of  gravity  of  that  b 
plane  AS. 


^.  When  the  two  end  areas  are  e<]ual,  the  center  of  gravity 
*"l  be  midway  between  the  iwn  end  planes.  Wlien  the  two  end 
""W  are  not  equal  in  value,  the  center  of  gravity  of  tlie  section 
*il1  be  at  a  certain  distance  from  the  mid-section,  as  shown 
^  the  fonaiilft 


I 


•"  "hioh  X,  =  distance  of  a 


. 
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293.    Referring  to  the  figure  below,  and  foUowing  the  same 
general  method  of  demonstration  used  previously,  §  236, 


let  6o  =     base      =  AoB© 

6i=        "        =AiBi 

Co  =  center  ht.=OoGo 

C\  =  center  ht.=OiGi 

I  =  length  (altitude) 
of  section =GoGi 

Aq  —  area  of  DqAoBqEo 

A\  =  area  of  DiAiBiEi 

F=  volume 


Also  use  notation  &x»  c^,  Ax  for  a  section  distant  x  from  Gi. 

Find  the  distance  of  the  center  of  gravity  from  AiBiEiDi,  and 
let  this  =  ajc  Let  Xg  =  distance  of  center  of  gravity  from  mid- 
section. 

Then  for  any  elementary  section  of  thickness  dx  and  distance 
X  from  AiBiEiDi,  its  moment  will  be 

[fti  +  {ho  -  6i)  fj [ci  +  (Co  -  ci)  jjiKidx 

V.Xc=j^^bi+(bo  -  6i)^][ci  +(co-ci)^]a;cfe 

V. Xc -^^^^^^  I  ^iCco-ci)/^  I  ci(6o-6i)?8  ^  (co-Ci)(6o~&i)^ 


2 


3i 


Zl 


4P 


12 


V^ 


6  h\Ci  4-  4  6iCo  +  4  6oCi  +  3  6oCo 

—  4  h\C\  —  3  6iCo  —  3  6oCi 

-  4  6iCi 
+  3  6ici 


r. Xc  =  —  X  (6iCi  +     hiCo  +    6oCi  +  3 6oCo) 

\.£t 


Q«ft\ 


Haul.  201 


What  is  wanted  is  Xg  rather  than  x^ 


«a-      g-     «e 


Vx,=  vl^Vx. 


F=  I  (2  6ici  +  2  6oCo  +  6iCo  +  6oCi)        from  (164) 
T^  •  I  =  j^  (2  6iCi  +  2  6oCo  +  biCo  +  6oCi)  (203) 

72 

"^ '  *•  "  12    ^^^*^^  H-  3  6oCo  +  6iCo  +  6oCi) 
'  ~  12  ^^^^^  "■    ^^^^ 

*»  =  S     ^^T^    (rincu.ft.)  (204) 

*'"  12727'^^^    (T^tacu.yd8.)  (205) 

294.  The  formula  above  applies  to  the  solid  shown  in  the 
figure,  which  has  trapezoidal  ends,  but  it  will  apply  also  when 
DqAo,  DiAi  are  each  =  0,  and  therefore  applies  to  such  solids 
having  triangular  ends ;  and  since  any  section  of  earthwork 
with  parallel  ends  may  be  divided  into  a  number  of  such  solids 
with  triangular  ends,  it  applies  to  all  ordinary  sections  of  rail- 
road earthwork,  since  it  applies  to  the  parts  of  which  it  is 
made  up. 

To  show  that  in  fact  this  formula  is  correct  for  prisms,  wedges, 
and  pyramids,  use  a  method  similar  to  that  shown  on  page  155 ; 
find  for  each  solid  an  expression  for  Xg  in  terms  of  A  and  I ; 
reduce  to  the  form 


"     12 


/-     .li  -  Ao 
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295.  The  formula 


x„  = 


l^         Ai-Ao 


12x27 


is  not  in  form  convenient  for  use,  because  we  have  not  f 
the  values  of  A\  and  Aq^  but  instead  have  calculated  dir 
from  the  tables  or  diagrams  the  values  of  8\  and  Sq  for  6 
in  length,  where 

S,=-Au  or  A,=-^ 

and  '^  =  %^^ 

Substituting,     .         100xiOO.^,-_^.27 
6'        «^ioo       12  X  27  r         60 

a.     ^100     Si-S, 

where  Fis  the  correct  volume  in  cu.  yds. 

This  formula  is  in  shape  convenient  for  use,  and  n 
correct  to  the  nearest  foot  can  be  calculated  with  rapidity. 


296.  For  a  section  of  length  I  less  than  100  ft. 

'^     12  X  27  Vi 

_       P  Ax  -  A 


12  X  27     ,^  1 


100 

100/     ^  Ax  -  Ay, 
12  X  27  *      Fioo 

^     ^  100  X  100    Ax-Aq 
"'^       12  X  27"  *      Fioo 


""h  -  """loo  '  J55 


297-   For  h  lu-rirs  af  sectlaiif,  ea«h  100  ft. 
n~><3   Applied  lu  obUkin  the  miireutlon  In  liaul  for  ibe 


L^t    X,  n  cent,  of  grav.  for  entire  n 
found  by  iielng  for  each  » 


I 


//,=  approx.  total  liau 

1  =  r  X  ,T 

^ 

A'=tniediBt.  to  c.(^. 

o(  entire  n 

>UH 

■ 
4 

1 

ff  =  correct  total  hiiii 

=  !■  >  A' 

or  dia^aina. 

,    S,^BU 

■'^ 

taken  from 

tablet 

W-hen  aU  Bcctiona  are  o 
**ove,  »pproxtmate  loial  ha 

uniform 

length 

100'  as  In 

4 

jl 

'i=x.>-=f(V. 

+  3  i; 

+  5r,) 

i 

*^Qrr8ot  tol*l  haul 

*—' '-(f--) 

.n(.f.,. 

„,(a!|« 

.<„) 

-^*-  ff„=           i-;,?,. 

+     lV/< 

+  !>,. 

+    r.i 

H-^.^ 

■]• 

100,  „       ,,  , 

'^r  for  a  more  general  tor 

-fe-ff.=m(.s,~,v,)= 

correctio 

in  total  haul. 

(208 

"iTiis  aliould  be  Iti  cu,  yiis 

hauled  100  ft. 

MASS  DIAGRAM. 


29B.  Many  iim^nti'iiia  of  '■  liaiil ''  ciiay  be  very  usefully  tr^alai 
by  means  uf  a  yrapliioiil  methud  wliicli  will  be  designated  Ibf 
"Maas  Dla^iam.' 

TheconstruL-tHiii  of  llie  "MasaDiagiwrn"  will  bemoreeleariy 
luideratQod  from  an  example  Chan  from  a  gentral  deBcripCt<7D' 

Lei  us  consider  the  earlliworkaliown  by  tbtj  prufiie  on  p.  20*, 
oonsiBting  of  alternaW  "cuf  and  "fill."  To  show  tlie  ^ork 
of  flonstmotiiig  the  "  diagram ''  in  full,  the  quantities  are  c*»l«- 
late<i  tbrougbout,  but  for  convenience  and  simplicity,  "  level 
Bections"  are  used  and  prismoidal  correction  disregarded-  1" 
a  case  In  iicttuil  practice,  the  solidities  will  liave  been  calculst^ 
for  the  actual  notes  taken.  Allowance  sboold  be  made  for  ^ 
fact  that  earth  placed  in  fill  shrinks  or  occupies  leas  space  tban 
In  ItB  original  form.  In  the  table,  next  page,  a  shrinkogs  ot  6 
per  cent  is  assumed.  I 

299.   In  the  tabic,  p.  2n5,  the  I 

1st  cotiimn  gives  tlie  station  ;  2d  column  gives  center  heigb*^ 

3d  colninn  gives  values  of  S  from  tables. 

4th  column  gives  values  of  Sum  or  >'i  for  each  section,   »■*" 
with  sign  +  for  cut  or  —  for  fill. 

6tli  olumn  shows  fills  after  5  per  vent  shrinkage, 

6th  column  gives  the  total,  or  the  sutJi  of  solidities  up  to  e**''' 
station  -,  and  In  getting  this  lotitl,  each  +  solidity  Is  added  v'**' 
each  —  solidity  is  snhtracied,  as  appears  in  the  table  from   •*•*  i 
results  obtained.  ] 

Having  completed  the  tAble,  the  next  step  is  tbe  coitBCrust^^'  1 
of  tbe  "  Mass  Diagram,"  page  206.  In  the  figure  shown  tie** 
each  station  line  is  projected  down,  and  the  value  from  colli"'*' 
li,  correspond iu<;  to  each  station,  is  platted  to  scale  as  an  aff**^ 
tn>ia  the  base  line  at  tliat  station,  iitl  +  ijuantllies  above  t,t** 
line,  and  all  —  iiuantities  below  the  line.  The  points  thus  CoU'^ 
ara  joined,  and  the  result  is  the  "  Maas  Diagram." 


Matt  Diagram. 
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Solidity  fob 

60'  DUB  TO 

Cbmtbb 

HKieHT  (fboh 

Tablbs). 

Solidity 

FOB 

Section. 

Fills 

-6  Pbb 

Cbnt 

SlIBINKAOE 

Solidity 
Totals. 

Statxok. 

Hkights. 

0 

0 

0 

0 

1 

+  1.7 

71 

+  71 

+     71 

2 

+2.7 

120 

+  191 

+  262 

8 

0 

0 

+  120 

+  382 

4 

-8.4 

120 

-120 

-114 

+  268 

5 

-5.3 

216 

-335 

-318 

-     60 

6 

-8.1 

107 

-322 

-306 

-  366 

7 

0 

0 

-107 

-102 

-  468 

8 

+2.4 

106 

+ 105 

-  363 

9 

+4.5 

223 

+328 

-     26 

10 

+2.5 

110 

+333 

+  308 

11 

0 

0 

+  110 

+  418 

12 

-8.1 

107 

-107 

-102 

+  316 

13 

-6.5 

227 

-334 

-317 

-       1 

14 

-7.9 

378 

-606 

-675 

-  676 

15 

-8.7 

436 

-814 

-773 

-1349 

16 

-4.4 

168 

-604 

-674 

-1923 

17 

0 

0 

-108 

-160 

-2083 

18 

+2.6 

116 

+  116 

-1968 

19 

+3.6 

169 

+284 

-1684 

20 

+4.9 

248 

+417 

-1267 

21 

+6.7 

373 

+  621 

-  646 
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300.  It  will  follow,  from  tliu  iuiit!ii>ds  uf  cnlcalatinn  and  con. 
lUttCtiuu  ;iDed,  tliftl  llie  ''  Iktass  tliuxram"  will  liave  ttii^  follow- 
ing properLlea,  which  can  be  uiidorstuod  by  refereiicB  lo  the 
profile  and  dixgram,  ptige  2(M1. 

I.   Grade  poiiilB_uf  the  profile  correspond  to  maiimum  and 
l^nhaam  poinU  of  the  diagi-um. 
i.   In  the  diagram,  asueiiding  lines  maTk  excavntinn,  and  de- 
'    Mending  lines  etnbftnkineiit. 

3.  The  di&erence  in  length  between  any  two  vertical  ordlnates 
J  "f  the  iliagram  is  the  solidity  between  Uie  points  (stations)  at 
[  which  the  ordinates  are  erected. 

4.  Between  any  two  points  where  the  diagram  is  intersected 
K^y  any  horizontal  line,  excavation  equals  enibacikuient, 

a  luit  aU  by  any  horizontal  line  is  the  measure  of 
r'tte  "liaul"  between  the  two  points  cut  by  that  line. 

301.  It  may  be  necessary  to  explain  the  latter  point  at  some- 
what [plater  length. 

Any  quantity  (audi  as  dimension,  weigh'.,  or  volume)  is  often 
'^presented  graphically  by  a  line ;  in  a  similar  way,  tlie  product 
<^f  two  quantities  (such  aa  volume  into  distance,  or  as  foot 
PouuiJb>  may  be  represented  or  measured  by  an  area.  In  the 
<^ase  of  a  figure  otlier  than  a  rectangle,  the  value,  or  product 
ii'eaaured  by  this  area,  may  be  found  by  tutting  up  the  area  by 
luii:s,  and  these  linee  may  \»  vertical  lines  representing  volumes 
*"■  horizontal  lines  representing  distance.    The  result  will  be 

le  in  either  cikse.     A[i  example  will  Illustrate.  _ 

In  the  two  figures  let  J 
a  and  b  represent  pounds  fl 
c  "        feet       ^ 

•  and  the  area  of  the  trapezoid 
represent  a  certain  number 
of  toot  ponnds.  The  trape- 
*"'»!  uisy  be  resolved  into  rectangles  by  the  use  of  a  vertical 
"'>»!  iw  shown  in  Fig.  1,  or  by  a  horizontal  liiie,  as  in  Fig.  3. 


In  m%.  1,  the  a 

Ti  Pig.  2,  the  a: 
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Ma$9  Diagram.  209 

302.  In  an  entirely  similar  way,  the  area  ABC  (p.  208)  repre- 
sents the  **haul'*  of  earthwork  (in  cu.  yds.  moved  100  ft.) 
between  A  and  C,  and  this  area  may  be  calculated  by  dividing 
it  by  a  series  of  vertical  lines  representing  solidities,  as  shown 
above  G  and  F.  That  this  area  represents  the  haul  between 
A  and  C  may  be  shown  as  follows :  — 

Take  any  elementary  solidity  d8  at  D.  Project  this  down 
upon  the  diagram  at  F,  and  draw  the  horizontal  lines  FQ. 

Between  the  points  F  and  G  (or  between  D  and  I),  there* 
fore,  excavation  equals  embankment,  and  the  mass  dS  must  be 
hauled  a  distance  FG,  and  the  amount  of  **  haul  **  on  dS  will 
be  d/8'  X  FG,  measured  by  the  trapezoid  FG.  Similarly  with  any 
other  elementary  dS. 

The  total  "  haul "  between  A  and  C  will  be  measured  by  the 
sum  of  the  series  of  trapezoids,  or  by  the  area  ABC.  This  area 
is  probably  most  conveniently  measured  by  the  trapezoids 
formed  by  the  vertical  lines  representing  solidities.  The  aver- 
age length  of  haul  will  be  this  area  divided  by  the  total  solidity 
(represented  in  this  case  on  p.  206  by  the  longest  vertical  line, 
2083). 

303.  The  construction  of  the  *'  Mass  Diagram  ^*  as  a  series 
of  trapezoids  involves  the  assumption  that  the  center  of  gravity 
of  a  section  of  earthwork  lies  at  its  mid-section,  which  is  only 
approximately  correct  since  8  for  the  first  50  ft.  will  seldom  be 
exactly  the  same  as  8  for  the  second  60  ft.  of  a  section  100  ft. 
long.  K  the  lines  joining  the  ends  of  the  vertical  lines  be  made 
a  curved  line,  the  assumption  becomes  more  closely  accurate, 
and  if  the  area  be  calculated  by  '*  Simpson's  Rule,"  or  by 
planimeter,  results  closely  accurate  will  be  reached. 

It  v^ll  be  further  noticed  that  hill  sections  in  the  "  diagram  " 
represent  haul  forward  on  the  profile,  and  valley  sections  haul 
backward.  The  mass  diagram  may  therefore  be  used  to  indi- 
cate the  methods  by  which  the  work  shall  be  performed ; 
whether  excavation  at  any  point  shall  be  hauled  forward  or 
backward;  and,  more  particularly,  to  show  the  point  where 
backward  haul  shall  cease  and  forward  haul  begin,  as  indicated 
in  the  figure,  p.  208,  which  shows  a  very  simple  case,  the  cuts 
and  fills  bein^  evenly  balanced,  and  no  haw!  o^et  WiKi  l^^X.^  ^'-^Sok 
ao  necessity  for  either  borrowing  or  wasting. 
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304.  In  tho  figure,  page  210,  the  excavation  from  Sta.  0  to  14  is 
very  much  in  excess  of  embankment,  and  vice  versa  from  Sta.  14 
to  30.  The  mass  diagram  indicates  a  haul  of  nearly  3000  ft. 
for  a  large  mass  of  earthwork,  measured  by  the  ordinate  AB. 
It  will  not  be  economical  to  haul  the  material  3000  ft.  j  it  is 

_  better  to  *' waste"  some  of  the  material  near  Sta.  0,  and  to 
"  borrow  "  some  near  Sta.  30,  if  this  be  possible,  as  is  commonly 
the  case. 

If  we  draw  the  line  CD,  the  cut  and  fill  between  C  and  D  will 
still  be  equal,  and  the  volume  of  cut  measured  by  CE  can  be 
wasted,  and  the  equal  volume  of  fill  measured  by  DF  can  be 
borrowed  to  advantage.  It  can  be  seen  that  there  is  still  a  haul 
of  nearly  2000  ft.  (from  A  to  D)  on  the  large  mass  of  earthwork 
measured  by  GH.  It  is  probable  that  it  will  not  pay  to  haul 
the  mass  GH,  or  any  part  of  it,  as  far  as  AD. 

305.  We  must  find  the  limit  beyond  which  it  is  unprofitable 
to  haul  material  rather  than  borrow  and  waste. 

Let    c  =  cost  of  1  cu.  yd.  excavation  or  embankment. 
h  =  cost  of  haul  on  1  cu.  yd.  hauled  100  ft. 
n  =  length  of  haul  in  **  stations"  of  100  ft.  each. 

Then,  when  1  cu.  yd.  of  excavation  is  wasted,  and  1  cu.  yd. 
of  embankment  is  borrowed, 

cost  =  2  c 
When  1  cu.  yd.  of  excavation  is  hauled  into  embankment, 

cost  =  c  +  w7i 
The  limit  of  profitable  haul  is  reached  when 

2c  =  c-\-  nh 

or  when  n  =  -  (209) 

h 

Example,    When  excavation  or  embankment  is  18  cents  pel 
eu.  yd.f  and  haul  is  1|  cents, 

18 
n  =  —  =  12  stations 

1.5 
When  e  =  16  and  /^  =  2 

'  ^ca  n=z8  stations 


212 


Railroad  Curve*  and  Earthwork. 


Ma»s  Diagram. 


306.  In  the  Eurmer  case  (1200  ft.  haul)  we  abould  ilravr 
8  diagram  (p.  212)  the  liiiu  KGL.     Here  KG 
tSOD  fl.    The  line  sbQuld  not  be  lower  tliau  G,  for 
the  haul  would  be  nearly  as  gretit  aa  KL,  or  more  than  1200 

In  the  latter  caxe  (800  ft.  haul)  the  line  would  be  curried  up 
to  a.  point  where  NM  ^  SOD  ft.  The  inaesea  between  N  and  A, 
ktBD  C  and  0,  can  better  be  wasted  than  bauled,  and  the  niaSHeB 
bstween  M  and  G,  also  L  and  Z,  can  belt*^  be  borrowed  than 
hauled  (always  provided  that  there  are  suitable  places  at  band 
lor  borrowing  and  waiting). 

Next,  produoe  NM  to  R.  The  number  of  yards  borrowed 
'Will  be  the  same  wbether  taken  at  Rl  or  at  MG  +  LZ.  That 
trrangemeiit  of  work  which  gives  tbe  smallest  '-  baid  "  (product 
;  distance  hauled)  is  the  best  arrangement.  The 
"haul  "  in  one  case  is  measured  by  GLRVU,  and  in  the  other 
iy  MGU  +  UYR.  IE  MGU  !a  less  than  GLRU,  then  it  is  cheapen 
to  borrow  (a)  RZ  rather  tliaii  (li)  MG  +  LZ. 

a  aimllar  way  material  NT  and  SO  can  be  wasted 
Monomically  than  NA  and  CO. 

Thenioat  economical  position  (or  the  line  MR  is  when  MU  =  I 
'  Itor  ST,  when  SV  =  VT.  For  any  change  from  these  positions 
MR  and  ST  will  show  an  increase  of  area  representing  "  haol, 

307.  The  case  is  often  not  as  simple  as  that  here  given. 
Very  often  the  material  borrowed  or  wa«t«d  liaa  to  be  hauled 
bayond  the  limit  of  "  free  haul.''  The  limit  beyond  which  it  ia 
voprofltable  to  haul  will  vary  according  to  the  length  of  haul 
ro  the  borrowed  or  wiisled  tiiaterlal ;  the  limit  will,  in  general, 
"  increased  by  the  length  of  haul  on  the  borrowed  or  wasted 
Mterial.  The  haul  on  wasted  or  borrowed  material,  as  NT, 
■My  be  shown  graphically  by  NTXW,  wliere  NW  =  TX  shows 
^  length  of  haul,  and  NTXW  the  ■'  haul "  (mass  x  distance). 

The  mass  diagram  can  be  used  also  for  finding  the  limit  of 
"free  haul"  on  the  profile,  and  various  applications  will  sug- 
|Mt  Ihemselvea  to  those  who  become  familiar  with  ita  use  and 
^  principles  of  ita  construction.  Certainly  one  oE  its  most 
'"'Portent  uses  is  In  allowing  "haul"  and  "borrow and  waste" 
'"  be  studied  by  a  diagram  giving  a  comprehensive  view  of  Hie 
*l>ole  situation.  Tliere  are  few  if  any  other  available  methoda 
"^  UOQiopUBblng  this  result. 
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308.  When  material  Is  flrst  taken  oul 
generally  occnpies  more  Bpa.ce  Iban  'ivos  orig;inaUy  t 
When  placed  in  eniljankuieiit,  it  commonly  sliriiikB  somewlinl 
and  eventuaJly  occupies  leHS  Bpate  tban  originally.  Wherevet, 
from  any  ca.uHe,  tlie  material  put  into  embanlcment  will  cm 
more  apace  or  leas  apace  tbaii  it  did  in  excavation,  tlie  quantltim 
in  emlmniiiuent  sliould  be  corrected  before  figuring  haul  ol 
Btructiog  a  Mass  Diagram,  and  a  column  atiould  be  Bhownlw 
thia  as  is  done  in  Table  p.  20S. 

309.  Many  engineers  write  tlieir  contracts  and  speci&cMloK  | 
without  a  clause  allowing  payment  for  "  hanl "  or  "overhanL" 
Nevertheless  It  appears  ttiat  it  is  the  more  cuminiin  practice  U 
insert  a  clause  providing  for  payment  for  overtiaiiil.  A  caU' 
vans  oil  this  autiject  by  the  American  Railway  Engineering  and 
Maintenance  of  Way  Association  in  1B05  showed  this  prsc^ 

to  preTail  in  tlie  ptoportion  of  73  to  37.     The  free  haul  limit  nl 
500  ft.  seemed  to  meet  with  greater  fuvor  than  any  other. 

Where  an  "  overliaai  "  clause  is  inserted  in  a  contract,  DM 
liaais  of  payment  liiuj  varied  on  different  railroads, 
method,  not  recommended,  the  total  haul  is  to  be  compnud; 
from  tilts  shall  be  deducted  for  free  haul  the  total  '■yardig**' 
multiplied  by  the  length  of  th«  free  haul  liiuit.  Under  this  sjt- 
teni,  with  a  oOO  ft.  free  haul  limit,  there  might  be  lO.OtM)  oi 
of  earth  hauled  (all  of  it)  mure  than  500  ft.,  or  an  average  of 
800  ft.;  yet  if  there  were  another  10,000  en.  yds.  hauled  U 
average  of  300  fL,  there  would  be  no  ]»ytnent  whatever  In 
overhaul ;  the  average  haul  would  be  less  than  300  ft. 
less  the  specifications  clearly  show  that  this  tnethod  is  Ui  IM 
used,  it  is  unfair  as  welt  as  ansatisfactory  to  the  contraotor. 

What  seems  a  logical  and  satisfactory  provision  is  llw 
recommended  by  the  American  Railway  Engiaeering  and 
Maintenance  of  Way  AsHocialion  by  a  letter  ballot  vote  Of  IW 
to  23  (announced  in  March,  1907).     This  is  as  follows :  - 

"No  payment  will  be  mfuie  for  hauling  material  when  fte 
length  of  haul  does  not  exceed  the  limit  of  free  haul,  whM 
shall  tie feet. 

"The  limits  nf  free  haul  shall  be  dptflrmined  by  fixing  on  the  I 
profile  two  points,  one  on  each  side.bf  the  neutral  grade  point.  I 
one  In  exoafation  and  t.hi  ollipr  \iv  ei\\\iwO«.wie.n\,,  imcV  fti«!t  <.he  I 
dlstunce  between  them  eijaaVs  rtie  Kpec\fti?'i  tree  tKA^wAvw*  : 


Mann  Diivjram- 


llMCS,  ^^ 


ttxe  included  quantities  of  exuavation  and  uiiibiiiiknieiit  balance. 
All  bKul  on  material  bevond  Lbia  free  liuul  limit  will  be  eatl- 
niaUd  aiid  paid  for  on  the  basLU  of  the  following  method  of 
oompnlAUoiJ,  vis.;  — 

"  All  material  within  thia  limit  of  free  haul  will  be  L'iiuiiual«d 
tromluriber  consideration. 

"The  diswnne  between  the  center  of  gravity  of  die  renmin- 
iag  BUSS  of  excAvation  and  center  of  gravity  of  tliL*  rtraulting 
embankiuant.  less  tiie  limit  of  free  haul  aa  above  described, 
shall  be  Ihe  length  of  overhaul,  and  the  com!*iiBStion  to  be 
nudered  Uierefor  will  be  detei'miiied  by  multiplying  the  yard- 
age of  the  remaining  mass  aa  above  described,  by  the  length  of 
the  overhaul.  Payment  for  the  same  will  be  by  units  of  one 
niblc  yard  liauled  one  hundred  feet. 

''  When  material  is  obtained  from  borrow-pita  along  the 
(inbankmeut,  and  runways  are  co(isiruct*d,  the  Imul  shall  be 
iletermined  by  lie  distance  the  team  neceeearily  travels.  The 
uverbuil  on  material  thus  hauled  shall  be  determined  by  iniil- 
^plying  the  yardage  so  hauled  by  one  half  the  round  distance 
made  by  the  team  less  the  tree  haul  distance,  'V\ia  runways 
will  be  esWblished  by  the  engliiepr." 

310.  This  staietoent  as  to  the  method  of  l^gurlng  overhaul 
ia  ftiplained  very  simply  by  the  Maaa  Diagram  below.  The 
length  of  AB  la  that  of  the  free  haul  limit  (500  ft.  m  figure). 
The  I)«e  haul  is  shown  in  the  area  ACDBHA.  The  amount  of 
overbaul  to  be  paid  for  ia  shown  in  1  parU,  ACU,  BDE. 
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311.  Tht<  diagmm  on  tlie  pagti  opposite  allows  a  el 
profile  and  tlie  curreupcmding  inaas  diagram ;  IlluatntlDg  fU 
the  method  oF  sttidyin^  questions  of  haul,  borrow,  and  wa 
For  tbis  purpr>3C  It  is  eusuiuwI  that  ttie  iiniit  of  economical  I 
Is  1000  ft.,  and  tlie  lines  on  the  luiu'w  diagram  are  ndjiiEted 
uordiiigly. 

(rt)  Line  AB  =  ICKW  ft,  and  uan  gu  no  iiiwer  becanse  llie  1 
of  1000  ft,  would  be  exceeded ;  niir  higher  beeaiisu  tlie  Wi 
near  A  and  the  borrow  near  B  would  be  increased. 

ill)  Line  CDE  Is  placed  »>  tlint  CD  =  DE  ;  thesum  of  the 
borrows  (between  B  and  C,  and  between  E  and  F)  is  the  si 
for  any  practical  position  uf  CDE;  the  sum  of  the  two  ai 
CRO  and  DSE  is  a  miiumum  when  CD  =  DE. 

(c)  Line  FG  =  1000  (t.  and  can  go  no  higher  without  exceet 
1000  ft.  nor  lower  without  increasing  borrow  near  F  and  w 
near  G. 

(d)  Line  HJ  can  go  nci  lower  without  exceeding  1000  ft. 
higher  without  increasing  wajite  near  H  and  bon-ow  near  J, 

(e)  Line  JKLM  can  go  no  higher  because  the  borrow  betw 
M  aud  N  would  iH!  increiused.  The  area  above  JK  and  LM  ci 
be  decreased  materially,  and  the  area  below  KL  increased  < 
slightly,  lij  moving  JKLM  higher,  but  the  loss  due  to  the 
creased  amount  of  borrow  between  M  and  N  would  far  ex( 
tlie  gain  in  the  haul  it«m. 

(/)  l,lne  NOP  can  go  no  liigher  without  excei-dlng  1000  ft. 
can  go  no  lower  without  increasing  the  borrow  between  M 
N,  and  also  the  waste  beyond  P. 

{g)  If  the  pronle  were  continued  beyond  station  80,  it  is  q' 
possible  that  the  material  iiidicated  as  waste  could  be  Utillwi 
fill,  or  part  of  it  bo  utilized. 

(A)  As  the  profile  is  sliown,  there  is  a  small  amount  of 
carried  into  fill  close  to  station  80. 

(0  Tlie  projections  of  the  iiointsA.  B,  C,  0,  etc.,  up  toUie] 
file,  serve  to  abow  where  niaterial  should  be  wasteil,  wliere  1 
rowed ;  what  material  should  be  nnrrieil  forward,  what  baokwi 
The  study  ot  the  maaa  diagrum  has  shown  that  the  arrangem 
adopted  is  the  most  economical. 

The  exact  stations  ot  the  points  A,  B,  C,  0,  etc.,  can  be  de 
mined  accurately  from  the  cros.'i-section  notes  and  the  volui 
of  MTlbwijrlc  already  computed,  if  this  should  seem  dealrabli 
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PREFACE 

It  is  hoped  ihat  iheee  tables  will  be  found  more  complete  and 
perfect  than  those  which  have  preceded.  Among  them  are  con- 
venient tables  for  easement  curves  and  for  earthwork  computa- 
tion, several  of  which  are  altogether  new.  These  include  the 
"Cubic  Spiral"  easement  curve,  which  is  very  simple,  being 
arranged  for  a  uniform  chord  length  of  30  feet,  and  giving  all 
deflegtion  angles  for  a  large  variety  of  spirals;  also  the -* Offsets 
from  Tangent  for  a  10°  Curve"  and  "Angles  Proportionate  to 
Squares  of  Distances,"  both  of  which  are  specially  applicable  to 
easement  curves,  but  should  be  found  useful  for  other  purposes. 
The  two  latter  allow  the  rapid  and  simple  working  of  spirals  of 
any  length  or  for  any  set-off  from  the  tangent 

The  tables  for  Earthwork  Computation  should  meet  with 
favor.  Those  for  regular  three-level  sections  and  for  prismoidal 
correction  are  based  upon  tables  used  for  computing  the  earth- 
work on  many  hundred  miles  on  a  prominent  western  railroad,  and 
that  for  triangular  prisms  is  similar  in  principle  to  that  for  pris- 
moidal correction. 

Other  tables  seldom  foimd  in  books  suitable  for  field  use  are 
"Acres  for  Strip  100  Feet  Wide,"  "Metric  Curves,"  "Velocity 
Heights,"  and  "Mean  Refractions  in  Declination,"  while  the 
"Stadia  Redaction  Tables"  ai-e  more  complete  than  those  com- 
mon in  field  tables. 

The  table  for  "Tangent  Distances  for  a  1  °  Curve"  gives  values 

for  every  minute  up  to  96  °  and  the  table  of  "  Corrections  "  is  full 

enough  to  render  interpolation  imnecessary.      This  will  allow 

greater  speed  and  the  saving  of  much  time  for  an  entire  field 

party. 

There  are  many  points  of  arrangement  and  typography  which 
are  intended  to  facilitate  work   or  render  errors  less  probable. 
Great  care  has  been  taken  both  in  computing  and  proof-reading  to 
secure    absence    from  error.      The  plate -proof  has  been  twice 
read    under  the    author's    direction,    and    other  tests    applied 
which  have  required  the  use  (in  adding)  of  every  figure  in  the 
tables.    The  opportunity  for  comparison  with  other  published 
tables  and  the  running  down  of  discrepancies  has  given  oppor- 
tunity for  a  high  degree  of  accuracy,  and  these  tables  are  believed 
to  be  superior  in  this  respect. 

The  "Barometric  Seighta  "  are  Professor  Airj'a  aa.^  \5aft  **%\sa.- 
dia  Reductions"  are  Winslow*a  from  the  "B.epoT\a  ol\JcvB"5e«tts^V 
vania   Oeolqgical   Survey,"      The    " Logarithnia'*     a.xt^  "^Yftfi»» 
Coainea,  Tangmta  and  Cotangents,"  both,  natural  and  \o&aTv.\3o2tt:vi, 
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100.00 

0.44 

100.00 

lao 

0.90 

60.00 

0.16 

120.00 

0.63 

120.00 

Z 

I. OS 

70.00 

0.21 

140.00 

0.86 

140.00 

1.20 

80.00 

0.28 

15999 

1. 12 

160.00 

180 

1.35 

90.00 

0.35 

179.99 

1. 41 

180.00 

aoo 

1.50 

99.99 

0.44 

199-99 

1.75 

19999 

aao 

1.6s 

109.99 

0.53 

219.98 

2. II 

219.99 

^ 

1.80 

119.99 

0.63 

23998 

2.51 

239.99 

1.95 

129.99 

0.74 

259-97 

2.95 

25999 

a8o 

2.10 

139-99 

0.86 

27996 

3-42 

279.98 

300 

2.2s 

149.99 

0.98 

299-95 

3-93 

299-98 

3ao 

2.40 

159-99 

1. 12 

31994 

4-47 

319.98 

^ 

2.55 
2.70 

169.98 
179.98 

1.26 
1. 41 

339-93 
359-92 

S.04 
S-65 

339-97 
359-97 

380 

2.8s 

189.98 

157 

379-91 

6.30 

379.96 

400 

3.00 

199-98 

1-75 

399-89 

6.98 

399.95 

4ao 

3. IS 

209.97 

1.92 

419-87 

7.70 

419.94 

440 

330 

219.97 

2. II 

439-85 

8.45 

439.94 

460 

3-45 

229.97 

2.31 

459.83 

9-23 

459.93 

480 

3  60 

239.96 

2.51 

479.81 

10.05 

479.92 

500 

3-75 

249.96 

2.73 

499-79 

10.90 

499.91 

5ao 

3.90 

259.95 

2.95 

S19-76 

11.79 

519-89 

'£ 

4-OS 

269.9s 

3.18 

539-73 

12.72 

539.88 

4.20 

279.94 

3.42 

559-70 

13.68 

559.87 

000 

4-35„ 

289.94 

3-67 

579-67 

14-67 

579.85 

450" 

299.93 

3-93 

599-63 

iS-70 

599.84 
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TABLE  VL  — SPIRAL  FOR  2"00'   CURVE 


»c 

q 

p 

yc 

^c 

C 

8c 

0.6- 

30.00 

0.0s 

60.00 

0.21 

60.00 

o''36' 

0.8 

40.00 

0.09 

80.00 

0.37 

80.00 

0  48 

z.o 

50.00 

0.1S 

100.00 

0.58 

100.00 

I  00 

1.3 

60.00 

0.2X 

119.99 

0.84 

X  20.00 

I  12 

1.4 

70.00 

0.29 

139.99 

1. 14 

140.00 

I  24 

1.6 

79.99 

0.37 

15999 

1.49 

159-99 

I  36 

1.8 

89.99 

0.47 

179.98 

179-99 

I  48 

2.0 

99.99 

0.58 

199.98 

2.33 

199-99 

2  00 

2.2 

109.99 

0.70 

219.97 

2.83 

219.99 

2   X2 

2.4 

119.99 

0.84 

23996 

3.35 

23998 

2   24 

2.6 

129.98 

0.98 

25995 

3.93 

259.98 

2  36 

2.8 

139.98 

1. 14 

279.93 

4.56 

279.97 

2  48 

30 

149.98 

I.3I 

299.92 

524 

299.96 

3  00 

3.2 

159.98 

1.49 

319.90 

5.96 

319.96 

3   12 

3.4 

169.97 

1.68 

339.88 

6.72 

339.95 

3  24 

3-5 

179.97 

1.88 

359-86 

7.54 

35994 

3  36 

3.8 

189.96 

2.10 

379.83 

8.40 

379.93 

3  48 

4.0 

199.96 

2.33 

399.81 

9.31 

399.91 

4  00 

4.2 

209.9s 

2.56 

419.78 

10.26 

419.90 

4  12 

4.4 

219.9s 

2.81 

439.74 

XI. 26 

439.89 

4  24 

4.6 

229.94 

3.08 

459.71 

12.31 

459.87 

4  36 

4.8 

239.93 

335 

479.66 

13.40 

479.85 

448 

S-o 

249.93 

3.63 

499.62 

14.54 

499.83 

S  00 

S-2 

259.92 

3-93 

519.57 

15.72 

519.81 

5  12 

5-4 

269.91 

4.24 

53952 

16.95 

539.79 

5  24 

5-5 

279.90 

4.56 

55947 

18.23 

559.77 

5  36 

5.8 

289.89 

4.89 

57941 

19.56 

57974 

5  48 

6.o« 

"299.88 

S.23 

59935 

20.93 

599.71 

6°oo' 

SPIRAL  FOR  2**30'  CURVE 


30.00 
40.00 
50.00 

59-99 
69.99 

79.99 
89-99 
99-99 
109.98 
119.98 
129.98 
139-97 
149-97 

159-96 
169.96 

179-95 

189.94 
199.94 

209.93 
219.92 
229.91 
239.90 
249.88 

S59S7 
269.86 

279S4 
289.83 
29981 


yc 


60.00 
80.00 
100.00 

119.99 

139-99 
159-98 

179-97 
199.96 

219-95 
239-93 
259-92 
279.90 

299-87 

319-84 
339-81 
359-78 

379-74 
399-70 

419.65 
439.60 

459-54 
479-48 
499.41 

519.33 
539.25 
559.17 
579.08 
598.98 


60.00 

80.00 

100.00 

120.00 
139-99 
159-99 
179-99 
199.98 

219.98 

239-97 
259.96 

279-95 
299.94 

319-93 
339-92 
35990 
379-89 
399.87 

419-85 
439-82 
459-80 
479-77 


S. 
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TABLE  VI.  — SPIRAL  FOR  3'00'  CURVE 


Ic 

8c 

q 

P 

yc 

^c 

c 

60 

o.Q** 

30.00 

0.08 

60.00 

0.31 

60.00 

80 

1.2 

39.99 

0.14 

80.00 

0.56 

80.00 

100 

i-S 

49.99 

0.22 

99.99 

0.87 

100.00 

130 

1.8 

5999 

0.31 

119.99 

1.26 

119.99 

140 

2.1 

69.99 

0.43 

139.98 

1.71 

139.99 

160 

2.4 

79.99 

0.56 

159-97 

2.23 

15999 

180 

2.7 

89.98 

0.71 

179.96 

2.83 

179.98 

30O 

3.0 

9998 

0.87 

19995 

3.49 

199.98 

330 

3.3 

109.98 

1.06 

219.93 

4.22 

219.97 

X 

3.6 

119.97 

1.26 

239.91 

S.03 

239.96 

3.9 

129.97 

1.47 

259.88 

5.90 

259.95 

380 

4.2 

139.96 

1.71 

279.85 

6.84 

279.93 

300 

4-5 

14995 

1.96 

299.82 

7.85 

299.92 

330 

4.8 

159.95 

2.23 

319.78 

8.93 

31990 

t^ 

S-i 

169.94 

2.52 

339.73 

10.08 

339.88 

5-4 

179.93 

2.83 

359.68 

11.30 

359-86 

380 

57 

189.92 

3-15 

37963 

12.59 

379.84 

400 

6.0 

199.91 

3.49 

39956 

13.95 

39981 

430 

6.3 

209.89 

3.8s 

419.50 

^1-^? 

419.78 

440 

6.6 

219.88 

4.22 

439.42 

16.88 

439.74 

4|o 

6.9 

229.87 

4.61 

459.34 

18.45 

459.71 

480 

7'^ 

239.85 

5.02 

479.25 

ao.o8 

479.67 

500 

7.5° 

249.83 

5-45 

499.15 

21.79 

49962 

SPIRAL  FOR  a-aC  CURVE 


>c 

8c 

q 

P 

yc 

^C 

c 

60 

I. OS*' 

30.00 

0.09 

60.00 

0.37 

60.00 

80 

1.40 

39-99 

0.16 

80.00 

0.6s 

80.00 

100 

1.75 

49.99 

0.25 

99.99 

1.02 

100.00 

130 

2.10 

59-99 

0.37 

119.98 

1.47 

119.99 

X 

2.45 

69.99 

0.50 

139-97 

2.00 

139.99 

2.80 

79.98 

0.6s 

159-96 

2.61 

159.98 

180 

3.15 

89.98 

0.82 

179-95 

3.30 

179.98 

300 

3.50 

99-97 

1.02 

199-93 

4.07 

199.97 

330 

3.85 

109.97 

1-23 

219.90 

4-93 

219.96 

?S 

4.20 

119.96 

1-47 

239-87 

5.86 

23994 

4-55 

129-95 

1.72 

259.84 

6.88 

259.93 

380 

4.90 

139-95 

1-99 

279.80 

7.98 

279.91 

300 

525 

149-94 

2.29 

299-75 

9.16 

299.89 

330 

5  60 

159-93 

2.60 

319-70 

10.42 

319.87 

340 

5-95 

169.92 

2.94 

339-64 

11.76 

33984    1 

^5° 

6.30 

179-90 

3-30 

359-57 

13.18 

359.81    1 

380 

6.65 

189.89 

3-67 

379-49 

14.69 

379.78     ; 

400 

7.00 

199.87 

4.07 

399-41 

16.27 

399.74 

430 

7-35 

209.86 

4.49 

419-31 

17.94 

419.70 

440 

7.70 

219.84 

4.92 

439-21 

19.69 

439.65 

460 

8.05 

229.82 

5-38 

459.10 

21.51 

459.60 

480 

8.40 

239.80 

5-86 

478.98 

23-42 

479-55 

500 

8.75° 

249.77 

6.36 

498.84 

,     25.41 

499-49 

/ 

• 

\ 

V                    I 
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TABLE  VI. -SPIRAL  FOR  4«'00'   CURVE 


»c 

q 

P 

yc 

'^c 

C 

60.00 

8c 

I.2« 

29.99 

O.IO 

60.00 

0.42 

I"I2' 

1.6 

39.99 

0.19 

79-99 

0.74 

80.00 

136 

2.0 

4999 

0.29 

99.99 

1. 16 

99.99 

2  00 

2.4 

59.98 

0.42 

119.98 

1.68 

119.99 

2   24 

3.8 

69.98 

0.57 

139-97 

2.28 

139-99 

2  48 

3-2 

79.98 

0.74 

159.95 

2.98 

159-98 

3   12 

3-6 

89.97 

0.94 

179-93 

3.77 

179-97 

3  36 

4.0 

9996 

1.16 

199.90 

4.65 

199.96 

4  00 

4.4 

109.96 

1.41 

219.87 

5-63 

219-94 

4  24 

4.8 

119-95 

1.67 

239-83 

6.70 

239-93 

4  48 

S-2 

129.94 

1.96 

259-79 

7.86 

259.91 

5  12 

5.6 

139.93 

2.28 

279.73 

9!i2 

279.88 

5  36 

6.0 

149.92 

2.62 

299.67 

10.46 

299.86 

6  00 

6.4 

159.90 

2.98 

319-60 

11.90 

319-82 

6  24 

6.8 

169.89 

3.36 

339.52 

13-44 

339-79 

648 

7.2 

179.87 

3.77 

359-44 

1506 

359-75 

7  12 

7.6 

189.8s 

4.20 

379-34 

16.78 

379-71 

7  36 

8.0 

199.83 

4.6s 

399-23 

18.59 

399-66 

8  00 

8.4 

209.81 

512 

419.10 

20.49 

419.60 

8  24 

8.8 

219.79 

5.62 

438.97 

22.49 

439-54 

848 

9.2 

229.76 

6.15 

458.82 

24.58 

459.48 

9  12 

9^ 

23973 

6.69 

478.66 

26.76 

479.41 

9o3^ 

10.0° 

249.70 

7.26 

498.49 

29.03 

499-33 

lo'oo' 

SPIRAL  FOR  4<'30'  CURVE 


»c 

q 

P 

yc 

'^c 

c 

8c 

1.35" 

29.99 

0.12 

60.00 

0.47 

60.00 

1*21' 

1.80 

39.99 

0.21 

79-99 

0.84 

80.00 

I  48 

2.25 

49.98 

0.33 

99-98 

1.31 

99-99 

2   IS 

2.70 

59.98 

0.47 

119.97 

1.88 

119.99 

2  42 

3-15 

69.98 

0.64 

139-96 

2.57 

139-98 

3  09 

3.60 

79-97 

0.84 

159.94 

3-35 

159-97 

3  36 

4.05 

89.96 

1.06 

179-91 

4-24 

179-96 

4  03 

4-50 

99.95 

1-31 

199.88 

5-23 

199-95 

4  30 

4-95 

109.95 

1.58 

219.84 

6.33 

219-93 

4  57 

S.40 

1 19-93 

1.88 

239.79 

7-54 

239-91 

5  24 

5.85 

129.92 

2.21 

259.73 

8.84 

259-88 

5  51 

6.30 

139-91 

2.56 

279.66 

10.25 

27985 

6  18 

6.75 

149.89 

2.94 

299-59 

11.77 

299.82 

6  45 

7.20 

159-88 

3-35 

319-50 

13-39 

319-78 

7  12 

7.6s 

169.86 

3-78 

339-40 

15." 

339-73 

7  39 

8.X0 

179.84 

4-23 

359-29 

16.94 

359-68 

806 

8.5s 

189.81 

4.72 

379.16 

18.87 

379-63 

833 

9.00 

199.79 

5.23 

39902 

20.91 

399-57 

9  00 

9.45 

209.76  . 

S.76 

418.87 

23-05 

419-50 

9  27 

9.90 

219.73 

6.32 

438.70 

25.29 

43942 

9  54 

loJo 

229.70 

6.91 

458.51 

27.63 

459.34 

10  21 

239.66 

7.53 

478.31 

30.08 

I      Al^-'iS 

\  '^^  ,f*^  . 

11.2s* 

i 

249.63 

1 

a.17 

498.09 

32.64 

\      A^.iS 

\  xV*i.^' 
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TABLE  VI.  — SPIRAL  FOR  Sixy  CmtVE 

>c      1       -c 

1 

p 

y= 

«e 

c     1 

IS° 

agw 

013 

6000 

05, 

60,00 

a 

o.j6 

X 

si 

St 

oTi 

j'^ 

" 

iS 

■AiS 

tl 

ss 

°iU 

■59 

K^ 

jiB. 

X 

'■« 

139 

.4.87 

•S 

169.63 

Ijo 

1?? 

is 

».96 

33961 

laxf 

SBl 

398.79 

3W-4T 

SPIRAL  FOR  S-SO-  CURVE 

lo 

Sc 

4 

P 

Xc 

»o 

C 

..6s' 

o.s8 

60.0:1 

49.98 

i!« 

18 

Jg 

■39 

™ 

1.9S 

te 

199.8a 

C 

!«l 

.19-76 

iS 

16.36 

JK 

9IS 

J7B.7fl 

■! 

^ai^ 

S.t 

IM 

^ 

IS-Si 

SPIRAL  FOR  fi 

0«K  CURVE 

1. 

«e 

q 

P 

Yc 

«e 

c 

/ 

i: 

lU 

X 

■So 

i 

300 

5 

Si 
ii 

m:84 

49.81 
79.71 

i 

46 
64 

i 

U 

063 

1 

8.44 
17.84 

"a 

60.00 
im.aB 
199.90 

"9-87 

'39.83 

Sa 

319.61 

1W.44 

TABLE  VI.  — SnUAL  FOR  S 


1  '. 

q 

p 

s 

Yc 

i| 

ill 

iJS 

C 

■c 

ilT 
til 

if 

1 

if 

il 
si 

119-9' 

i 

ill 

9997 

il 

119.f* 

Jlfl.9S 
338.74 

aji 

I 

SPIRAL  FOR  T'OO'  CURVE 


■c 

4 

p 

yc 

c 

»e 

19.98 

0..8 

«o.oa 

i-oe" 

i?:?S 

3.S 

o.si 

99.9* 

i.ot 

3  30 

tt 

6?." 

t.« 

;j^i! 

3^99 

;3^:Si 

v,t 

«s 

It:;:"*! 

i:!i 

li 

1.03 

9.84 

M 

"^ 

179.19 

Ti 

'IV 

S6 
4fi 

II.* 

Sio 

111 

» .1 

179.61 

V59.14 

SPIRAL  FOR  7*30'  CURVE 


69:93 


» 

°is 

99.96 

;i!;-^^ 

417 

I399S 

Sw!*! 

■99.8s 
1.9.80 

i 

1.19-4' 

11.S4 

ViV.' 

3j8.0a 

1   Kl 

\  ^'S 

TABLE  VI.  — SPIRAL  FOR  8«00'  CURVE 


Ic 

8c 

q 

P 

yc 

Xc 

c 

60 

2.4° 

29.97 

0.21 

5999 

0.84 

60.00 

80 

3-2 

39-96 

0.37 

79.98 

1.49 

79.99 

100 

4.0 

49-95 

0.58 

99.95 

2.33 

99.98 

lao 

4.8 

59-94 

0.84 

119.92 

335 

119.96 

X 

5.6 

69.92 

1.14 

139.87 

4.56 

139.94 

6.4 

79.90 

^•^2 

159.80 

5  95 

159.91 

180 

7.2 

89.88 

1.88 

179.72 

7.53 

179.88 

200 

8.0 

99-86 

2.32 

199.61 

9.30 

199.83 

220 

8.8 

109.83 

2.81 

219.48 

11.24 

219.77 

X 

9.6 

119.79 

3-34 

239.33 

13.38 

239.70 

10.4 

129.76 

3-92 

259.15 

15.69 

259.62 

aSo 

II. 2 

139.71 

4.54 

278.94 

18.20 

27953 

300 

12.0 

149.67 

5.22 

298.69 

20.88 

299.42 

320 

12.8 

159.61 

5.93 

318.42 

23-75 

319.30 

340 

13-6 

169.55 

6.70 

338.10 

26.79 

339-16 

360 

14.4* 

179-49 

7-51 

357.75 

30.03 

359.00 

SPIRAL  FOR  90OO'  CURVE 


Ic 

Sc 

q 

P 

yc 

Xc 

C 

60 

2.7° 

29.97 

0.23 

59.99 

0.94 

5999 

80 

3.6 

3995 

0.42 

79.97 

1.68 

79.99 

100 

4.5 

49.94 

0.65 

99-94 

2.62 

99.97 

lao 

5.4 

59.92 

0.94 

119.89 

3.77 

"995 

X 

6.3 

69-90 

1.28 

139.83 

5-13 

13993 

7.2 

79.88 

1.67 

159.75 

6.69 

159.89 

180 

8.1 

89-85 

2. II 

179.64 

8-47 

179.84 

aoo 

9-0 

99-82 

2.61 

199.51 

10.45 

199.78 

aao 

9-9 

109.78 

3-16 

219.35 

12.64 

219.71 

X 

10.8 

119.74 

3-75 

239.15 

15.04 

239.63 

11.7 

129.69 

4.40 

258.92 

17.65 

259-52 

a8o 

12.6 

139.64 

5." 

278.66 

20.46 

279-41 

300 

13.5 

149.58 

5.86 

298-35 

23.47 

299.27 

320 

14.4 

159.51 

6.67 

318.00 

26.69 

319.11 

340 

'§•^0 

169.44 

7.53 

337-60 

30.11 

338.94 

360 

16.2° 

179.35 

8.43 

357-15 

33.74 

358.74 

SPIRAL  FOR   lO-'OO' CURVE 


Ic 

8c 

q 

P 

yc 

Xc 

C 

60 
80 

100 

3-0" 

4-0 

5-0 

29.96 

39-94 
49-92 

0.26 
0.46 
0.72 

5998 
79.96 
99.92 

1.05 

1.86 
2.91 

5999 
7998 
99.97 

xao 

X 

180 
200 

6.0 
7.0 
8.0 
9.0 

lO.O 

5990 
69.88 

79-85 
89.81 
99.78 

1.04 

1.42 

1.85 

2-35 
2.90 

119.87 
139-79 
159-69 
179.56 
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TABUi:  VILB.— SPIRALS— COEFFICIENTS  FOR  5 
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p  =  alc 

-bDc 

q  =  elc  —  fDc 

*c 

yc 

—  -  _  - . 

Sc 

c 

Ic 

Ic 

a 

b 

e 
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.000  00 

o* 

.^ 
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•999  993 

.000  727 
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.000  64 
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.005  818 

.999  970 

.001  454 

.000  01 

•499  995 

.001  27 
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.999  932 

.002  182 
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•499  989 

.001  91 
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.002  909 

.000  04 

.499  980 

.002  55 
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.014  542 
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.499  969 
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.499  877 
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.499  646 

.010  79 

30' 

» 

.052  269 

.997  549 
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Longer  spirals  may  be  used,  provided  the  lucre, 
ersely  affect  the  degree  of  curve  or  seriously  a 
tion. 

the  length  of  spiral  should  never  be  less  than 
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TABI«^  IX.— ACRES  FOR  STRIP  lOO  FEET  WT 


Acres 


L'irth. 
Feet. 


».67 


2.18 

6.53 
10.89 

15.25 
19. 60 
23.96 
38. 

32. 

37.03 
41.38 

45.74 
50.09 

54.45 
§8.81 
63.16 
67.52 

71.87 
76.23 

80.59 
84.94 

89.30 

93.65 
98.01 
02.37 
06.72 
11.08 

15.43 
19.79 

24.15 
28.50 

32.86 

37.21 

41.57 

•.0.93 
50.28 

54.64 

58.99 

63.35 
67.71 

72.06 

76.42 

80.77 

85.13 
89.49 

93.84 
98.20 
202.55 
206.91 
211.27 
215. 62 

219.98 

224.33 
228.69 

233.05 
237.40 
241.76 
246.11 

250.47 
254-83 
259. 18 

263.54 


Acres 


L'gth, 
Feet. 


263.54 
267.89 
272.25 
276.61 
280.96 
285.32 
289.67 
294.03 

298.39 
302. 74 

307.10 

311.45 
315.81 
320. 17 

324.52 
328.88 

333- 23 
337.59 
341.95 
346.30 

350.66 
355.01 
359.37 

368!  08 

372.44 
376.79 

381.15 

385.51 
389.86 

394.22 

398.57 
402.93 
407.29 
411.64 
416.00 

420.35 

424.71 
429.07 

433.42 

437. 78 
442. 13 
446.49 
450.85 
455. 10 
459.56 

463.91 
468.27 

472.63 
476.98 

481.34 
485.69 
490.05 

494.41 

498.76 
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507.47 
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X.20 

.21 
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.2 
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;a8 
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.32 
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x.a 
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.68 
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L»gth. 
Feet. 


524.90 
529. 25 
533.61 

537.97 
542.32 
546.68 

551.03 

555-  39 

559.75 
564.10 

568.46 
572.81 

577. 17 

585*88 
590.24 
594-59 
598.95 
603.31 
607.66 

612.02 
616.37 
620.73 
625.09 
629.44. 
633.80 
638. 15 
642.51 
646.87 
651.22 

655.58 

659. 93 
664.29 

668.65 

673.00 

677. 36 
681.71 
686.07 

690.43 
694.78 

699.14 

703.49 
707- 85 
712.21 

716.56 
720. 92 
725. 27 
729.63 
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738.34 

742. 70 

747-05 

751-41 
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760. 12 

764. 48 
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•7^6.26 
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89 
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93 
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04 
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a4 
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30 
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34 
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.•SI 


L'grth. 
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786.26 
790.61 

794.97 
Z99-33 
803.68 
808.04 
812. 39 
816.75 
821. II 
825.46 

829.82 
834.17 
838.53 
842.89 
847.24 
851.60 

855.95 
860.31 
864.67 
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882.09 

886.45 
890.80 
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908.23 
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930.01 

934.36 
938.72 

943.07 
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951.79 
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964.85 
969.21 

973-57 
977.92 
982.28 
986.63 
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1012.77 
1017. 13 
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1025. 84 
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3 

493040 
497078 
501080 


505045 
508974 
512867 
516726 
520551 

524343 
528102 

531828 

535523 
,539186 
8.542819 

Coa, 


D.  I". 


19.63 
17.68 
15.80 

13.98 
12.22 
10.48 
08.83 
07.23 
05.65 
04.13 

02.67 
01.22 
99.82 

98.47 
97.15 
95.85 
94.62 

93-37 
92.20 

91.03 

89.90 
88.80 
87.72 
86.67 

85.65 
84.63 
83.67 
82.70 
81.78 
80.85 

79.97 
79.08 
78.23 
77.40 
76.57 
75.78 

74.98 
74.22 

73.47 
72.73 

72.00 

71.30 
70.58 
69.92 

69.25 
68.58 

67.95 
67.30 
66.70 
66.08 

65.48 
64.88 
64.32 

63.75 
63.20 

62.65 
62. 10 
61.58 
61.05 

60.55 


Cos. 


D.  1 


// 


999934 
999932 

999929 
999927 

999925 
999922 
999920 
999918 
999915 
999913 

999910 
999907 

999905 
2 


999897 

999894 
999891 

999888 
999885 

999882 
999879 
999876 

999873 
999870 
999867 

999864 
999861 

999858 

999854 

999851 
999848 
999844 
999841 
999838 

999834 
999831 
999827 
999824 
999820 

999816 
999813 
999809 
999805 
999801 

999797 
999794 
999790 
999786 
999782 

999778 

999774 
999769 

999765 
999761 

999757 
999753 
999748 

999744 
999740 

999735 


D.  1". 


Sin. 


Tan. 


D.  I 


// 


8. 241921 
. 249102 
. 256165 
.263115 
.269956 

8. 276691 
. 283323 
.289856 
.296291 
.302634 

8.308884 

.315046 
.321122 

.327114 
.333025 
8.338856 
.344610 
.350289 

.355895 
.361430 

8.366895 
.372292 
. 377622 
.382889 
.388092 

8.393234 
.398315 
.403338 
.408304 

.413213 

8.418068 
.422869 
.427618 

.432315 
.436962 

8.441560 

.446110 

.450613 

.455070 

.459481 

8.463849 

.468172 

.472454 

.476693 
.480892 

8.485050 
.489170 

.493250 

.497293 
.501298 

8. 505267 
.509200 

.513098 

.516961 

. 520790 

8.524586 

.528349 
.532080 


19.68 
17.72 

15.83 
14.02 
12.25 
10.53 
08.88 
07.27 
05. 70 
04. 17 

02.70 
01.27 

99.87 
98.52 
97.18 

95.90 
94.65 

93-43 
92-25 
91.08 

89.95 
88.83 

87.78 
86.72 
85.70 
84.68 
83.72 

82.77 
81.82 

80.92 


D.  X 


It 


W 


CoX..     \T>.\' 


9i 


fS< 


177* 


D.  1' 


60.05 
»55 

58.10 
57-65 
57- » 
56-75 
56.30 

55.87 

55-43 

55.  <» 
54-60 

54- ao 

53-78 

53-00 
52-62 
52.23 
51-85 

51-48 
51.13 
50.77 
50.42 
50.05 
49.72 
49.38 
49.05 
48.70 
48.40 

48.05 

47.75 
47-43 
47.13 
46.82 
46.52 
46.22 

45.92 
45.63 
45.35 

45.07 
44.78 
44.52 
44-23 
43-97 
43.70 

43-45 
43-18 
42.92 
42.67 


D.  1' 


»  999735 
999731 
999726 


999722 
.999717 
9-999713  ' 
•99970*  I 

999704  ; 

999699  i 


J  J  J  j^ 

9.999689 

999665 
999660 

999675 
999670 

9-999665 
999660 

9996s 
999650 
999645 

9-999640 
999635 
999629 
999624 


999619 
9-999614 
999608 

999603 
999597 
999592 

999586 
999581 
999575 
999570 
999564 
999558 
999553 
999547 
999541 
999535 

999529 
999524 
999518 
999512 
999506 
999500 

999493 
999487 

999481 
999475 
999469 

999463 
999456 
999450 
999443 
999437 
999431 
999424 
999418 

999411 
999404 


07 

oS 

07 

oS 

07 

oS 

07 
oS 
oS 
oS 

07 
06 
oS 
06 
06 
oS 
08 
oS 
08 
08 

06 
10 
08 
08 
08 
10 
oS 
10 
08 
10 

08 
10 
08 
10 
10 
08 
10 
10 
10 
10 

08 
10 
10 
10 
10 
12 
10 
10 
10 
10 

10 
12 
10 
12 
10 
10 
12 
10 
12 
12 


1 


6^543004 
.54665a 
.590168 

-553817 

-557336 

8.560628 

-564291 
.567727 
-571137 
.574520 

8.577S77 
.581306 

.5S4514 

.5S7795 

.591051 
8.5942S3 

-597492 
.600677 
.603S39 
.606978 


8.610094 
.6131S9 
.616262 

•619313 
.622343 

8.625352 

.62S340 

.631308 

,634256 

•6371S4  1 

8.640093  I 
.6429S2 

.645853  I 
.648704 

.651537 
8.654352 

.657149 
.659928 
.662689 
•665433 

8.668160 
.670870 

.673563 
.676239 
.678900 
8.681544 
.684172 
.686784 
.689381 
.691963 

8.694529 
.697081 
.699617 
.702139 
.704646 

8.707140 
.709618 
.  712083 

.71A53A 
a.7i93»s6 


D.  2 


*r 


5=»-i5 
5S.65 

5».20 


I     I 


I.456QX6 
.453309 

I4JSI3 
.442664 

1.439172 

.435709 

.432273 
.428863 

.425480 


% 

SS 
54 

SS 

5« 
5« 


1. 422123   SB 

.4187 

.41 

.412205   ^ 

.408949   46 

1.405717  '  45  : 

.402508  I  44 
399323  43 


.396161 
.393022 

in 

3S3738 
.3806S7 

.377657 

1.374648 

.371660 

.368692 

•365744 


4« 

4« 

40 

P 

SS 
34 
33 
3* 


.362816  I  31 

1.359907  I  30 
.357018 

.354147 
.351296 

.348463 
1.34564S 

.342851 
.340072  I  as 

.337311 
.334567 


M 


1. 331840 
.329130 
.326437 
.323761 
.321100 

I. 318456 
.315828 
.313216 
.310619 
.308037 


Sin. 


D.  I 


// 


Cot.  \1>.V' 


I. 305471  10 
.  302919 
.  300383 
.297861 

.295354 

1.292860 

. 290382 

.287917 


at 
ai 

to 

15 

14 

13 
xa 

xz 


I 

7 
6 

5 

4 


\ 


'^ 


#;^ 


TABIDS  Xni.— I/)GARITHMIC  SINKS. 


M. 


o 

z 
* 
3 


Sin. 


I 

9 

lO 
IX 

la 

13  i 

Ml 

\l: 

\l\ 
19 

so 

3Z 

sa 

23 

24 

37 

a8 
ag 

30 
3x  ■ 

33  : 

33  I 
34 

35  . 

36  i 

P: 

39  ! 

40 
41 
4a  ; 

43  I 

44  : 


47 
48 

49 

50 
51 
52 
53 
54 
55 
56 
57 
58 


8 


8 


8 


8 


8 


8 


8 


8 


8 


8.718800 
721204 

723595 
725972 

728337 
730688 

733027 

735.^54 

737667 

739969 

742259 

744536 
746802 

749055 
751297 
753528 

755747 

757955 
760151 

762337 

7645" 
766675 
76S828 

770970 
773101 

775223 
777333 
779434 
7^'>i524 
783605 

785675 
787736 

789787 

791828 

793859 
795S81 

797894 

799897 
801892 

803876 

805852 
807819 
S09777 
81 1726 
813667 

815599 
817522 

8i<)436 

«2i343 
823240 

825130 
S27011 
SJ.SSS4 
830749 
832607 

SM456 
S36297 
VS3S130 
S3Q956 
^1774 
•^kVS85 


D.  1". 


Cos. 


40.07 

39.85 
39.62 

39.42 
39.18 
38.98 
38.78 

38.55 
38.37 
38.17 

37. 95 

Ol'  I  t 
37.55 
37.37 
37.18 
36.98 
36.80 
36.60 

36.43 
36.23 

36.07 
35.88 
35.  70 
35.52 
35.37 
35.17 
35.02 

34.83 
34.68 

34.50 

34. 35 
34.18 
34.02 

33. 85 
33.70 
33. 55 
33.38 
33. 25 
33.07 
32.93 

32.78 
32.63 
32.48 

32. 35 
32.20 
32.05 
31.90 

31. 78 
31.62 

31.50 


Cos.   I).  I' 


31.35  1 1 

31.22  :| 

31.  os  ,| 

3^>.97  il 

30. 82  ' 
30. 6H 

3".  55  ■! 

30-43  ; 

30. 30  i 

30. 18  ■  i 


999404 
999398 
999391 
999384 
999378 
999371 

*W364 
999357 
999350 
999343 

<W9336 

999329 
999322 

999315 
999308 
991)301 
999294 
999287 
999279 
999272 

999265 

999257 
999250 

999242 

999235 
999227 

999220 

999212 

999205 

999197 

999189 
999181 

999174 
999166 

999158 
9(^9150 
999142 

999134 
999126 
999118 

9991 10 
999102 
999094 
999086 

999077 
9^)9069 
999061 

9^)9053 
999044 

999036 

QQ9027 
99^)019 
991)010 
999002 
^S9i)3 
i^)89vS4 
i)9Sc)76 

i)^fS967 
9^)S95S 
9^)8950 
1^)89.^.1 


Sin. 


D.  I". 


Tan. 


10 
12 
12 
10 
12 
12 
12 
12 
12 
12 

12 
12 
12 
12 
12 
12 
12 

13 
12 

12 

13 
12 

13 
12 

13 
12 

13 
12 

13 
13 

13 
12 

13 
13 
13 
13 
13 
13 
13 
13 

13 
13 
13 
15 
13 
13 
13 
15 
13 
15 

13 
15 
13 
15 

^5  : 

13  : 
15  ' 

15  : 

'^   ! 
15 


1).  1". 


D.  I". 


8 


8 


8 


8 


8 


8 


8 


8 


8 


8 


8 


8 


719396 
721806 
724204 
726588 
728959 

731317 
733663 
735996 

738317 
740626 

742922 

745207 
747479 
749740 

751989 
754227 

756453 
758668 

760872 

763065 

765246 

767417 
769578 
771727 
773866 

775995 
778114 
780222 

782320 
784408 

786486 

788554 
790613 
792662 
794701 

796731 
798752 
800763 
802765 
804758 

806742 
808717 
810683 
812641 

814589 
816529 

818461 

820384 

822298 

824205 

826103 
827992 
829874 
831748 
833613 
835471 
837321 
839163 
840998 
S42825 
844644 


40.17 
39.97 
39.73 
39.52 
39.30 
39.10 
38.88 
38. 68 
38.48 
38.27 

38.08 

37.87 
37.68 

37.48 
37.30 
37.10 
36.92 

36.73 
36.55 
36.35 

36.18 
36.02 
35.82 
35.65 
35.48 
35.32 
35.13 
34.97 
34.80 


33.83 
33.68 


30.07 
30.83 

30.70 
30.58 
30.45 
30.3a 


Cot.    D.  X 


r" 


Co 


28 

2/' 

27. 

273 

271 

2681 

266: 

264c 

2616 

2593 

257O'. 

2547i 

2525a 

25<«6 

24801 

24577' 

24354i 

241332 

239128 

236935 

234754 
232503 
230422 
228273 
226134 


2212: 

219778  ; 

217680    3 
215592:3 

213514  '  > 
211440  99 
209387    » 

207338 
205299 
203269  J5 
201243  :>4 
199237  .  «3 
197235 
195242 

193258 
IQ1283 

189317 
187359 
185411 
183471  .  ,^ 
181539 !  »4 
179616  I  2 
177702    tf 

175795/ 

173897!" 

172008  I 

170126  • 

168252  :  ! 

166387  • 

164529;  \ 

1626791  J 

160837  3 
15900a 

15717: 
I 


3 


It 
ti 

so 

3 

3 

15 


Tan. 


70 


cosntm.  YAwawsw,  and  cotangknts. 

■75° 

■" 

SiD. 

-■■": 

Co«. 

■>■■"■ 

T.n. 

C.  1". 

.„ 

Si" 
as 

.8S07S' 

30.  «3 

Si 

& 

il 

'53,545 
1517411 

6a 

■^5 

8536-8 

S:Pi    ' 

.4637= 

S5 

Si 

:W88§ 

855403 

IS 

■M3H 

i.asisaj 

JB.85 

Si 
si 

^998831 

Si 
,:iK 

P    . 

IS6 

1 

as.  .7 
jS.os 

Si 

li 

w. 

1 

Sis 

.W8J66 

877849 

'■K^i 

il 

9.M87S7 

* 

il 

il  ■ 

iS 

B 

II 

Jl 

Si 

17- ss 

iiS 

i 

* 

K» 

li  ' 

113.67 

M 

fi^jojs 

5:? 

36.  fo 

:§ 

li 

Si 

107358 

31 

P 

|S 

■»• 

S993D.1 

J6.87        ' 

IOOJ97 

1 

36!  4^ 

.998S19 
9.998609 

S^    ' 

io^ 

S 

a6is 

li 

:ii 

as 

910385 

a;: 

36.01 

s 

9.996538 

97.846 

1J4S 

li 

-ssas+s 

S:^ 

If  ■* 

1 

11 

35.  JO 

li 

8 

916495 

!IS 

911096 

IS  ' 

s 

B 

Si 

.9^S5 

li 
li 

9M6iy 
W649 

V"ii 

S 

a 

1 

as 

9.WS4SJ 

i 

9Jl6t7 
«3^3^ 

35.03   ' 
14.  K 
24.7s 

073844 

1 

£»• 

S:« 

':» 

Is 

* 

m!^   ' 

065384 

J 

^ 

M.J?, 

.WSSM 

is 

g 

93903= 
94^ 

Si 

"4-30        , 

1 

\ 

^^i 

D.  1". 

81.. 

D.  .".11      C<«.      \d.i".\ 

t««.    \v 

■^ 

^^^ 

■s 

i-; 

TABLE  XIII.— LOGARITHMIC  SINKS, 


M. 


Sin. 


o 

9 

085804 

X 

.oS6gjJ  , 

a 

oS7(M7 

3 

.oSSt>7o 

4 

.OS*yK)0 

i 

9 

CKjioc'xS 

<X}202.\ 

7 

og30.^7 

8 

0)4047 

9 

095056 

xo 

9 

096062 

XX 

0117065 

13 

(>»So66  i 

13 

o<><K)65  ; 

14 

io(xi6j  j 

IS 

9 

101056 

i6 

lOJajS  ; 

17 

i«VVv  1 

i8 

t 

i(xiq.'5  : 

i  19 

1 

105010  ; 

1 

1  ao 

9 

•105Q02  ; 

1  " 

i«x,73 ; 

1  22 

1 071*51 

33 

« 

ioSt)i7 

34 

KKXjoi    ; 

^1 

9 

1KXS73 

a6 

. 

IIIS42 

37 

iijSov)  1 

aS 

1 13774  ' 

39 

"4737 

30 

9 

UfVfx)^ 

31 

1 16656 

i  33 

* 

117^13 

33 

11S567 

34 

* 

ii»»5J'» 

35 

9 

ijiy\fy) 

36 

121417 

:  37 

\2\\h2 

38 

i-\vV^^ 

39 

12424S 

40 

<). 

1251S7 

41 

1 2(1 1  -»5 

43 

127H60 

43 

I27»)i).^ 

44 

12*<iJJ5 

45 

0 

'-"»\M 

46 

i.V>7Si 

47 

1317^"' 

48 

I3^''3'> 

49 

> 3355 1 

50 

( 

134470 

51 

"353-^7 

52 

>3''3o3 

53 

'37-' 1 6 

54 

I  .;^  I  .^S 

55 

(1 

■3' "'37 

56 

1  VniJl 

57 

I4i'^5<) 

58 
59 

141751. 
14JM5S 

60 

0 

143555 

D.  1". 


"It 
7.0S 

7-05 

7.00 
6.Q7 

fi.i)3 
6.S8 

6.  S3 

6.S2 

6.77 

6.72 
6.(vS 
6.65 
6.62 

6.57 
6-53 
6.4?^ 
6.47 
6.42 

6-  37 

6 


Cos. 


I 


35 

30 

27 

23 
20 

15 
12 


6.0S 
6.  05 
6.02 


<}7 

"5 
i)0  ■ 

S7  : 

>^3  ■ 
So  ■ 

75 
73 
70 

5.  ^^3 
5.5^ 
5. 55 
5-  53 
5.4S 

5-  45 
4.! 

4'> 
35 


5.  -'^ 
5-  -'7 
5-  -^ 
5-  -''^ 
5-  '5 
5.  12 
5.  I'-t 

5- "7 
5. 02 
s.  00 


D.  I".  . :  Tan.   D.  x". 


Cos. 


1).  I' 


9-9^751 

.«)96735 
.  qi)6720 

.996704 

.9966KS 

9-^)96673 
.996657 
.9(^6641 
.996625 
.996610 

9. 096594 
.  91)6578 
.  91)6562 
.996546 

.<J96530 
9.<)965i4 

.9964^)8 
.096482 
.006465 
.996449 

9-<>9M33 
.096417 
.1)96400 
.996384 
.00636S 

9-996351 
.996335 
.996318 

.996302 
.9962S5 

9.()o6269 

.<)t)6252 

.996235 
.1^)6210 

.t)«.)6202 

9.ti06iS5 
.1)1)6 16S 
.«»«)6i5i 
.1^)6134 
.906117 

9.006100 

'.«»<)<H>\^ 

.Oi)6t)66 

.1)^)6040  ' 

.t»«)6o32  ■ 

9.1)^)6015  1 

.«j«j5ii«»S  ; 

.ijt)5(»S«)  I 

.ijv(5«/>3  I 

.i)i)5«>lh  i 

9.  i)«\S028 

.«^^5wl  I 
.()()5St<j 

.*»'»5'^7'^ 
.<n)5S5i) 

«).i»<»5N;i 
.ii.i5Sj3 
.*)«)5'v.)6  I 
.  'i«»57^'^ 
•  "»«»577' 

''■"•»5753 

Sin. 


.27 

9- 

.25 

.27 

.27 

.2^ 

•27      , 

9- 

.27   : 

•27     ! 

.25     i 

.27 

•27     i 

,  9. 

IT        ' 

1         • 

•'■/ 

.27    ; 

i 

.27 

1     • 

1 

.27 
.27 

1  . 

:  9- 

.27 

i 

.28 

.27 

1 

.27 

1       • 

.27 

;  9- 

.2>i 

1 

.27 

1         • 

.27 

.28 

■M 

9- 

.27 

.28 

.27 

.28 

;  9. 

.2ii    : 

1    . 

.27     i 

.28 

.28 

.28   ! 

9- 

.28      ; 

.28 

.28 

.2ii     ! 

1 

.28   : 

■  9- 

.2A      ' 

.23    : 

.28    ■ 

.28    ' 

.2^    ■ 

9- 

.30 

.2^ 

.28 

1 

.30 

1 

.28     ■ 

9. 

.-'8     : 

1 

.  30     '• 

1    • 

.  28     ; 

1 

.  V) 

'        • 

.30 

:  9- 

.28 

.30 

1    • 

.28 

:     * 

•30      . 

9- 

089144 

.090IS7 
,091228 
,092266 
.093302 
094336 

095367 
.096395 
.097422 
.098446 

099468 

00487 

01504 

02519 

03532 
04542 
05550 
06556 

07559 
08560 


0955Q 
10556 
1 1551 
12543 
13533 
14521 
15507 

I649I 

17472 
18452 

19429 

20404 

21377 
22348 

23317 

24284 

25249 

262II 

27172 
28130 

29087 
30041 
30994 
31944 
32893 

33«39 
M7^ 
35726 
36667 
37605 

3«542 
39476 
40401) 

41J40 
42269 
43196 
44121 

450+4 
45066 
46885 
47803 


7.38 
7-35 
7.30 
7.27 

7.23 
7.1S 

7.13 
7.12 
7.07 
7.03 

6.98 

6.95 
6.92 
6.88 
6.83 
6.80 
6.77 
6.72 
6.63 
6.65 

6.62 
6. 58 

6.53 
6.50 
6.47 

6.43 
6.40 

6.35 
6.33 
6.28 

6.25 

6.32 

6.18 
6.15 
6.12 

6.08 
6.03 
6.02 

5.97 
5.95 

5.90 

5.88 

5.83 
5.82 

5.77 
5.75 
5.70 

5. 68 

5.63 
5.63 

5.57 
5.55 
5.52 
5.48 

5.45 
5.42 
5.38 
5.37 
5.32 
5.30 


Cot. 


0.910S56 
.909813 
.9a>772 
.90773; 
.9066>)S 

0.905M4 

.904633 
.00360s 

.002575 

.9015M 

0.90Q532   i 

.S9^i3  f 
.S9S4<j6  4 
.8974S1    4 


.S9646S 
0.89545S 
.S94450 
•^^93444 
.892441 
.891440 


4 
« 

4t 


0.890441  # 

.880444  S, 

.887457" » 

.8S6467  9\ 

0.885479  » 

.884493  M 

.883509  9 

.88252S  sp 

.88154*  y 

0.880571  9 

.870506  » 
.878623 .  li 

.877652  1  V 


.S766S3 
0.875716 

.874751 

•  8737S> 
.872S2S 

.S71S70  I II 

0.S70913  ' 

.869950 

.869006 

.86S056 

.867107 
0.866161 

.S65216 

.864274 

.863333 


n 
n 


3 

3 

IS 

14 

q 

It 


.863395 .  II 

o. 86145^    " 

.S60524     f 

.85g5.11     Ij 
.S5.s6n>-  I| 

.**5773i     '1 
0.S56S04 

.8558:0 
.854956 

.8540i4 
.853115  : 
0.853107 


I).  I' 


Cot.     ;  D,  i".  I       Tan. 


%lf 


l-V 


t&mai^ 


ABD  COTAKOBirrs. 


I- 152363 

■I51'69 

■  issm 


M8546  , 
-M37  . 

-S4«73i     ; 


-99S446 
■  WS409 


;  164891 


173767 
17363* 


.177184 
'7794a 
178™ 


Ilg^  : 


.»4877 
~m8S7 
W«38 


;i^ 


811^     : 


■  803570 


TABLE  Xm.— IX>OARITHMIC  SINES, 


M. 


o 
z 
a 

3 

4 

i 

7 
8 

9 

zo 

IZ 

za 
13 
X4 
z 

z 

17 
z8 

19 

ao 
az 
aa 

33 

a4 

ai 
vj 
aS 
ag 

30 

31 
3a 

33 
34 

li 
% 

39 

40 
41 
4a 
43 
44 
45 
46 
47 
48 
49 

50 
51 
5a 
53 
54 
55 
50 
57 
58 


Sin. 


194332 
195129 

195925 
196719 
1975" 
198302 

199091 
199879 
200666 
20145 1 

202234 
203017 
203797 
204577 

205354 
206131 
206906 
207679 
208452 
209222 

209992 
210760 
211526 
2 I 2291 

213055 
213818 

214579 

215338 
216097 

216854 

217609 
218363 
219116 
219868 
220618 
221367 
2221 15 
222861 
223606 
224349 

225092 
225833 
226573 
227311 
228048 
228784 
229518 
230252 
230984 

231715 

232444 
233172 
233^ 
234625 

235349 
236073 

236795 

237515 

238235 

238953 
239670 


D.  I". 


3.28 
3.27 
3.23 


20 

18 

15 

13 
12 


Cos. 


;  c 


OS. 


3.08 
3.05 

3.05 
3.00 
3-00 

2.95 
2.95 
2.02 

2.88 
2.88 
2.83 
2.83 

2.80 

2.77 

2.75 

2.73 
2.72 

2.68 

2.65 

2.65 

2.62 

2.58 

2.57 

2.55 

2.53 
2.50 

2.48 

2.47 

2.43 
2.42 

2.38 
2.38 

2.35 
2.33 
2.30 
2.28 

2.27 
2.23 
2.23 
2.20 
2.18 
2.15 

2.13 
2. 12 
2. 10 
2.07 
2.07 
2.03 
2.00 
2.00 
1.97 
1-95 

I  ■ 
r  ' 

D.  1".  . 


994620 
994600 
994580 
994560 
994540 
994519 
994499 
994479 
994459 
994438 

994418 
994398 
994377 
994357 
994336 
994316 

994295 
994274 
994254 
994233 

994212 
994191 
994171 

994150 
99412Q 
994108 
994087 
994066 

994045 
994024 

994003 
993982 
993960 

993939 
993918 

993897 
993875 
993854 
993832 
99381 I 

993789 
993768 
993746 
993725 

993703 
993681 

993660 

993638 
993616 

993594 

993572 
993550 
993528 
993506 

993484 
993462 

993440 
993418 
993396 
993374 
993351 

Sin. 


D.  z". 


33 
33 
33 
33 
35 
33 
33 
33 
35 
33 

33 
35 
33 
35 
33 
35 
35 
33 
35 
35 

35 
33 
35 
35 
35 
35 
35 
35 
35 
35 

35 
37 
35 
35 
35 
37 
35 
37 
35 
37 

35 
37 
35 
37 
37 
35 
37 
37 
37 
37 

37 
37 
37 
37 
37 
37 
37 
37 
37 
38 


D.  I 


// 


Tan. 


199713 
20Q529 

201345 
202159 
202971 
203782 
204592 
205400 
206207 
207013 

207817 
208619 
ao942o 

ai0220 

azioiS 
2Z1815 
212611 

213405 
214198 
214989 

215780 
216568 
217356 
218142 
218926 
219710 
220492 
221272 
222052 
222830 

223607 
224382 
225156 
225929 
226700 
22747Z 
228239 
229007 
229773 

230539 

23Z302 

232065 
232826 
233586 

234345 
235103 
235859 
236614 
237368 

238120 

238872 
239622 
240371 

24ZII8 

241865 

242610 

243354 
244097 

244839 
245579 
246319 

Cot. 


D.  z". 


3.60 
3.60 
3.57 
3.53 
3-52 
3-50 
3.47 
3-45 
3-43 
3.40 

3.37 
3.35 
3.33 
3.30 
3.28 

3.27 

3.23 
3.22 
3.18 

3.18 

3.13 

3.13 
3.10 

3.07 
3.07 
3-03 
3.00 
3-00 
2.97 

2.95 

a.  92 

a."  85 
2.85 
2.80 
a.  80 
a.  77 

2.77 
2.72 

a.  7a 
a.  68 
3.67 
a.  65 
a.  63 
a.  60 
2.58 
2.57 
2.53 
2.53 

a.  50 
a.  48 

2.45 
2.45 
a.  4a 
a.  40 
a.  38 
2.37 
M.33 
W.33 


D.  z 


ff 


,6 


IS,T&in»HITB,AKD  COTAWOBMT9. 


-99a478 
-99»4S4 

.993406 


9-146319 
.»470S7 


"56S17 
a57'69 

.^ 

ii 

.J63717 
1644JS 
.J6S138 

9- 167967 

270(77 
171479 

174369 

>7S6^ 
I77D4J 

Is 

Sa4f)8 


73770B 


'13376 


ZI 


TABLE  XIII.— I^OGARITHMIC  SINES, 


M. 


o 

I 

3 

3 

4 

I 
I 


Sin. 


9. 280599 
.281248 
.281897 
.282544 
.283190 

9.283836 

.284480 

.285124 

.285766 

9  ;  .286408 

zo  !  9.287048 
II  j  .287688 
la  I  .288326 

la  .288964 

14  .289600 

15  9. 290236 

16  .  290870 

17  .291504 

18  .292137 

19  .  292768 

ao  9. 293399 

31  . 294029 
33    . 294658 

as   . 295286 

34  .295913 


25 

36 
37 
38 
39 

30 
31 
32 

33 
34 
35 
36 
37 
38 
39 

40 

41 
42 
43 
44 
45 
46 
47 
48 
49 

50 
51 
52 
53 
54 
55 
56 
57 
58 

59 
60 


9. 296539 
.297164 

.297788 

.298412 

.299034 

9. 299655 
. 300276 
.300895 

.301514 

.302132 

9.302748 

•303364 
.303979 
.304593 
. 305207 

9. 305819 
.306430 
.307041 

.307650 

. 308259 

9.308867 

.309474 
.3100K0 
.3106S5 
.3112H9 

9-3"8q3 
•312495 
.3i30<)7 

•31369-*^ 
.314207 
9-3i4'^97 
.315405 
.3i6oc,i 
.3i66*<Q 

.317-^1 
O..U7^7» 

;  Cos. 


D.  I 


ff 


82 

82 

78 

77 

77 

73 

73 
0.70 

0.70 

0.67 

67 

63 

63 
60 

60 

57 
'>.57 
0.55 
0.52 
0.52 

0.50 
0.48 
0.47 

0.45 

o. 

o. 

o. 

o. 

o. 

o. 


43 
42 
40 

40 
37 
35 


0.35 
0.32 


32 
30 
27 
27 
25 
23 
23 
20 


0.18 

0.18 

0.15 

0.15 

0.13 

0.12  I 

o.  10  ] 

0.08  ! 

0.07 

0.07 

0.03 

0.03  I 

0,02  I 

9.9S  ' 

10.00  , 

9-97 

9-95 

9.95 
9.92  I 

9.92 


J).  I' 


Cos. 


991947 
991922 
991897 
991875 
991848 
991823 

991799 

991774 

991749 
991724 

991699 
991674 
991649 
991624 

991599 
991574 
991549 
991524 
991498 

99M73 

991448 
991422 

991397 
991372 

991346 
991321 
991295 
991270 
991244 
991218 

99"93 
991 167 
991141 

^i"5 
991090 
991064 
991038 
991012 
990986 
990960 

990934 
990908 
990882 

990855 
990829 
990803 

990777 
990750 

990724 
990697 

990671 
(^45 
990618 
990591 

9*^565 
9<>o538 

9<)05ii 
990485 

990458 

990431 

')<)0404 


D.I 


// 


Tan. 


.42 

9. 

.42 

.40 

.42 

.42 

.40 

9. 

.42 

.42 

.42 

.42 

.42 

9- 

.42 

.42 

.42 

.42 
.42 

9. 

.42 

.43 

.42 

.42 

.43 

9. 

.42 

.42 

.43 

.42 
.43 

9. 

.42 

.43 

.43 

•42 

.43 

9. 

.43 

.43 

.42 

.43 
.43 

9. 

.43 

.43 

.43 

.43 

.43 

9. 

•43 

.45 

.43 

.43 

.43 

9- 

.45 

.43 

.45 

.43 

.43    ' 

9. 

.45    1 

.45    : 

.43  ; 

.45 

.45   : 

9- 

.43    : 

.45    ■' 

.45    1 

.45   ! 

9- 

288652 
289326 
,289999 

,290671 

,291342 

292013 
,292682 

.293350 
.294017 

,294684 

295349 
,296013 

,296677 
297339 

,298001 
,298662 
299322 
,299980 
.300638 
.301295 

30I95I 
.302607 
.303261 

303914 
.304567 
305218 
305869 

.306519 
.307168 
.307816 

308463 
.309109 

.309754 

310399 
.311042 

.311685 

. 3*2327 

.312968 

.313608 
314247 

314885 
.315523 
.316159 
.316795 

i^ 

.318697 

.319330 
319961 
.320592 

321222 
.321851 

322479 
.323106 

3237: 
32431 
324983 
325607 
.  326231 

326853 
327475 


Sin.        >  D.  1".   I     Cot. 


D.  I 


// 


11.23 
11.22 
11.20 
11.18 
11.18 

11.15 
11.13 
II.  12 

II.  12 
II. oS 

11.07 
11.07 
11.03 
11.03 
11.02 
zi.oo 
10.97 
10.97 

10.95 
10.93 

10.93 

10 

10 

10.88 

10.85 

10.85 

10.83 

10.82 

10.80 

10.78 

10.77 

10.75 
10.75 
10.72 
10.72 
10.70 
10. 68 
10.67 
10.65 
10.63 

10.63 
10.60 
10.60 
10.58 

10.57 
10.55 
10.55 
10.52 
10.52 
10.50 

10.48 
10.47 

10.45 

10.45 
10.42 

10.42 

10.40 

10.40 

10.37 
10.37 


D.  I 


// 


lOI 


7^ 


^ 


COSnr^,  TANGENTS,  AND  COTANGENTS. 


169' 


If 

p 

w 


Sin. 


I 


9.^39670 
.240386 
.241101 
.241814 
.242526 

^343237 

.243947 
.244656 

.245363 
.346069 

9-246775 
•247478 
.24B181 
.248883 

.249583 
9.250282 

.250980 

.251677 

.252373 
.253067 

9.253761 

.254453 
.255144 
.255834 
.256523 
9. 2572 I I 
.257898 

.258583 
.25926S 

.259951 

9.260633 

.261314 
.261994 
.262673 
.263351 
9.264027 
.264703 
.265377 
.266051 
.266723 

•?S395 
.268065 

.268734 

,269402 

270069 

270735 
271400 
272064 
272726 
»73388 

74049 
74708 

75367 
76025 

r668i 
7337 

9297 

y99 


D.  X". 


Cos. 


r// 


9-993351 
.993329 
.993307 
.993284 
.993262 

9.993240 

.993217 
.993195 
.993172 
.993149 
9.993127 

.993104 
.993081 

.993059 
.993036 

9.993013 
.992990 

.992967 

.992944 
.992921 

9.992898 

.992875 
.992852 
.992829 
.992806 
9.992783 

.992759 
.992736 

.992713 
.992690 

9.992666 

.992643 
.992619 

.992596 
.992572 
9-992549 
.992525 
.992501 
.992478 
.992454 

9-992430 
.992406 
.992382 

.992359 
.992335 
9. 99231 I 
.992287 
.  992263 

.992239 
.992214 

9.992190 
.992166 
.992142 
.992118 
.992093 

9.992069 

.992044 

. 992020 

.991996 

.  991971 

9. 99J947 

Sin. 


D.  1 


tf 


.37 

.37 

.38 

.37 

.37 

.38 

.3 

.3 

.38 

.37 

.38 
.38 
.37 
.38 
.38- 
.38 
.38 
.38 
.38 
.38 

.38 
.38 
.38 
.38 
-38 
.40 

.38 
.38 
.38 
.40 

.38 
.40 

.38 
.40 

.38 
.40 
.40 

.38 
.40 
.40 

.40 
.40 

-38 
.40 
.40 
.40 
.40 
.40 

.42 
.40 

.40 
.40 
.40 
.42 
.40 
.42 
.40 
.40 
.42 
.40 


Tan. 


D.  1 


tr 


9.246319 
.247057 

.247794 
. 248530 

. 249264 

9.249998 

.250730 

. 251461 

.252191 

. 252920 

9-^53648 

.254374 
.255100 

.255824 

-256547 
9.257269 

.257990 

. 258710 

.259429 
.260146 

9.260863 
.261578 
. 262292 
.263005 
.263717 

9. 264428 
.265138 
.265847 

-266555 
. 267261 

9.267967 
.268671 
.  269375 
. 270077 
.  270779 

9.271479 
.272178 
. 272876 

.273573 
.274269 

9.274964 

.275658 

.276351 
.277043 

-277734 
9. 278424 
.279113 
.279801 
. 280488 
.281174 

9.  281858 
.282542 
. 283225 
. 283907 
.284588 

9.  285268 
-  285947 
.286624 
. 287301 
.287977 

9.288652 

Cot. 


D.  1 


rr 


\ 


2.30 
2.28 
2.27 
2.23 
2.23 
2.20 
2.18 
2.17 

2.15 
2.13 

2.10 
2.  10 
2.07 
2.05 
2.03 
2.02 
2.00 
-98 

•95 
.95 

-92 
.90 

.88 

.87 

-85 

.82 
.80 
.77 
-77 

-73 
-73 
.70 
.70 

.67 
.65 
.63 
.62 
.60 
.58 

-57 
•  55 
.53 
.52 
.50 
.48 
.47 
-45 
.43 
.40 

.40 
.38 
.37 
-35 
-33 
-32 
.28 

11.21 
11.25 

■dTv 


Cot. 


0.753681 

.752943 
.752206 

751470 
750736 
.750002 

749270 
748539 
.747809 
747080 

746352 
745626 

744900 
744176 

743453 

742731 
742010 

741290 

740571 
739854 

739137 
738422 

737708 

736995 
736283 

735572 
734862 

734153 
733445 
732739 

732033 

731329 
730625 

729923 
729221 

728521 

727822 

727124 

726427 

725731 

725036 
724342 
723649 
722957 
722266 

721576 
720887 
720199 
719512 
718826 


60 

P 

57 
56 
55 
54 
53 
52 
5X 

50 

% 

45 
44 
43 
42 
4X 


37 
36 
35 
34 
33 
32 
31 

30 

27 
26 

25 
24 
23 

23 
21 

30 

;§ 

x6 

15 
14 
X3 
13 

IX 

xo 


7I8I42 

717458 

716775 
716093 

7154 12 
714732 
714053 


% 

7 
6 

5 
4 


77 


13" 


M. 


TABLE  XIII.  —  LOGARITHMIC  SINES, 


o 

z 
a 
3 

4 

I 
I 

9 

xo 
xz 

X3 

Z3 
14 

\l 
\l 

19 

ao 
ax 
aa 
33 
34 

a 

39 
30 

31 
32 
33 
34 
35 
36 

li 

39 

40 
41 
43 
43 
44 

Ji 

47 
48 
49 

50 
51 
53 
53 
54 


57 
58 


Sin. 


9.352088 
3526^5 
353181 
353726 

354371 
354815 
355358 
355901 
356443 
356984 

357524 
358064 
358603 

35914 I 
359678 
360215 

360752 
361287 
361822 
362356 

362889 
363422 
363954 
364485 
365016 

365546 
366075 
366604 
367 13 1 
367659 

368185 
3687 I I 
369236 
369761 
370285 
370808 
371330 
371852 
372373 
372894 

373414 
373933 
374452 
374970 

375487 
376003 

376519 

377035 

377549 
378063 

378577 
379089 

379601 

3801 13 

380624 

381 134 
381643 

382 1 S2 
382661 
383168 

383675 

Cos. 


D.  I 


// 


9.12 
9.10 
9.08 
9.08 
9.07 

9.05 
9.05 
9.03 
9.02 
9.00 

9.00 
8.98 

8.97 
8.95 
8.95 
8.95 
8.92 
8.92 
8.Q0 

8.88 
8.87 
8.85 
8.85 
8.83 
8.82 
8.82 
8.78 
8.80 

8.77 

8.77 

8.75 

8.75 

8.73 
8.72 

8.70 

8.70 

8.68 

8.68 

8.67 

8.65 
8.65 
8.63 
8.62 
8.60 
8.60 
8.60 
8.57 
8.57 
8.57 

8.53 
8.53 
8.53 
8.52 
8.50 
8.48 
8.48 
8.48 

8.45 
8.45 


Cos. 


D.  1 


ff 


9.988724 

988695 
988666 
988636 
988607 
988578 
988548 

988519 
988489 
988460 

988430 
988401 

988371 
988342 
988312 
988282 
988252 
988223 

988193 
988163 

988133 
988103 

988073 
988043 
988013 

987983 

987953 
987922 

987892 

9S7862 

987832 
987801 
987771 
987740 
987710 

987679 
987649 
987618 

987588 
987557 

987526 
987496 

987465 
987434 
987403 
987372 

987341 
987310 
987279 
987248 

987217 
987186 

987155 
987124 

987092 

987061 

987030 

986998 

986967 

986936 

986904 

Sin. 


D.  1 


ff 


48 
48 
50 
48 
48 
50 
48 
50 
48 
50 

48 
50 
48 

50 
50 
50 
48 
50 
50 
50 

50 
50 
50 
50 
50 
50 
52 
50 
50 
50 

52 
50 
52 
50 
52 
50 
52 
50 
52 
52 

50 
52 
52 
52 
52 
52 
53 
52 
52 
52 

53 
52 
52 
53 
52 
52 
53 
52 
52 
53 


\  D.  I".  [ 


Tan. 


363364 
363940 
364515 
365090 
365664 
366237 
366810 
367382 

367953 
368524 

369094 
369663 
370232 

370799 
371367 
371933 
372499 
373064 
373629 

374193 

374756 

375319 
375881 

377003 

377563 
378122 
378681 

379239 
379797 

380354 
380910 
381466 
382020 

382575 
383x29 
383682 

384234 
384786 

385337 

385888 
386438 
386987 

387536 
388084 
388631 
389178 

389724 
390270 

390815 

391360 
39x903 
392447 
392989 
39353X 
394073 
394614 

39^33 
39677X 

Cot. 


D.  1 


// 


9.60 
9.58 
9.58 
9-57 
9.55 
9-55 
9.53 
9- 52 
9- 52 
9.50 

9-48 
9.48 
9.45 
9-47 
9.43 
9-43 
9.42 

9.42 
9.40 
9.38 

9.38 
9.37 


9. 
9- 
9. 
9- 
9. 
9. 
9- 


35 
35 
33 
32 
32 
30 
30 


9.28 

9.27 
9.27 

9.23 
9- 25 
9- 23 
9.22 
9.20 
9.20 
9.18 
9.18 


17 

X5 

X5 

X3 
12 

12 
xo 
10 


9.08 
9.08 

9- 05 
9.07 

9. 03 
9- 03 
9. 03 
9.02 
9.00 
9.00 
§.98 
8.97 


D.  X 


// 


.e 

,6 
.6 
.6: 
.6: 

.62 
.62 
.62. 

.622 
.623 
.621 

.620; 
.6ao2 

.6196 
.6190 

.6185; 

.61791 
.6174: 

.6168: 

.6163 

.61571 

.6152 

.6i46( 

.6141 

.6x35« 
.6130 

,6i24( 

.6119; 

.6ii|l 

.6106: 

,6102: 

'&\ 
.60911 

.60664 
.6080s 
.60753 


6oS9? 


.60430 
.6<Q76 

T«JI« 


TO3 


80 


COSmKS,  TANQBirm.  AMD  coxumsKTB. 

165' 

1 

...... 

Coi. 

„       .,      1 

Tan. 

..... 

:oi. 

6a 

1 

1 

B.45 

i 

11 

:» 

1 

396771 

8.97    " 
8.9s 

9,986746 

600545 

» 

SI 

.5' 

39WO 

59*94" 

54 

1 

.gaMis 

598409 

SI 

■ 

8-33 

9.986587 

•  bi        ' 

403187 

5° 

"'> 

:Sg 

s^ 

S 

1 

n 

.;^ 

:i 

596283 

59S75I 

S 

1 

r* 

:S 

iS 

i946*r 

A3 

1 

^' 

:S 

:i 

3^ 

!!::    ' 

|6*i 

9.986266 

l'79 

.9861J, 

407945 

S9*'.l.^  !  39 

1^3 

s 

.SiS6ni 

408471 

38 

i 

150 

js 

^53        ' 

41*996 

4I004S 

*7S 

ii 

39 

.3a 

e:',8 

.98607:1 
.9S6039 

4.0569 

«:" 

M 

s; 

i''7 

.986007 

.98597* 

412137 

li 

^ 

3* 

B6» 

B.13 

9. 985943 

1        ' 

4.2659 
413699 

8.^ 

S630, 

30 

^w 

6." 

:9858u 

:»    9 

j;s 

K 

S 

^_ 

9.g5T78 

4i5"S7 

1     " 

8.6d 

S««743 

W 

^ 

li 

ia 

:;J 

*?*"5 

14 
"3 

9 

4173* 

m 

S.OS 

B.03 

i 

9' 989613 
.985580 

-S5 

-  7 

tUM 

1 

58215B 
58164J 
S8."7 
580613 

'7 

.985*80 

419901 

S50099 

i« 

9.985447 

8'53        " 

57«85 

maS> 

:^^ 

lJu4^ 

'3 

^P 

.9«S3M 

^55 
■  57 

3; 

8.52 

577537 

>■ 

^^ 

7.« 

7.93 

■  9" 

:S 

9.g5»8» 

iS 

B.50 

S5 

9 

K 

:^l 

iss 

425011 

57*007 

i 
I 

^^ 

':  983^9 

ssg 

5744S1 

S73973 

i 

9.984944 

.57        9 

8:4s 

573466 

\ 

D.  1'.. 

SlD. 

D.  1", 

Col. 

D.  .". 

raa. 

*r 

^■^ 

1 

"a 

^B; 

81 

15' 


TABIDS  Xm.— I«OGARITHMIC  SINQS, 


M. 


o 

z 

3 

3 

4 

I 
2 


xo 

IX 

la 
13 
14 

\l 
\l 

ao 
ax 
aa 
as 
24 

II 

a? 

38 
39 

30 

31 
3a 

33 
34 

37 
38 
39 

40 
41 
4a 
43 
44 

1i 

47 
48 
49 

50 
51 
5a 

53 
54 
5 

52 
58 

59 
60 


Sin. 


9.412996 
413467 
413938 
414408 
414878 
415347 
415815 
416283 

416751 
417217 

417684 
418150 
418615 
419079 

419544 
420007 

420470 

420933 

421395 
421857 

422318 
422778 

423238 
423697 
424156 
424615 

425073 
425530 

425987 
426443 

426899 

427354 
427809 

428263 

428717 

429170 

429623 

430075 

430527 
430978 

431429 
431879 
432329 
432778 
433226 

433675 
434122 

434569 
435016 

435462 

435908 

436353 
436798 
437242 
437686 
438129 
438572 
439014 
439456 
439897 
440338 


D.  1". 


/       I      Cob. 


I 


I  OS' 


7 
7 
7 
7 
7 
7 
7 
7 
7 
7 

7 
7 
7 
7 
7 
7 

7- 
7. 
7 
7 

7 
7 
7 
7 
7- 
7- 
7 
7 
7 
7 

7- 
7- 
7 
7 
7 
7 
7. 
7- 
7- 
7. 

7 
7 
7 

7 
7 
7 
7 
7 
7 
7 

7 
7 
7 
7 
7 
7 
7 
7 
7- 
7. 


85 
85 
83 

83 
82 
80 
80 
80 


77 
75 
73 
75 
72 
72 
72 
70 

70 
68 

67 

67 

65 

65 

65 

63 
62 

62 

60 

60 

58 
58 
57 
57 
55 
55 
53 
53 
52 
52 

50 
50 
48 

% 

45 
45 
45 
43 
43 

42 
42 

40 
40 

38 
38 
37 
37 
35 
35 


Cos. 


D.  I 


'/  I 


9.984944 
.984910 

.984876 
,984842 
.984808 

.984774 
.984740 

.984706 

.984672 

.984638 

984603 
984569 
984535 
984500 
984466 
984432 
984397 
984363 
984328 

984294 

984259 
984224 
934190 

984155 
984120 

984085 

984050 

984015 

983981 

983946 

9839" 
983875 
983840 

983805 
983770 

983735 
983700 

983664 
983629 

983594 

983558 
983523 
983487 
983452 
983416 

983381 
983345 
983309 
983273 
983238 

983202 
983166 
983130 

983094 
983058 
983022 
982986 
982950 
982914 
982878 
982842 

Sin. 


D.  I". 


57 
57 
57 
57 
57 
57 
57 
57 
57 
58 

57 
57 
58 
57 
57 
58 
57 
58 

% 

58 
57 

58 
58 
58 
58 
57 
58 
58 

60 
58 
58 
58 
58 
58 
60 

58 
58 
60 

58 
60 

58 
60 

58 
60 
60 
60 

58 
60 

60 
60 
60 
60 
60 
60 
60 
60 
60 
60 


Tan. 


D.I 


// 


9. 428052 

428558 
429062 
429566 
430070 

430573 
431075 
431577 
432079 
432580 

433080 
433580 
434080 

434579 
435078 
435576 
436073 
436570 
437067 

437563 
438059 

438554 
439048 

439543 
440036 

440529 
441022 

441514 
442006 

442497 

442988 

443479 
443968 

444458 

444947 

445435 

445923 
4464 I I 

446898 
447384 
447870 

448356 
448841 
449326 
449810 

450294 

450777 
451260 

451743 
452225 

452706 
453187 
453668 
454148 
454628 

455107 
455586 
456064 
456542 
457019 
457496 


D.  i".  A     Cot. 


%1 


Cot 


8.43 
8.40 

8.40 

8.40 

8.38 

8.37 

8.37 

8.37 

8.35 

8.33 

8.33 

8.33 
8.32 

8.32 

8.30 

8.26 

8.38 

8.36 

8.27 

8.27 

8.25 
8.23 
8.25 
8.22 
8.22 
8.22 
8.20 
8.20 
8.18 
8.18 

8.18 
8.15 
8.17 
8.15 
8.13 
8.13 
8.13 

8.13 

8.10 
8.10 

8.10 
8.08 
8.08 
8.07 
8.07 
8.05 
8.05 
8.05 
8.03 

8. 03 

8.03 
8.03 
8.00 
8.00 
7.98 
7.98 
7.97 
7.97 
7.95 
7-95 


D.  I 


/• 


0.571. 
.571^ 
.57» 
.570' 

o'S 

[568; 
.567^ 
.567^ 

0.566c 
.566^ 
.56» 
.565^ 
.564s 

0.5644 

.563? 
.563^ 
.562c 
.562^ 

0.561c 
.561^ 
.560s 
.560^ 

.5599 
o.. 


.5584 
.557S 
.557* 

o.557« 
.556« 
.556t 
.555* 
.555c 

0.5545 
.554c 
.5535 
.5531 
.5526 

0.5521 
.5516 
.55" 
.5506 

.5501 
0.549? 
.5492 
.5487. 
.5482: 
.5477: 

o.5472« 
.54681 

.545« 


O.J 
.5444" 
.54393 
.54345 
.54298 

0.54^ 

Tan. 


w 

HI 

^^HSsS 

■ 

is^i^'.'i 

I 

a. 

».,■.. 

Cos.           D 

■"■ 

Tan. 

...... 

Cot. 

1 

^ 

1 

9.9811SJ1 

9- 457.196 

K5 

0541504 

fio 

■ 

7» 

:|1".5 

6q 

■  45*4*9 

■"i 

S^l^l 

1 

6j 

.45»9IS 
-4SM"° 

;:i 

iyitaS 

5 

■ 

«S 

9-459875 

.S7 

0.S4O1I5 

■ 

973 

:» 

61 

:a 

.539651 
-539177 

H 

I 

E 

':£ 

-98>55' 

ll 

■461197 
.461770 

■338705 
■S3813P 

3" 

1 

9.982477 

6a 

9.46»43 

30 

■ 

.981U. 

■46'7.! 

IT', 

8 
S 

■ 

S 

■il 

fo 

.464118 

li 
II 

•iii 

1 

% 

9^981,94 

■98»i57 

4 

^^ 

-5344fil 
.533991 

1 

1 

t'.lD 

.^8, 

(a 

:f6^ 

43 

1 

.il8,nS 

.4«477 

1 

1 

11 

".g 

1 

9-466945 

■.sa 

II 

0.533055 

i 

.981849 

63 

9.4691S0 

0,530710 

33 

^ 

7^3 

■469746 

til 

is'SS! 

34 

488 
•913 

?:!! 

.98iacs 

.9*11774 

fi3 

.471141 

III 

:se 

SI 

J 

9-981737 

0.51S39S 

3D 

■ 

•H 

7-w 

■.%^, 

S3 

■  47»69 

7-7" 

:s»7^ 

n 

■ 

'k 

7-<« 

.9815S7 

i 

■47'99S 
■  473457 

II 

li 

-S»56l9 

•sis'sa 
.5J4697 

■ 

■  9»i399 

■475763 

■  514137 

a 

?:« 

9.981361 

i 

9-476n3 
.476683 

1 

■51 '941 

i 

1 

ft.  97 

9.981.71 
■981133 

■  98t°M 
.gi057 
.981019 

9.478517 
■478975 

0.51.483 

:^55 

;| 

1 

9.980981 

i 

9.480801 

0-519199 

s 

.98««» 

-*8iJS7 
.4817" 
.*8a>67 

B 

■517833 

! 

J 

m 

i« 

1 
1 

.481611 
9-483075 

7- 37 

.i:g!l 

■ 

1 

9^485339 

7:55 

:r,s 

.5155*5 

o:ilj66? 

1 

K 

D.  <". 

Bin.          D 

1". 

Cot. 

D.  I". 

Tia. 

iT 

V 

I 

>r 

■ 

S3 

J 

17' 


TABI.5  Xin.— I.OGARITHMIC  SIN^, 


M. 


o 

z 

2 

3 


I 


xo 

XI 

xa 
13 
X4 

11 

X9 

ao 
ax 
aa 
33 

34 


39 

30 

3X 
33 
33 
34 

11 

39 

40 
41 
43 
43 
44 

^ 

47 
48 
49 

50 
51 
53 
53 
54 

P 

57 
58 


v 


Sin. 


9-465935 
46634S 
466761 

467173 
467585 
467996 
468407 
468817 
469227 

469637 

470046 

470455 
470803 
471271 
471679 
472086 
472492 
472898 

473304 
473710 

474"5 
474519 
474923 
475327 
475730 
476133 
476536 
476938 

477340 
477741 
478142 
478542 
478942 
479342 

479741 
480140 

480539 
480937 
481334 
481731 

482128 
482525 
482921 
483316 
483712 
484107 
484501 
484805 
485289 
485682 

486075 
486467 
486860 

487251 
487643 
488034 
488424 
488814 
489204 

489593 
489982 

Cos. 


D.  I 


// 


Cos. 


D.  1 


// 


6.88 
6.88 
6.87 
6.87 
6.85 
6.85 
6.83 
6.83 
6.83 
6.82 

6.82 
6.80 
6.80 
6.80 
6.78 
6.77 

6.77 
6.77 
6.77 
6.75 

6.73 
6.73 
6.73 
6.72 

6.72 
6.72 
6.70 
6.70 
6.68 
6.68 

6.67 
6.67 
6.67 
6.65 
6.65 
6.65 
6.63 
6.62 
6.62 
6.62 

6.62 

6.60 

6. 

6. 

6. 

6. 

6. 

6. 


58 
57 
57 
57 


6.55 
6.55 

6.53 

6.55 
6.52 

6.53 
6.52 
6.50 
6.50 
6.50 
6.48 
6.48 


/ 


D.  I 


9.980596 

980558 
980519 
980480 
980442 
980403 
980364 
980325 
980286 
980247 

980208 
980169 
980130 
980091 
980052 
980012 

979973 
979934 
979895 
979855 

979816 
979776 
979737 
979697 
979658 
979618 

979579 
979539 
979499 
979459 

979420 
979380 

979340 
979300 
979260 
979220 
979180 
979140 
979100 
979059 

979019 
978979 

978939 

978858 
978817 
978777 

978737 
978696 

978655 
978615 
978574 
978533 
978493 
978452 
97841 I 

978370 

978329 
978288 
978247 
978206 

Sin. 


.63 
.65 
.65 
.63 
.65 
.65 
.65 
.65 
.65 
.65 

.65 

.65 
.67 
.65 
.65 
.65 
.67 
.65 

.67 
.65 
.67 

.67 

.67 
.67 
.67 
.65 

.67 
.67 
.67 
.67 
.67 
.67 
.67 
.67 
.68 

.67 

.67 
.67 
.68 

.67 
.68 

.67 
.67 
.68 
.68 
.67 

.68 
.68 

!68 
.68 
.68 
.68 
.68 
.68 
.68 


"i  ^-  ^''  ii 


^4 


Tan. 


485339 

485791 
486242 

486693 

487143 

487593 
488043 

488492 

488941 

489390 

489838 
490286 

490733 
491 180 

491627 
492073 
492519 
492965 
493410 

493854 

494299 

494743 
495186 

495630 
496073 
496515 
496957 
497399 
497841 
498282 

498722 
499163 
499603 
500042 
500481 
500920 

501359 
501797 
502235 
502672 

503109 
503546 
503982 
504418 
504854 
505289 
505724 
506159 
506593 
507027 

507460 
507891 
508326 

508759 

509191 
509622 

510054 

510485 

510916 

5"346 

511776 

Cot. 


D.I 


n 


7.53 
7.52 
52 
50 
50 
50 
48 
48 
48 
47 


7.47 
7.45 
7-45 
7.45 
7.43 
7-43 
7.43 
7.42 
7.40 
7.42 

7.40 
7.38 
7.40 
7.38 


7. 
7- 
7. 
7- 
7. 
7- 


37 
37 
37 
37 
35 
33 


7.35 
7.33 
7.32 
7.32 
7.32 
7-32 
7.30 
7. 30 
7.38 
7.28 

7.38 

7.27 
7.27 
7.27 
7.25 
7.25 
7.25 

7-23 
7.23 
7.2a 

7.  aa 
7.22 
7.22 
7.ao 
7.18 
7.ao 
7.18 
7.18 
7.17 
7. 17 

D.  I". 


o.. 


.5 

.5 
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.5c 
.50 
.50 
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.500 
.499 
.499 

^1 

.498 
.497 
.497 
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.496 
.496 
.49S 
.495 

0.494 
.494 
.49$ 
.493 
.49* 

^m 

.492 
.49* 
.491 
.49^ 
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p 

m 
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■ 

r — 
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1 

1 

s 
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I 

11 
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•SI 

7:oj 
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13 

1 
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t?^ 

a 
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9.5545" 
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1° 

H 
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:ii 
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.475060 

d 
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::2 

6.13 

:« 

:p 

t$ 
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l£ 

9.97674s 
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11 

IS 

" 

-.•m. 

Ito 
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■4 
■3 

% 

.OT«i7 
■  976574 

\i 

IIST 

■B 

I 

6.J1 
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-976361 

'■i 
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is>«3S 
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^ 

J 
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a.ii> 
£.18 

G.tB 

■  73 

:S^ 

:SS 

|S 

9.W6318 

'■7' 

9-S3078I 

■53|^96 

-46B3S9 

2 
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9.976101 

9.53>8S3 

0.467147 

.976060 

-533>66 
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-466734 

9 

.976017 

•  533*79 

.4663>1 

1 

-975974 

■'J 

!S345J4 

6.8s 
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M 

i 

S 
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■.v,^ 

'.11 

■  535318 

:»■ 

ts 

.97S757 

:i 

.536561 

9M697> 

.  4*3850 

o:;^|oil 

J 

2^ 

Slo. 

D.  1". 

Cot. 

D.  1-. 

T«..       iM. 

r 

85 

T 

.i 
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TABI^E  Xni.— I^OGARITHMIC  SmHS, 


M. 


o 

I 
a 
3 
4 

i 


xo 

XX 
X3 

X3 
14 

:i 

x8 

31 
33 

as 

24 


3 

39 

30 

31 
3a 

33 

34 


37 
38 
39 

40 
41 
42 
43 
44 

Ji 

47 
48 
49 


50 
51 
53 
53 
54 
55 
56 
57 
58 

59 
60  9 


Sin. 


9.512642 
513009 
513375 
51374 1 
514107 
514472 

514837 
515202 

515566 

515930 

516294 

516657 

517020 

517382 

517745 
518107 

518468 

518829 

519190 

519551 

519911 
520271 

520631 

520990 

521349 
521707 

522066 

522424 

522781 

523138 

523495 
523852 
524208 

524564 
524920 

525275 
525630 

525984 
526339 
526693 

527046 
527400 

527753 
528105 

528458 
528810 
529161 

529513 
529864 

530215 


530565 
530915 
531265 

531614 
531963 
532312 
532661 
533009 
533357 
533704 
534052 


Cos. 


D.  I 


// 


6. 12 
6.10 
6.10 
6. 10 
,08 
,08 
08 
07 
07 
07 


6. 
6. 
6. 
6. 
6. 
6. 


6.05 
6.05 
6.03 
6.05 
6.03 
6.02 
6.02 
6.02 
6.02 
6.00 


6. 
6. 

5- 
5- 
5. 
5. 
5- 
5. 
5. 


00 
00 
98 
98 
97 
98 
97 
95 
95 


5.95 


5- 
5. 
5- 
5- 
5- 
5- 
5- 
5- 
5- 
5- 


95 
93 
93 
93 
92 
92 

90 
92 
90 

88 


5-90 

5.88 

87 
85 
87 
85 
85 


5.83 


83 
83 
82 
82 
82 
82 
80 
80 

78 
80 


D.  1 


// 


Cos. 


975670 
975627 
975583 
975539 
975496 
975452 
975408 

975365 
975321 
975277 

975233 

975189 

975145 
975101 

975057 

975013 
974969 

974925 
974880 
974836 

974792 
974748 

974703 
974659 
974614 

974570 
974525 
974481 
974436 
974391 

974347 
974302 

974257 
974212 

974167 
974122 

974077 
974032 
973987 
973942 

973897 
973852 
973807 
973761 

973716 
973671 
973625 
973580 

973535 
973489 

973444 
973398 
973352 

973307 
973261 

973215 
973169 
973124 
973078 
973032 
972986 


Sin. 


D.  I 


// 


72 
73 

73 

72 

73 

73 
72 

73 
73 
73 

73 
73 
73 
73 
73 
73 
73 
75 
73 
73 

73 
75 
73 
75 
73 
75 
73 
75 
75 
73 

75 
75 
75 
75 
75 
75 
75 
75 
75 
75 

75 
75 
77 
75 
75 
77 
75 
75 
77 
75 

77 
77 
75 
77 
77 
77 
75 
77 
77 
77 


D.  I 


n 


Tan. 


536972 
537382 

537792 
538202 
538611 
539020 

539429 
539837 
540245 
540653 

541061 
541468 

541875 
542281 
542688 
543094 
543499 
543905 
544310 
544715 

545119 
545524 
545928 

546331 
546735 
547138 
547540 
547943 
548345 
548747 

549149 
549550 
549951 
550352 
550752 

551 153 
551552 

551952 
552351 
552750 

553149 
553548 
553946 
554344 
554741 
555139 
555536 
555933 
556329 
556725 

557121 

557517 

557913 
558308 

558703 
559097 
559491 
559885 
560279 
560673 
561066 


Cot. 


D.  I 


tf 
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6.83 
6.82 
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6.80 
6.80 
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6.78 
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6.77 
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6. 
6. 
6. 
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73 
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6.60 
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6.57 
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TABLE  XIII.— LOGARITHMIC  SINKS, 


M. 
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38 
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41 
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43 
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54 
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56 
57 
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Sin. 


5543^ 

554b' 

5549»7 

555315 

555043 

555971 

556299 

556626 

556953 
557280 

557606 

557932 
558258 

558583 
558909 
559234 
559558 

559883 
560207 

560531 

560855 

561178 

561501 
56182A 

562146 

562468 

562790 
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563433 

563755 

564075 
564396 
564716 
565036 
565356 
565676 
565995 
566314 
566632 

566951 

567269 

567587 
567904 
568222 

568539 
568856 

5fK)i72 

5694S8 
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570120 

570435 
570751 
571066 

571380 

571695 
572009 

572323 
572636 

572950 
573263 
573575 
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43 
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30 
32 
30 

30 
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28 
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23 
23 
22 
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970152 
970103 
9700; 


969957 

969909 
969860 
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969762 

969714 
969665 

969567 
969518 

969469 
969420 

969370 
969321 
969272 

969223 

969173 
969124 
969075 
25 


968926 
968877 
968827 

968777 
968728 

968678 
968628 
968578 
968528 

968479 
968429 
968379 
968329 
968278 
968228 

968178 
968128 
968078 
968027 
967977 
967927 
967S76 
967S26 

967775 
967725 

967674 
967624 

967573 
967522 
967471 
967421 
967370 
967319 
967268 
967217 
967166 

Sin. 


D.  I". 


.82 
.80 
.82 
.82 
.80 
.82 
.82 
.82 
.80 
.82 

.8a 
.82 
.82 
.82 
.82 

.83 
.82 
.82 
.82 
.83 

.82 

.82 

.83 
.82 

.83 
.82 

.83 
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.82 

.83 

.83 
.83 
.83 
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.83 
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.85 
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.83 
.85 
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.85 
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.85 
.85 
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•  85 
.85 
.85 
.85 
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D.  I". 


Tan. 


^l 


9.584177 
584555 
584932 
585309 

5?^39 
586815 

587190 
587566 

587941 
588316 
588691 
589066 
589440 
589814 
590188 
590562 
590935 
59i3<» 

591681 

592054 
592426 

592799 
593171 
593543 

5939»4 
594285 

594656 

595027 

595398 
595768 
596138 
59650S 

596M 
597247 
597616 

597985 
598354 
598722 

599091 
599459 
599827 
600194 
600562 
600929 
601296 
601663 
602029 
602395 

602761 
603127 

603493 
603858 
604223 
604588 

604953 
605317 
605682 
606046 
606410 

Cot. 


D.  1". 


6.30 
6.26 
6.28 
6.28 
6.27 
6.28 
6.27 
6.25 
6.27 
6.25 

6.25 
6.25 
6.25 

6.23 
6.23 

6.23 
6.23 
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6. 12 
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6.08 
6.08 
6.08 
6.07 
6.08 
6.07 
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0. 


D.  1 


tf 


IX I 


s& 


n""' 


TABI^E  XHL— LOGARITHMIC  SINES, 
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ag 
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31 

32 

33 

34 

3 

3' 

37 

38 

39 

40 
41 
42 
43 
44 

47 
48 
49 

50 
51 
52 
53 
54 
55 
56 
57 
58 


'3 


Sin. 


9 


591878 
592176 

592473 
592770 

593067 
593363 
593059 
593955 
594251 
594547 

594842 

595137 
595432 

595727 
596021 

596315 
596609 

596903 
597196 

597490 
597783 


598075 
598368 
598660 


598952 
599244 
599536 
599827 
6001 18 
600409 

600700 
600990 
601280 
601570 
601860 
602150 
602439 
602728 
603017 
603305 

603594 
603882 

604170 

604457 
604745 

605032 

605319 
605606 

605892 

606179 

606465 
606751 
607036 
607322 
607607 
607892 
608177 
608461 
608745 
609029 
609313 

Cos. 


D.  I". 


4 
4 
4 
4 
4 
4 
4 
4 
4 
4 

4 
4 
4 
4 
4 
4 
4 
4 
4 
4 

4 
4 
4 
4 
4 
4 
4 
4 
4 
4 

4 
4 
4 
4 
4 
4 
4 
4 
4 
4 

4 
4 
4 
4 
4 
4 
4 
4 
4 
4 

4 
4 
4 
4 
4 
4 
4 
4 
4 
4 

D.  I 


97 

95 

95 

95 

93 

93 

93 

93 

93 
92 

92 
92 
92 
90 

90 
90 
90 

88 


87 
88 

87 
87 
87 
87 
85 
85 
85 
85 

83 
83 
83 
83 
83 
82 
82 
82 
80 
82 

80 
80 

78 
80 

78 
78 
78 
77 
78 
77 

77 
75 
77 
75 
75 
75 
73 
73 
73 
73 


Cos. 


964026 

963972 
963919 

963865 
96381 1 

963757 
963704 

963650 
963596 
963542 

963488 

963434 

963379 

963325 
963271 

963217 

963163 

963108 

963054 

962999 

962945 
962890 
962836 
962781 
962727 
962672 
962617 
962562 
962508 
962453 
962398 

962343 
962288 

962233 

962178 

962123 

962067 

962012 

961957 

961902 

961846 
961791 

961735 
961680 
961624 
961569 

961513 
961458 
961402 
961346 

961290 

961235 
961 179 

961123 

961067 

961011 

960955 
960899 

960843 

9607S6 

960730 

Sin. 


D.  I". 


90 

88 

90 
90 
90 

88 

90 
90 
90 
90 

90 
92 
90 
90 
90 
90 
92 
90 
92 
90 

92 
90 
92 
90 
92 

92 
92 
90 

92 
92 

92 

92 
92 

92 
92 

93 
92 
92 
92 
93 

92 
93 
92 
93 
92 
93 
92 
93 
93 
93 

92 
93 
93 
93 
93 
93 
93 
93 
95 
93 


D.  I 


n 


Tan. 


9.627852 
.628203 
.628554 
.628905 
.629255 

9.629606 
.629956 
.630306 
.630656 
.631005 

9-631355 
.631704 

.632053 
.632402 
.632750 
9.633099 
.633447 
.633795 
.634143 
.634490 

9.6348^8 

.635185 

.635532 

.635879 
. 636226 

9.636572 

.636919 

.637265 
.637611 

.637956 

9.638302 
.638647 
.638992 

.639337 
. 639682 
9.640027 
.640371 
.640716 
.641060 
.641404 

9.641747 
.642091 

.642434 
.642777 
.643120 
9.643463 
.643806 
.644148 
.644490 
.644832 

9-645174 
.645516 

.645857 
.646199 
. 646540 
9.646SS1 
.647222 
.647562 

.647903 
.648243 

9.648583 
Cot. 


D.  z 


n 


5.85 
5.85 
5.85 
5.83 
5.85 
5.83 
5-83 
5-83 
5-82 

5-83 

5- 8a 
5-82 
5.82 
5.80 
5.82 
5.80 
5.80 
5-80 

5-78 
5-80 

5.78 
5.78 
5-78 
5-78 
5-77 
5-78 
5.77 
5-77 
5-75 
5.77 

5-75 
5.75 
5-75 
5-75 
5-75 
5-73 
5-75 
5.73 
5-73 
5-72 

5.73 
5-72 
5.72 
5-72 
5.72 
5.72 
5.70 
5.70 
5-70 
5-70 

5.70 
5.68 

5-70 
5-^8 
5.6.S 
5.68 

5.67 
5.68 

5-67 
5-67 

jC 


D.  I' 


90 


Wfalum. 


I  AMD  eaiAx&niiva, 


.96*74 

;96n56i 
.9S0506 
9.560446 


0.3480JS  I 
.34J68S  , 
-347J50  ■ 
-3470"  ■ 
.34M74     . 

0.346337  i 
,346?«     ■ 

■  34S«3     ■ 

■  J4S3* 
.344989    ■ 

0.34465J    ■ 


*1" 

.91^19 
.MS56' 
■  958503 

'■95S3S7 


9.9578*3 
.M7«7 


.M74SJ 


9.658701 
' -19039 

am 


.66304' 
-663375 

9.6637CF7 

-664703 
■  665035 


9.66JOJ1 

;66M343 


o,33»979 

■  531987 
.331657 


a?" 


TABI^E  XIII.— I.OGARITHMIC  SIN^ 


M. 


Sin. 


o 

z 

9 

3 


I 

9 

xo 
zx 
xa 

13 
14 

\l 
\l 

X9 

ao 
ax 
aa 
as 

30 

3x 
33 
33 
34 
35 
36 

38 
39 

40 
4x 
43 
43 
44 

rs 

49 

50 
51 
5a 
53 
54 
55 
56 

p 


9-657047 
.657295 
.657542 
.657790 
.658037 

9.658284 

.658531 
.658778 

.659025 
.659271 

9.659517 
.659763 
.660009 
.660255 
.660501 

9. 660746 
.660991 
.661236 
.661481 
.661726 

9.661970 
.662214 
.662459 
.66270^ 
.662946 

9.663190 
.663433 
.663677 
.663920 
.664163 

9.664406 

.664648 

.664891 

.665133 

.665375 
9.665617 

.665859 
.666100 
.666342 
.666583 

9.666824 
.667065 
.667305 
.667546 
.667786 

9.668027 
.668267 
.668506 
.668746 
.668986 

9.669225 
.669464 
.669703 
.669942 
.670181 

9.670419 
. 670658 
.670896 
.671134 
.671372 

9.671609 


Cob. 


D.I 


// 


.12  I 

•13 
.12 

.12 

.12 

.  12 

.12 

.  10 

.  10 

.10 
.  10 
.10 
.10 
.08 
.08 
.08 
.08 
.08 
.07 

•07 
.08 

•07 

•05 
.07 

•05 
.07 

•05 
•05 
•05 

.03 
•05 
.03 
.03 
•03 

.03 
.02 

.03 
.02 
.02 

.02 
.00 
.02 
.00 
.02 
.00 
.98 
,00 
.00 
3.98 

3.98 
3.98 
3.98 
3.98 
3-97 
3.98 
3.97 
3.97 
3.97 
3.95 


D.  I". 


Cob. 


949881 
949816 

949752 
949688 
949623 

949558 
949494 

949429 

949364 
949300 

949235 
949170 

949105 

949040 

948975 
948910 

948845 
948780 

948715 
948650 

948584 
948519 

948454 
948388 

948323 

948257 
948192 

948126 

948060 

947995 

947929 
947863 
947797 
947731 
947665 
947600 

947533 
947467 

947401 
947335 

947269 
947203 
947136 
947070 
947004 

946937 
946871 
946804 
946738 
946671 

946604 

946538 
946471 
946404 

946337 
946270 
946203 
946136 
946069 
946002 

945935 


Sin. 


D.  I". 


08 
07 

07 
08 

08 

07 
08 

08 

07 

08 

08 
08 
08 
08 
08 
08 
08 
08 
08 
10 

08 
08 
10 
08 
10 
08 
10 
10 
08 
10 

10 
10 
10 
10 
08 
12 
10 
10 
10 
10 

10 
12 
10 
10 
12 
10 
12 
10 
12 
12 

10 
12 
12 
12 
12 
12 
12 
12 
12 
12 


Tan. 


1 1 


!,  9 


■  I 


707166 
707478 

707790 
708102 

708414 
708726 

709037 

709349 
709660 

709971 


0282 
0593 
0904 
1215 

1525 
1836 
2146 

2456 
2766 

3076 

3386 

3696 

4005 

4314 
4624 

4933 
5242 

5551 
5860 

6168 

6477 

6785 

7093 
7401 

7709 

8017 

8325 

8633 
8940 

9248 


9555 
9862 

720169 

720476 

720783 

721089 

721396 

721702 

722009 

722315 

722621 
722927 
723232 
723538 
723844 
724149 

724454 
724760 

725065 

725370 

725674 


D.  1".  [[     Cot. 


D.I' 


2( 

2C 

20 

20 

20 

18 

20 

8 
8 
8 

8 
8 
8 

7 
8 

7 
7 
7 
7 
7 

7 
5 
5 
7 
5 
5 
5 
5 
3 
5 

3 
3 
3 
3 
3 
3 

3 

2 

3 

2 

2 
2 
2 
2 
o 
2 
o 

2 
O 

o 

o 

oS 

o 

o 

08 

oS 
10 
08 
08 
07 


a 


D.  I 


// 


rv  * 


^Sow5! 


XANorarrs  aKd  cot&nc^ntb. 


».. 

...". 

=... 

0,1". 

T...        D. 

=.,. 

397           5 
3. 95 

W3*>o 

\'M 

9-  7'3«74        J 

t        ° 

1743"* 

So 

§ 

3^95 

?JI^ 

'iM 

9'7J7197        ; 

i 

173108 

% 

g»!95 

j:^     9 

MM98 

07  " 

172803 

u 

S 

''M 

i;S  1 

iS 

>*raw 

3-93 

9453^ 

.7«4"      ; 

» 

ft 

.9' 

94SJ6' 

9.718716. 

.71184  i  so 

SI 

\:\] 

05 

^;:^?;  1? 

§ 

^H 

Mi 

in 

OS 

Iri'  '* 

:§^ 

944718 
944650 

I'ij 

°s 

IhHhsa  '  4J 

3^90         ' 

944581 

9.73I74« 

B 

9M5U 

.73»48 

^^■^' 

13 

■ 

ll  , 

'.ea 

W444S 

as 

i'lf 

■73"955 

s 

167C49 
167347 
»670»S 

m 

944J4J 

9*4104 

i:ii 

"11 

? 

166743 
16S441 
166140 

" 

B 

sa 

i'i^ 

.734161 

-734463 

i 

ai 

s 

1- 

943859 
W3693 

9136'4 

J"" 

.73S969 

z 

as 
as; 

n 

1 

sS 

•  '.IS 

9-736>69 
.  736570 

41           ° 

& 

M 

m 

943348 

l^is 

,73^7°      ; 

M 

ss 

>i 

943179 

■  737471 

261519 

,S3 

943110 

l!.S 

",'ff,'   f 

0=           " 

1&.,19 
J6i9>9 

■0 
'1 

^ 
1 

943W3 

I:!s 

ill 

^ 

36(619 

56.3=9 

ll 

g 

94";* 

■ilS 

■ix 

^^ 

\l 

g 

5:^5 

:W    ! 

1S9831 

" 

M 

.83             ' 

s;i 

I,  IS 

'■S    < 

'^           ' 

'ssj.' 

lo 

g 

"fe 

sa 

i  '.g  i 

1 
7 

s 

1      ' 

S 

I'l' 

.7*196!     ; 

,5«o.^| 

6 
S 

U 

94  "19 

'■O 

"iS  ; 

.743156    ; 

97 

i 

?> 

941819 

9-7437S'        * 

15614a 

\* 

, 

D.  .".  , 

BID.       |D,  .".  i!  -Co..     ^D. 

tkii. 
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TABL^  Xin.— I^OCARITHMIC  SINSS. 


M. 


o 

X 

a 

3 

4 


I 

9 
xo 

XX 

xa 
X3 
14 

\l 
\l 

19 

ao 
ax 
aa 

as 
34 

II 

vj 
a8 
ag 

3o 

31 
3a 

33 
34 
35 
36 

38 
39 

40 
41 
4a 
43 
44 
45 
46 
47 
48 
49 

50 
51 
5a 
53 
54 
55 
56 
57 
58 

59 
60 


Sin. 


9-685571 
685799 
686027 
,686254 
686482 
,686709 
686936 
687163 
687389 
687616 

687843 
6SS069 
688295 
688521 

688747 
688972 
689198 
689423 
689648 
6S9873 

69009S 
690323 
690548 
690772 
690996 
691220 
691444 
691668 
691892 
6921 15 

692339 
692562 
692785 
693008 
693231 

693453 
693676 

693898 

694120 

694342 

694564 
694786 
695007 
695229 

695450 
695671 
695892 
6961 13 
696334 
696554 

696775 
696995 
697215 

697435 
697654 
697S74 
698094 

698313 
69S532 
698751 
698970 

Cos. 


D.  I". 


3 
3 
3 
3 
3 
3 
3 
3 
3 
3 

3 
3 
3 
3 
3 
3 
3 
3 
3 
3 

3 

3 
3 
3 
3 
3 

^" 
3 
3 
3 

3 
3 
3 
3 
3 
3 
3 
3 
3 
3 

3 
3 
3 
3 
3 
3 
3 
3 
3 
3 

3 
3 
3 
3 
3 
3 
3 
3 
3 
3 


80 
80 

78 
80 

78 
78 
78 

78 
78 

77 
77 
77 
77 
75 
77 
75 
75 
75 
75 

75 
75 
73 
73 
73 
73 
73 
73 
72 
73 

72 
72 
72 
72 
70 
72 
70 
70 
70 
70 

70 
68 
70 
68 
68 
68 
68 
68 

67 
68 

67 
67 
67 

65 
67 
67 
65 
65 
65 
65 


Cob. 


D.  i". 


941819 

941749 
941679 

941609 

941539 
941469 

941398 
941328 
941258 
941187 

941117 
941046 

940975 
940905 
940834 
910703 
940093 
940622 

940551 
940480 

940409 

940338 
940267 
940196 
940125 
940054 
939982 
93991 I 
939840 
939768 

939697 
939625 

939554 
939482 

939410 

939339 
939267 

939195 
939123 
939052 

938980 
938908 
938836 

938763 
938691 

938619 

938547 

938475 
938402 

938330 

938258 

938185 

.938113 
. 938040 

.937967 

937895 
.937822 

.937749 

,937676 

937604 

9-937531 
Sin. 


D.  i". 


17 
i7 
17 
17 
17 
18 

17 
17 
18 

17 

18 
18 

17 
18 

18 

17 
18 

18 

18 

18 

18 
18 
18 
18 
18 
20 
18 
18 
20 
18 

20 
18 
20 
20 
18 
20 
20 
20 
18 
20 

20 
20 
22 
20 
20 
20 
20 
22 
20 
20 

22 
20 
22 
22 
20 
22 
22 
22 
20 
22 


Tan. 


!  9 


D.  I' 


743752 
744050 
744348 
744645 
744943 
745240 
745538 
745835 
746132 
746429 

746726 

747023 

747319 
747616 

747913 
748209 

748505 
748801 

749097 
749393 

749689 

749985 
750281 

750576 
750872 
751167 
751462 

751757 
752052 

752347 
752642 
752937 
753231 
753526 
753820 

754115 
754409 
754703 
754997 
755291 

756172 
756465 
756759 
757052 
757345 
757638 

757931 
758224 

758517 
758810 

759102 

759395 
759687 

759979 
760272 

760564 
760856 
761 148 
761439 

Cot. 


D.I 


// 


4.97 
4.97 
4.95 
4.97 
4.95 
4-97 
4.95 
4.95 
4.95 
4.95 

4.95 
4.93 
4.95 
4.95 
4.93 
4-93 
4-93 
4-93 
4-93 
4-93 

4.93 
4.93 
4.92 

4.93 
4-92 
4.92 

4.92 
4.92 

4-92 
4.92 

4-92 
4.90 

4-92 
4.90 
4.92 
4.90 
4.90 
4.90 
4.90 
4.90 

4.88 

4.S 

4.S 
4.88 
4.88 
4.88 
4.88 
4. 88 

4.88 

4-87 
4.88 
4.87 
4.87 
4.88 
4.87 
4.87 
4.87 
4.85 


D.  I 


// 


o. 


.2 
0.2 
.2. 
.2< 
.24 
.24 

0.24 
.24. 

.24t 

.246 
.246 

o.24f 
.245 
.245 
.245 
.244 

0.244 
.244 
.243 
.243 
.243 

0.34^ 
.243 
^243 
.242 
.241 

0.241 

.241 
.24c 
.24c 
.24c 
0.24c 
.239 
.?3S 


o.^ 
Tan 


ig 


96 


■ 

pi 

m 

f^^ffiS^i; 

a.            149 

p 

1 

iti 

J.|3 

F-=- 

„,,... 

T.B. 

..■■.. 

Cot. 

Co 

95 

.9373" 
.937Jg 

il 

9- 7* '139 

4- 87 

1 

":2i 

iw^ 

1:« 

.763479 
.703770 

.WiSJ. 

-136130 

s» 

■ft     T*>9i3 

3^63 

,764061 

S' 

Ifl  s  ■"  f 

9-W«7» 

9- 764351 

•1 

4.83 
4.8s 

0.23564a 

3)6) 

■93665J 

!;« 

.76«(«3 

:§ 

li 

.936578 

i:i 

;^a 

0.  J34IM 

43 

3.6, 
3.60 

.936"a 
.  936136 

il 

1 

■  i333« 
.aj3gjs 

4* 

41 

'■^ 

9.7*7155 

4.  S3 

40 

n 

s 

iii 

i^S 

1 

1 

ti 

.9355)3 
■  9554*9 

l:?l 

1 

.130719 

.?3aU9 

1 

TDS^M 

f.-f' 

31 

706316 

E 

9.9353" 
.93SM6 

il 

9-770148 

il 

'3{ 

5 

11 

^§ 

I:« 

''??ii 

.77216S 

4.  Mo 

°'.V^ 

s 

.707180 

i9M7JJ 

Isl 

.7073M 

.934649 

: 77=745 

■  "T5S 

^S 

3^55 

9.9H574 

::S 

'IS 

4.a> 

.3*679 

10 

,1 

1 

9wm 

i:i 

JH 

3:78 

iiisSi* 

ii 

b 

^53 

1:^1 

'IE? 

4. So 

4-78 

'■S 

if 

g 

9.9338" 

i 93367^ 
-933596 

!J5 

-7767'>9 

::?! 
!•?? 

'.  2x3131 

1 

7 

■^ 

is' 

lijS 

.777055 

J:?l 

^'^ 

b 

Is 

is) 

■9333*9 

I:  J? 

"^'.Vm^ 

XV^ 

•si 

r.tiuig 

■5a 

i93J»7 

:"8^J 

A.]l 

Is 

ijo 

,:» 

i:S 

.7784SS 
9.778774 

.iSIK 

— 

Dm. 

0. 1". ; 

Sin. 

D.  .". 

c. 

D.l". 

^«. 

^ 

97 

■ 

29 


TABI,^  XIII.— I^OGARITHMIC  SINES, 


9 


Sin. 


9-685571 
685799 
686027 
686254 
686482 
6S6709 
686936 
687163 
687389 
687616 

687843 
688069 
688295 
688521 
688747 
688972 
689198 
689423 
689648 
689873 

69009S 
690323 
690548 
690772 
690996 
691220 

691444 
691668 
691892 
692115 

692339 
692562 
692785 
693008 
693231 

693453 
693676 

693898 
694120 

694342 

694564 
694786 
695007 
695229 

695450 
695671 

695892 

696113 

696334 

696554 

696775 
696995 

697215 
697435 
697654 
697874 
698094 
698313 
698532 
.698751 


60    9. 698970 


Coa. 


D.  1". 


3- 80 
3.80 

3.78 
3.80 

3.78 
3.78 
3.78 
3.77 
3.78 
378 

3-77 
3.77 
3.77 
3-77 
3.75 
3.77 
3.75 
3-75 
3.75 
3.75 

3.75 
3.75 
3-73 
3.73 
3-73 
3.73 
^.73 
3-73 
3-72 
3.73 

3.72 
3.72 
3-72 
3- 72 
3.70 
3-72 
3- 70 

3.70 
3.70 

3.70 


70 
68 


3. 

3- 

3- 70 

3.68 

3.68 

3.68 

3.68 

3.68 

3-67 
3.68 

3.67 
3.67 
3.67 
3.65 
3-67 
3.67 
3-65 
3-65 
3- 65 
3-65 


D.  I". 


Cob. 


941819 
941749 
941679 
941609 

941539 
941469 

941398 
941328 
941258 
941187 

941117 
941046 

940975 
940905 

940834 

910763 
940693 
940622 

940551 
940480 

940409 
940338 
940267 
940196 
940125 
940054 
939982 

939911 
939840 

939768 

939697 
939625 

939554 
939482 

939410 

939339 
939267 

939195 
939123 

939052 

938980 
938908 
938836 
938763 
938691 
938619 

938547 

938475 
938402 

938330 

938258 

938185 

9381 13 
938040 

937967 

937895 
937822 

937749 
937676 

937604 
.93753^ 


D.  I 


/' 


Sin. 


•  17 

•  17 
.17 

•  17 

•  17 
.18 

.17 
.17 
.18 

.17 

.18 
.18 

.17 
.18 
.18 

.17 
.18 
.18 
.18 
.18 

.18 
.18 
.18 
.18 
.18 
.  20 
.18 
.18 
.  20 
.18 

.  20 
.18 
.  20 
.  20 
.18 
.  20 
.20 
.  20 
.18 
.  20 

.20 
.20 
.  22 
.  20 
.  20 
.20 
.20 
.  22 
.  20 
.20 

.  22 
.20 
.22 
.22 
.  20 
.  22 
.22 
.  22 
20 
1.2:2 


Tan.   D.  i". 


X>.i 


743752 
744050 

744348 
744645 
744943 
745240 
745538 

745835 
746132 

746429 

746726 

747023 

747319 
747616 

747913 
748209 

748505 
748801 

749097 
749393 

749689 

749985 
750281 

750576 
750872 
751167 
751462 

751757 
752052 

752347 
752642 
752937 
753231 
753526 
753820 

754115 
754409 
754703 
754997 
755291 

755585 
755878 
756172 

756465 
756759 
757052 
757345 
757638 

757931 
758224 

758517 
758810 

759102 

759395 
759687 

759979 
760272 

760564 

760856 


iig 


<^ 


" 

COSIMES,  TAKGBMTS  AMD  OOTAKOKStS.                j^ 

J 

»"■■ 

C„. 

D..-, 

1       T«B. 

-"■ 

Cot. 

.71481b 

3-U 

3.3 
3.3s 
3-3 

3-3S 

;.^ 

jiffl 

0.J041M 

to 

H 

57 

I      -7'Soi7 

.9^104 

■:  J 

-796913 

3' 68 

:S3oe; 

SB 

1    9.7a5'"9 

9.797194 

o.»iSq4 

M 

.7354" 
.713611 
-7^8i3 
.716024 

i.ja 

.7983.6 

.101516 

i 

» 

3-35 

9. 917629 

«ij3 

•:« 

S 

4.67 

):| 

4.W 
4-67 

"■"n^ 

49 

3^ 

; 917470 

■m'57 

:^3 

4i 

>       .7»S37 

■ftS 

.799437 

47 

3- 
3. 

1; 

J| 

9-7W997 

46 

1 

-   ii-r>s»7 

:  1  :?SS 

3.33 

fi 

''.^ 

-So. 955 

II 

0.19B604 
.19S31S 

:ir7^ 
o:;^lS 

40 

SI 

»  1  ■y'ssas 

\:ll 

.8o!iM 
.S03313 

4^65 

35 

'  '    .J*94" 

.9*>5S' 

'itomi 

-19691S 

■        .  7IS«I1 

.916S70 

■S0335I 

-196649 

»  ,   .r>9a» 

.916190 

.903630 

.196370 

39 

»       .7ioo"8 

.9Ki..a 

.803909 

4.4 

. 19609. 

3> 

3- 30 

9.i|»Soi9 

9.8041B7 

SI 

D.195813 

:!»;! 

■3 

liss 

.904466 

.S04745 

i'«35S 

n 

,;a 

3!  18 

9.9'^*> 

jl 

'bS^ 

:W 

1 

i  ;g;ffi 

11 

3,iS 

:'S& 

''■a 

Ito^ 

°:iss1 

% 

:g3 

.915384 

i'i 

[S^fej 

■1935S5 

H 

9.9JSJ" 

9.^697. 

1 

4:63 

0.193019 

-7*'7S* 
.731980 

3.  IS 

11 

9:g| 
-814634 

1:37 

,807149 

,.7U7«S 

.8C9193 

**6i 

'.\V-eo7 

.jaassi 

.809*71 

.190519 

1 

3.17 

.911083 

9. 9=400 1 

1'" 

9-911134 

.:S 

I 

3.13 

3.  as 

■9SS37 

l!" 

:8ii687 

::K 

l 

tw. 

.188036 

> 

P^ 

•■11 

!  811141 
9.8.5517 

*.fo 

.-.zs 

I 

P: 

D.  ■". 

.... 

D.  ,'■- 

Col. 

U-  .". 

Tm. 

J*. 

i. 

33' 


TABI*^  Xni.— I<OGARITHMlC  SIN^, 


M. 


o 

z 
a 

3 

4 

i 
i 

9 
xo 

XX 

za 

13 
M 

\l 
\l 

X9 

ao 
ax 
aa 
23 
34 

II 

vj 
a8 
ag 

3o 
31 
3a 

33 
34 


1 


39 

40 
41 
4a 
43 
44 

t 
% 

49 

50 
51 
53 
53 
54 
55 
56 
57 
58 


Sin. 


0. 

123 


9. 736109 

736303 
736498 

736602 

737080 

737274 
737467 
737661 

737855 
738048 
738241 

738434 
738627 
738820 

739013 
739206 

739398 

739590 

739783 

739975 
740167 

740359 
740550 
740742 

740934 
74"  25 

74 13 16 
741508 
741699 

741889 
742080 
742271 
742462 
742652 
742842 

743033 
743223 

743413 
743602 

743792 
743982 

744 I 71 
744361 
744550 

744739 
744928 

745"  7 
745306 

745494 
745683 

745871 
746060 
746248 
746436 
746624 
746812 

746999 
747187 
747374 
747562 


D.  I". 


Cos.     I  I).  I" 


23 

25 

23 

23 

23 

23 
22 

23 
23 
22 

22 
22 
22 
22 
22 
22 
20 
20 
22 
20 

20 
20 
18 
20 
20 

8 

8 
20 

8 

7 

8 

8 

8 

7 

7 
8 

7 
7 
5 
7 

7 
5 

7 
5 

5 
5 

5 
5 

3  I 

5 

3 
5 
3 
3 
3 
3 
2 

3 

2 


Cos. 


9.923591 
.923509 
923427 
.923345 
.923263 
,923181 

.923098 
, 923016 

.922933 
.922851 

922768 
922686 
922603 
922520 
922438 

922355 
922272 
922189 
922106 
922023 

921940 

921857 
921774 

921691 

921607 

921524 

921441 

921357 
921274 

921 190 

921 107 
921023 

920939 
920856 

920772 

920688 

920604 

920520 

920436 

920352 

920268 
920184 
920099 
920015 

919931 
919846 

919762 

919677 

919593 
919508 

919424 

919339 
919254 
919169 

919085 
919000 
918915 
918830 

918745 
918659 

918574 
Sin. 


D.  I". 


.37 
.37 
.37 
.37 

■3 
■3 
■3 

.3 
^38 

.38 
.38 

.38 

.38 
.38 
.38 
.40 
.38 
.38 
.40 
.38 
.40 
.38 

•  40 
.40 
.38 
.40 
.40 
.40 
.40 
.40 
.40 
.40 

.40 
.42 
.40 

•  40 

•  42 
.40 

•  42 
.40 
.42 

•  40 

.42 
.42 
.42 
.40 

•  42 
.42 
.42 
.42 

.43 
.42 


Tan. 


9. 81 2517 
812794 
813070 

813347 
813623 

813899 
814176 

814452 

814728 

815004 

815280 

g'5555 
81583 I 

816107 

816382 

816658 

816933 
817209 

817484 

817759 

818035 
818310 
818585 
8x8860 

819135 
819410 
819684 

819959 
820234 

820508 

820783 
821057 
821332 
821606 
821880 
822154 
822429 
822703 
822977 
823251 

823524 
823798 
824072 

824345 
824619 
824891 
825166 

825439 
82571 


713 
986 


\D. 


8251 

826259 
826532 
826805 
827078 

827351 
827624 

827897 

828170 

828442 

828715 

828987 

Cot. 


D.  X 


tf 


62 
60 
62 
60 
60 
62 
60 
60 
60 
60 

60 

58 
60 

58 
60 

58 
58 
60 

58 
58 
58 
58 
58 

58 
58 

57 
57 
57 

57 
57 
57 
55 

57 
57 
55 
57 
57 
55 
55 
57 
55 
55 

55 
55 
55 
55 
55 
55 
55 
53 
55 
53 


Cot. 


D.  I 


// 


o.  i874{ 
.i87at 

.1869- 
.i866« 
.1863J 
o.  1861C 
.18582 

.18554 
.18527 
.18499 

o.  18472 

.18444 
.18416 

.18389 

.18361 

0.18334 
.18306 
.18279 
.18251 
.18224 

o.  18196 

.18169 
.  18141 
.  I81I4 

.18086 

0.18059 
.18031 
.18004 

.1797^ 
.17949 

o.  17921 
.17894 
.I78« 
.I783< 
.1781: 

0.177& 
.1775: 
.1772' 
.1770 
.1767 

0.1764 
.1762 
.1759 
.1756 
.1753 

o.  1751 
.1748 
.•1745 
.1742 
.174c 

0.173/ 
.173^ 
.1731 
.172! 

.172< 

0.172; 

.172 

.171' 

.i7» 
0.171 

Tan 


100 


COSnTKS,  TANGENTS  AND  COTANGENTS. 


141 


In. 


7562 
774S 


Jl23 

8310 

1^ 

8870 
9056 
9243 

9429 
9615 

9801 

9987 
017a 

0358 
0543 
0729 
0914 
1099 
1284 

1469 

1054 

1839 
2023 

2208 
2392 
2576 
2760 

2944 

;i28 

312 

495 

579 
^2 

146 

29 
12 

95 


3 
) 


D.  I". 


3.12 
3." 
3.12 
3.12 
3.12 

3.10 
3.12 
3.10 
3.12 
3.10 

3.10 
3.10 
3.10 
3.08 
3.10 
3.08 
3.10 
3.08 
3.08 
3.08 

3.08 
3.08 
3.08 

3.07 
3.08 
3.07 
3.07 
3.07 
3.07 
3.07 

3.07 
3.05 
3.07 
3.05 

3.97 
3.05 

3.05 
3- 05 
3.05 
3.03 

3.05 
3.05 
3.03 
3.03 
3.03 
3.03 
3.03 
3.03 
3.03 
3.03 

3.02 
3.02 

3.03 
3.02 
3.02 
3.02 
3.02 
3. 00 
3.02 
3.00 


Cos. 


D.  i". 


Tan. 


8574 
8489 
8404 
8318 
8233 

8147 
8062 
7076 
7891 
7805 

7719 
7634 
7548 
7462 

7376 
7290 
7204 
7118 
7032 
6946 

6859 
6773 
6687 
6600 

6514 
6427 

6341 
6254 
6167 
6081 


42 

42 

43 
42 

43 
42 

43 
42 

43 
43 

42 
43 
43 
43 
43 
43 
43 
43 
43 
45 

43 
43 
45 
43 
45 
43 
45 
45 
43 
45 

45 
45 
45 
45 
45 
45 
45 
47 
45 
45 

47 
45 
47 
45 
47 
45 
47 
47 
47 
47 

47 
47 
47 
47 
47 
47 
47 
48 

47 
47 


828987 
829260 

829532 
829805 
830077 

830349 
830621 

830893 
831 165 

831437 

831709 

831981 
832253 

832525 
832796 

833068 

833339 
83361 I 
833882 

834154 

834425 
834696 
834967 
835238 

835509 
835780 
836051 
836322 

836593 
836864 

837134 
837405 
837675 
837946 
83S216 
838487 

838757 
839027 
839297 
839568 

839838 
840108 
840378 
840648 
840917 
841 187 

841457 

841727 
841996 

842266 

842535 
S42H05 

843074 
843343 
843612 
84.^S82 
844151 
844420 
S44689 
844958 
845227 


D.  1". 


Cot. 


X  I 


// 


Sin. 


I).  1' 


Cot. 


4.55 

0 

4.53 

4.55 

4.53 

4.53 

0 

4.53 

4.53 

4.53 

4-53 

4.53 

0 

4.53 

4.53 

4.53 

4.52 

4-53 

0 

4- 52 

4.53 

4.52 

4.53 

4.52 

0 

4.52 

4.52 

4.52 

4.52 

4.52 

0 

4.52 

4.52 

4.52 

4.52 

4-50 

0 

4.52 

4-50 

4.52 

■ 

4.50 

4.52 

0 

4.50 

4.50 

4-50 

4.52 

4.50 

0. 

4.50 

4.50 

4.50 

4.48 

4.50 

0 

4.50 

4-50 

4.48 

4-50 

4.48 

0 

4.50 

4.48 

4.4S 

4.48 

4.50 
4.48 

0 

4.48 

4.48 

4.48 

4.48 

0 

\ 


D.V 


A 


7IOI3 

60 

70740 
70468 

n 

70195 

57 

69923 

56 

69651 

5.5 

69379 

54 

%?s 

53 
52 

68563 

5X 

68291 

50 

68019 

Jl 

67747 

67475 

47 

67204 

46 

66932 

45 

66661 

44 

^^ 

43 
42 

65846 

41 

65575 

40 

65304 

11 

65033 

64762 

37 

64491 

36 

64220 

35 

63949 

34 

63678 

.33 

63407 

32 

63136 

31 

62866 

30 

62595 

n 

62325 

62054 

27 

61784 

a6 

6I5I3 

25 

61243 

24 

60973 

23 

60703 

22 

60432 

31 

60162 

ao 

59892 

\l 

59622 

59352 

17 

59083 

16 

58813 

15 

58543 

14 

58273 

13 

58004 

13 

57734 

IX 

57465 

10 

57195 

1 

56926 

5f'657 

7 

56388 

6 

56118 

5 

55849 

4 

55580 

3 

55311 

a 

55042 

X 

54773 

0 

1«>I1. 


X^vv, 


lOI 


TABI^B  Xin.— I<OGARITHMIC  SINKS, 


Sin. 


9.758591 
758772 
758952 
759132 
759312 
759492 
759672 
759852 
760031 
76021 I 

760390 
760560 

760748 
760927 
761106 
761285 
761A64 
761642 
76182 I 
761999 

762177 
762356 

762534 
762712 

762889 
763067 
765245 
763422 
763600 

763777 

763954 
764131 
764308 

764485 
764662 

764838 

765015 
765191 

765367 
765544 

765720 

766072 
766247 
766423 
766598 
766774 

766949 
767124 
767300 

767475 

767649 
767824 

767999 
768173 

768348 
768522 
768697 
768871 

,769045 
9. 76g2ig 


D.  \". 


3. 
3. 
3- 
3. 
3. 


,02 
,00 
,00 
,00 
,00 
3- 00 
3.00 
2.98 
3.00 
2.98 

2.98 
2.98 
2.98 
2.98 
2.98 
2.98 
2.97 
2.98 

2.97 
2.97 

2.98 

2.97 

2.97 

2.95 
2.97 

2.97 
2.95 
2.97 

2.95 
2.95 

2.95 
2.95 
2.95 
2.95 
2.93 
2.95 
2.93 
2.93 
2.95 
2.93 

2.93 

2.93 
2.92 

2.93 
2.92 

2.93 
2.92 

2.92 

2.93 
2.92 

2.90 
2.92 
2.92 
2.90 
2.92 
2.90 
2.92 
2.90 
2.90 
2.90 


Cos,     I  D.  I 


// 


Cos. 


909782 
909691 
909601 
909510 
909419 
909328 
909237 
909146 

909055 
908964 

908873 
908781 
908690 

908599 
908507 

908416 

908324 

908233 

908141 

908049 

90795S 


D.  I". 


9.845227 
.845496 

.845764 
.846033 
. 846302 
9.846570 
.846839 
.847108 
.847376 
.847644 

9- 847913 
.848181 

.848449 

.848717 

.848986 

9. 849254 

.849522 

.849790 
.850057 

.850325 

9.850593 
.850861 

.851129 

.851396 
.851664 

9-851931 
.852199 

. 852466 

•852733 
.853001 

9.853268 

.853535 
.853802 

.854069 

.854336 

9. 854603 

.854870 

.855137 
.855404 
.855671 

9.855938 
. 856204 
.856471 

.856737 

. 857004 

9.857270 

.857537 
.857803 

.858069 

.858336 

9.858602 
.858868 

.859134 
.859400 
.859666 
9.859932 
.860198 
.860464 


48 

47 
48 
48 

47 
48 
48 

47 
47 
48 

47 
47 
47 
48 
47 
47 
47 
45 
47 
47 

47 
47 
45 
47 
45 
47 
45 
45 
47 
45 

45 
45 
45 
45 
45 
45 
45 
45 
45 
45 

43 
45 
43 
45 
43 
45 
43 
43 
45 
43 


43 
43 
43 
43 
43 
43 
43 
43 


Sin. 


B.  1 


n 


\ 


Cox. 


T>.V 


COSINES,  TANGENTS  AND  COTANGENTS. 


143' 


2.88 
2.88 
2.88 
2.88 

2.88 
2.88 
2.87 
2.88 
2.87 
2.87 
2.87 
2.87 
2.87 
2.87 

2.87 
2.85 
2.87 
2.85 
2.87 
2.85 
2.85 
2.85 
2.85 
2.85 

2.83 
2.85 
2.83 
2.85 
2.83 
2.83 
2.83 
2.83 
2.83 
2.83 

2.82 
2.83 
2.82 
2.83 
2.82 
2.82 
2.82 
2.82 
2.82 
2.80 

2.82 
2.82 
2.80 
2.80 
2.82 
2.80 
2.80 
2.80 
2.78 
2.80 


Cos. 


D.  I 


// 


D.  /' 


9.907958 
.907866 

.907774 
.907682 

.907590 

9.907498 

.907406 

.907314 
. 907222 

.907129 

9-907037 

.906945 
.906852 

.906760 

.906667 

9-906575 
.906482 
.906389 
.906296 
.906204 

9.906111 
.906018 

.905925 
.905832 
.905739 
9-905645 
.905552 

.905459 
.905366 

.905272 

9-905179 
•905085 
.904992 
.904898 
.904804 

9.9047" 
.904617 

.904523 
.904429 
.904335 

9.904241 

.904147 

.904053 

.903959 
.903864 

9.903770 

.903676 

.903581 

.903487 
.903392 

9.903298 
.903203 
.903108 
.903014 
.902019 

9.902824 
.902729 
.902634 

.902539 
.902444 

9.902349 
Sin. 


53 
53 
53 
53 
53 
53 
53 
53 
55 
53 

53 
55 
53 
55 
53 
55 
55 
55 
53 
55 

55 
55 
55 
55 
57 
55 
55 
55 
57 
55 

57 
55 
57 
57 
55 
57 
57 
57 
57 
57 

57 
57 
57 
58 
57 
57 
58 
57 
5S 
57 

58 
58 
57 
.58 
58 
58 
58 
58 
58 
58 


Tan.       D.  i 


il 


9.861261 
.861527 
.861792 
.862058 
.862323 

9. 862589 
.862854 
.863119 
.863385 
.863650 

9.863915 
.864180 

.864445 

.864710 

.864975 

9. 865240 

.865505 

.865770 

.866035 

.866300 

9.866564 
.866829 
.867094 

.867358 

. 867623 

9. 867887 

.868152 

.16 


.868945 

9.869209 
.869473 
.869737 
.870001 
.870265 

9.870529 
.870793 
s 871057 
.871321 

.871585 

9-  871849 
.872112 
.872376 
. 872640 
.872903 

9.873167 

.873430 
.873694 

.873957 
.874220 

9.874484 

-874747 
.875010 

.875273 
.875537 
9-875800 
.876063 
.876326 

9.H771H 


r" 


Cot. 


38739 
38473 
38208 

37942 
37677 
374" 
37146 
36881 

36615 
36350 

36085 
35820 

35555 
35290 
35025 
34760 

34495 
34230 

33965 
33700 

33436 

33171 
32906 
32642 

32377 
32113 
31848 

31584 
31320 

31055 


28151 
27888 
27634 
27360 

27097 
26833 

26306 

26043 
25780 

255J6 

25253 
24990 

24727 

244^'3 

242r)0 
23937 


60 

% 

% 

55 

54 
53 
5a 

51 

50 

% 

47 
46 
45 
44 
43 
4a 
41 

40 

18 
37 
36 

35 
34 
33 
3a 

3X 


S 


D.  X 


// 


i 


o.\iv 


Imtv 


•"^^^\\ 


37° 

TABLS  XHL— LOGARITHMIC  SINttS, 

" 

Sin. 

...... 

Csi.         t 

..... 

T«. 

B.,... 

9-779463 

9-9UJJ49 

9-877114 

0 

i 

■  ngSji 
9-7803™ 

^78 
1.78 

9 

901967 
901585 

1 

■  58 

1 

:ISS 

"i 

9 

.780968 

.879*78 

!:5 

" 

"K 

ii 

9 

ii 

.60 

•iK 

*.37 

";!. 

^ 

:SSS 

9D11C16 

'.IM 

.8S0165 
.S805S 

S 

.ySittoo 

90.010 

.S80790 

"If 

iu 

' 

'.6a 

.B81314 

11 

"% 

900539 

!6o 

.saiut 

ill? 

31 

■:» 

J- 75 

9 

900433 

.60 

9,8Sn63 

^'37 

0.1T7" 

aa 

.TBjij? 

1'75 

900240 

'.d 

:"l 

4-35 

:i 

u 

49 

':IS 

.784^1 

t' 

' 

i 

'.60 
'./a 

.884719 

4-' 37 

is 

*• 

':;i:^?j 

S99467 

9.Sa49So 

3" 

j'?3 

S99370 

.865^3 

.1M75» 

31 

.784776 

n 

.114496 

33 

34 

.78494' 

173 

, 

■? 

4-35 

•:iii 

^ 

:iS 

>:73 

w 

'61 

<iS 

■■"i 

■TSSSW 

fl9S59» 

-63 

■B87333 

1:m 

.11*67 

44 

9.78608, 

ftAtw 

^gi^ 

0.11M06 

£ 

:i^n 

>:73 

SS 

^63 

I'm 

:s 

1 

.786579 

9:?^ 

^?3 

^ 

s 

1 
1 

;;s 

4' 35 

^ 

.7S7069 
-787331 

^7^ 

ss 

SI 

4-35 

.U0S39 

« 

.787SS7 

«97fiH 

.8S9943 

.1105S7 

SJ 

':?^?^ 

>^7> 

9 

Sq75<« 
«974'B 

.6^ 

':fe^ 

4-35 

o..09T9fi 
■  '"9535 

s» 

.7»to45 

697330 

.■091! 

,7ltWl 

8«»3 

:§^ 

■.X 

M 

.7SS.170 

8971 !3 

.^•w 

13 

•S| 

^jo 

' 

896Sa8 

t 

.B91038 

4^35 

.1079TJ 

.789=18 

896739 

.«9'3«9 

g 

9-789343 

>:;S 

, 

SSs 

■  4 

,:» 

*35 

o:Iw^ 

Co..     1  D.  1", 

::iD,       I 

i".,|      Col. 

D.  .". 

T.B. 

.895244 
-895145 

asi 

.«9*746 

.89,646 
9-894546 
.894446 
. 894346 
.  894*46 
.894146 

9.8^0(6 


.896971 
.897W 
■  S974SI 

,897751 


x 


..IIHSS* 
.1043^ 


J.i«*9i     ; 


.893444 
■893343 
.893*13 
.8931,2 
9-893041 


097840    i 

097580  ; 
.097063 


■S9'3J4 
.B9M33 
.891131 
-'i9»30 

191919 

l9i8>7 
1917* 
.S916M 


-904750 

ESS 

9-905785 
.906043 

9-907077 
■907336 

T075W 


39' 


TABI^E  XIU.— I/X^ARITHMIC  SINKS, 


M.i      Sin. 


o  9.798872 
X  .799028 
a   .799184 

3  .799339 

4  I  -799495 

5  ;  9.799653 

6  j  .799806 

7  I  .799962 

8  '■    .800117 

9  j  .800272 

10  I  9.800427 


xz 
xa 
13 
14 

\i 
\l 

19 


aa 

23 

24 

2 

2 

a8 
ag 

30 

31 
3a 

33 
34 

36 
37 
38 
39 

40 

41 
4a 
43 
44 

49 

50 
51 
53 
53 
54 
55 
56 

II 


.800582 
.800737 
.800892 
.801047 
9.801201 
.801356 
.801511 
.801665 
.801819 


ao  9. 801973 
ax  .802128 
.802282 
.802436 
.802589 
9.802743 
.802897 
.803050 
.803204 
.803357 


9. 80351 1 
.803664 
.803817 
.803970 
.804123 

9.804276 
.804428 
.804581 
.804734 
.8048S6 

9.805039 
.805191 
.805343 

.805495 
. 805647 

9.805799 
.805951 
.806103 
.806254 
.806406 

9. 806557 
.806709 
.806860 
.8070H 
.807163 

9.807314 
. 807465 
.807615 
.  8077^^6 
.807917 

9. 80S067 

Cos. 


D.  I 


// 


2.60 
2.60 

2.58 
2.60 
2.60 

2.58 
2.60 

2.58 
2.58 
2.58 

2.58 
2.58 
2.58 
2.58 
2.57 
2.58 
2.58 
2.57 
2.57 
2.57 

2.58 
2.57 
2.57 
2.55 
2.57 
2.57 
2.55 
2.57 
2.55 
2.57 


55 
55 
55 
55 
55 
53 
55 
55 
53 
55 


2.53 
2.53 
2.53 

53 
53 
53 
53 
52 
53 
52 


2. 53 
2.52 
2.52 
2. 53 
52 
52 
50 
52 
52 


2.50 


Cos. 


.889785 
.889682 

.889579 

9.889477 

.889374 
.889271 

.889168 


D.  I' 


i| 


^58 
.888755 
.888651 
.888548 

9.888444 
.888341 
.888237 
.888134 
.888030 

9. 887926 
.887822 
.887718 
.887614 
.887510 

9.887406 
.887302 
.887198 
.887093 

9!886l85 
.886780 
.886676 
.886571 
.886466 

9.886362 
.886257 
.886152 
.886047 
.885942 

9.885837 
.885732 
.8.S5627 
.885522 
.885416 

9.8S5311 
. 885205 
.885100 
.884994 
.884889 

9.SH4783 
. 8K4677 
.884572 
.884466 
.884360 

9.884254 

Sin. 


D.  I". 


72 
70 
72 
70 
72 
70 
72 
72 
72 
70 

72 

72 
72 

73 
72 
72 

72 

73 
72 

73 

72 

73 

72 

73 
73 
73 
73 
73 
73 
73 

73 
73 
75 
73 
73 
75 
73 
75 
75 
73 

75 
75 
75 
75 
75 
75 
75 
75 
77 
75 

77 
75 
77 
75 
77 
77 
75 
77 
77 
77 


Tan. 


9 


D.  1' 


Cot. 


D.  I 


// 


9.908369 
908628 
908886 
909144 
909402 
909660 
909918 
910177 

910435 
910693 

910951 
911209 
91 1467 
91 1725 
911982 
912240 
912498 
912756 
913014 
913271 

913529 
913787 
914044 

914302 
914560 
914817 

915075 
915332 

9»p47 

916104 
916362 
916619 
916877 

917134 
917391 
917648 
917906 
918163 
918420 

918677 

918934 
919191 
919448 

919705 
919962 
92021Q 
920470 

920733 
920990 

921247 
921503 
921760 
922017 
922274 
922530 
922787 

923044 
923300 

923557 
923814 


32 
30 
30 
30 
30 
30 
32 
30 
30 
30 

30 
30 
30 
28 

30 
30 
30 
30 
28 

30 

30 
28 
30 
30 
28 

.30 
.28 

.30 
.28 
.28 

.30 
.28 

.28 
.28 
.28 

.30 
.28 
.28 
.28 

.28 
.28 
.28 
.28 
.28 
.28 
.28 
.28 
.28 
.28 

.27 
.28 
.28 
.28 

.27 
.28 
.28 

:S 

.28 


D.  I 


»» 


0. 


.« 
.( 
o.c 
.0 
.0 
.d 
M 

0.08 
.o8i 
.o8i 
.08! 
.085 

0.085 
.o84« 
.o84( 
.0844 
.0841 

o.o838« 
.o836i 

.08338 
.08312 
.08286 
0.08260 
.08235 
.08209 
.08183 
.08158 

0.0813a 
.08106 
.0808c 
.0805; 
.0802; 

0.080^ 

.0795^ 
.0792^ 
.07901 

0.07871 
.0784< 
.078a 

.'J779J 

.0777: 

0.0774: 

.0772 

.0752 

.0764- 
0.0761I 

Tmn. 


29 


106 


COSINES,  TANGENTS  AND  COTANGENTa 


139 


Sin. 


9.808067 
.808218 
.808368 
.808519 
.808669 

9.808819 
.808969 
.809119 
.809269 
.809419 


810017 
810167 
810316 
810465 
8106 14 
810763 
810912 

811061 
811210 
81 1358 
81 1507 
811655 
81 1804 
81 1952 
812100 
812248 
812396 

812544 
812692 
812840 
812988 

813135 
813283 

813430 
813578 

813725 
813872 

. 814019 
814166 

814313 
814460 
814607 

914753 

^4900 

U5046 

15 193 

15339 

15485 
5632 
5778 

6069 
S215 

')36i 

•507 
652 

rps; 

43 


D.  I". 


2.52 
2.50 
2.52 
2.50 
2.50 
2.50 
2.50 
2.50 
2.50 
2.50 

2.48 
2.50 
2.48 
2.50 
2.48 
2.48 
2.48 
2.48 
2.48 
2.48 

2.48 

2.47 
2.48 

2.47 
2.48 
2.47 
2.47 
2.47 
2.47 
2.47 

2.47 
2.47 
247 
2.45 
2.47 

245 

2.47 

2.45 
2.45 
2.45 

2.45 
2.45 
2.45 
2.45 
2.43 
2.45 
2.43 
2-45 
2.43 
2.43 

2.45 
2.43 
2.43 
2.42 

2.43 
2.43 
2.43 
2.42 

2-43 
3.42 


Cos. 


884254 
884148 
884042 
883036 
883829 

883723 
883617 
883510 
883404 
883297 

883191 
883084 
882977 
882871 
882764 
882657 
882550 

882443 
882336 

882229 

S82121 
882014 
881907 
881799 
881692 
881584 

881477 
881369 
881261 
881153 

881046 
38 
30 
880722 
880613 
880505 
880397 
880289 
880180 
880072 

879963 

^79^55 
879746 

879^37 

*»79529 
879420 

*»793" 
8792r>2 
S79rx;3 

S7Vy84 

878S7S 
'*7^7'/i 


D.  I". 


.77 
.77 
.77 
.78 
.77 
.77 
.78 

•  77 
.78 

.77 

.78 
.78 

•  77 
.78 
•78 
.78 
.78 
.78 

•  78 
.80 

.78 
.78 
.80 

.78 
.80 

.78 
.80 
.80 
.80 
.78 

.80 

.80 

80 

82 

.80 

So 

80 

.82 

.80 

82 

.80 
.82 
.82 
.80 
.82 
.82 
.82 

>2 
.'"2 

.  '",2 

-H2 

'"l 
.".2 

.  '2 
«•■» 

.  '2 

-'3 
"■% 

.'".2 


9 


'f 


D   J 


/' 


Sin, 


h.  I 


// 


923814 
924070 
924327 

924583 
924840 

925096 

925352 
925609 

925865 
926122 

926378 
926634 
926890 

927147 
927403 

927659 
927915 
928171 
928427 
928684 

928940 
929196 

929452 
92970S 
929964 
930220 

930475 
930731 
930987 

931243 

931499 
931755 
932010 

932266 
932522 
932778 
933033 
933289 

933545 
933800 

934056 
9343" 
934567 
934822 

93y/7^ 
9353-^3  I 
9355^>  I 
935^44  ' 
OYfUX}  '■ 

936355 

'///<  1 1 

7371 21 

937377  . 
'/37''32  I 
'/37^>'7 

Cot. 


27 
28 

27 
28 

27 
27 

28 

27 
28 

27 

27 
27 
28 

27 
27 
27 
27 

27 
28 

27 

27 

27 

27 
27 
27 
25 
27 
27 
27 
27 

27 
25 
27 
27 
27 
25 
27 
27 
25 
27 

25 

27 
25 
27 
25 
27 
25 
27 
25 
-7 

2', 


I 


0.076186 

60 

.075930 
.075673 

p 

.075417 

57 

.075160 

56 

0. 07400A 
.074648 

55 

54 

.074391 

53 

.074135 

52 

.073878 

5X 

0. 073622 

50 

.073366 

Jl 

.073110 

.072853 

*2 

.072597 

46 

0.072341 

45 

.072085 

44 

.071829 

43 

.071573 
.071316 

4* 

41 

0.071060 

40 

.070804 
.070548 

p 

.070292 

37 

.0700x6 
O.0697SO 

36 

35 

.069525 

34 

.069269 

33 

■X 

3a 

31 

0,068501 

30 

.068245 

H 

.067990 

.067734 

27 

.067478 

36 

0.067222 

a5 

.066967 

U 

.066711 

23 

.066455 

32 

.066200 

31 

0  065944 

30 

.o6y>i9 

II 

.065433 

.'•/'5»78 

17 

.  f/>4<f22 

s6 

0.  o64'//7 

15 

.f/>44^t 

14 

.'/»4'yi 

13 

.f/>y/jf) 

12 

''/'^'4f> 

11 

o.f/>^-^f 

to 

.'^'VM 

li 

.r/,287'y 

.f/,jft'/x 
.'^,2 '/A 

7 

6 

tf  f/,2ttX 
.V,l8'^ 

5 ; 

'  4 

.t/ftifna 

.«*>N'v>n 

.i*.Vi»! 

It  «^«f^ 

•ST  ' 

0 

II  \ 


n 


t%TV. 


V^ 


\ 


41 


TABhn  Xin.~I<OGARlTHMlC  SINKS, 


138* 


M. 


o 

X 

a 
3 
4 


I 

9 
xo 

IX 
X3 

13 

M 

X5 
x6 

17 
x8 

I  '^ 
I  ao 

31 

aa 
23 

!  34 


37 
38 
39 

30 

31 
3a 

33 
34 

li 

fs 

39 

40 
41 
43 
43 
44 

'A 

48 
49 


Sin. 


9.816945 
817088 

817233 
817379 
817524 
8i7i668 
817813 

817958 
818103 

818247 

818392 
818536 
818681 
818825 
818969 
819113 
819257 
819401 

819545 
819689 

819832 
819976 
820120 
820263 
820406 
820550 
820693 
820836 
820979 
821 122 

821265 
821407 
821550 
821693 
821835 

821977 
822120 
822262 
822404 
822546 

822688 
822830 
822972 
823114 
823255 

823397 

823539 
823680 

823821 

823963 


I 


50  '  9 

51  i 

52  i 
53 
54 
55 
56 

58 

60 


D.I 


// 


824104 
824245 
824386 

824527 
824668 

S24S08 

824949 
825090 
825230 

825371 
825511  I 

Cos.  I 


2.42 
2.42 

2.43 
2.42 

2.40 

2.42 

2.42 

2.42 

2.40 

2.42 

2.40 
2,42 
2.40 
2.40 
2.40 
2.40 
2.40 
2.40 
2.40 
2.38 

2.40 
2.40 

2.38 
2.38 
2.40 

2.38 
2.38 
2.38 
2.38 
2.38 

2.37 
2.38 
2.38 
2.37 
2.37 
2.38 

2.37 

2.37 
2.37 
2.37 

2.37 
2.37 
2.37 
2.35 
2.37 
2.37 
2.35 
2.35 
2.37 

2.35 


35 
35 
35 
35 
33 
35 
35 
33 
2.35 
2-33 


Cos. 


D.  I' 


9.877780 
.877670 
.877560 

.877450 
.877340 
9-877230 
.877120 
.877010 
.876899 
.876789 

9. 876678 
.876568 

.876457 
.876347 

.876236 

9.876125 

.876014 

.875904 

.875793 
.  875682 

9.875571 
•875459 
.875348 

•875237 
.875126 

9.875014 
.874903 
.874791 
.874680 
.874568 

9.874456 
.874344 
.874232 
.874121 
.874009 

9.873896 

.873784 
.873672 

.873560 
.873448 

9.873335 
.873223 

.873110 

.872998 

.872885 

9.872772 

.872659 

.872547 
.872434 
.872321 

9. 872208 
.872095 
.871981 
.871868 

.871755 
9.871641 

.871528 
.871414 
.871301 
.871187 
9.871073 

Sin. 


D.  I". 


83 

83 
83 
83 
83 
83 
85 
83 
85 

83 
85 

85 
85 
85 
83 
85 
85 
85 

87 
85 
85 

?5 
87 

85 
87 

85 
87 
87 

87 
87 
85 
87 
88 

87 
87 
87 
87 
88 

87 
88 

87 
88 
88 
88 

87 
88 
88 
88 

88 
90 
88 
88 
90 

88  ; 
90 

88 

90 
90 


Tan. 


9- 939163 
939418 

939073 
939928 
940183 

940439 
940694 

940949 
941204 

941459 

941713 
941968 
942223 

942478 


D.  I' 


u 


943243 
943498 
943752 
944007 

944262 

944517 
944771 
945026 

945281 

945535 
945790 
946045 
946299 

946554 

946808 
947063 

947310 
947572 
947827 
948081 

948335 
948590 
948844 

949099 

949353 
949608 

949862 

9501 16 

950371 
950625 

950879 
95": 
951; 
951642 

951896 
952150 
952405 
952659 
952913 
953167 
953421 
953675 
953929 
954183 
954437 

Cot. 


D.  I 


ff 


4.25 
4.25 
4.25 
4.25 
4.27 
4.25 
4.25 
4-25 
4.25 
4.23 

4.25 
4.25 

4.25 
4- 25 

4.25 
4.25 
4- 25 
4.23 
4.25 
4.25 

4.25 
4.23 
4.25 
4.25 


4. 
4. 
4. 
4. 
4. 
4. 


23 
25 
25 
23 
25 
23 


4.25 
4.25 

4.23 
4.25 
4.23 
4.23 
4.25 
4.23 
4.25 
4.?3 

4.25 
4.23 
4.23 
4.25 
4.23 
4.23 
4.23 
4.25 
4- 23 
4.23 

4.23 
4.25 
4.23 
4.23 
4.23 
4.23 
4.23 
4.23 
4.23 
4.23 


Cot. 


D.I' 


0.060657 
.060^2 
.060327 
.060072 
.059817 

0.(^9561 
.059306 

5796 
.058541 

0.058267 
.058032 

.057777 
.057522 

•  057267 
0.057012 

•  056757 
.056502 
.(^6246 

•055993 
0.0557x8 
.055483 
.055229 
.054974 

.054719 

0.054465 

.054310 

.053955 
.053701 

.053446 

0.053192 

.052937 
.052682 
.052426 

•  052173 
0.051919 

.051665 
.051410 
.051156 
.050901 

0.050647 
.0503^ 
.050138 
.049884 
.049629 

0.049375 
.049121 
.04^ 
.048613 

.048358 

0.048104 
.047850 
.047595 
.047341 
.047067 

0.046833 

.046579: 
.04^25 
.046071  = 
.045817; 
0.045563. 

Tan.     I 


SS 
M 

a 

9 


44 

41 
■41 
41 

P 

3 

3 

n 

H 

n 


3 

3 

Q 

14 
Q 

li 
n 

M 

I 
\ 


jji 


vA 


cQsniBs, 

■AKGBKXB  and  COTANGHNT3.                 igyO 

8lD. 

.,...l 

;:^ 

Tan. 

D,  1".         Cot. 

11 . 

ts   ' 

S 

:S 

.95*^' 
.954946 

i« 

045563 
045054 

:aS! 

1h 

!BS 

'.^ 

.9SS«o 

«:>3 

0M800 

I 

»gto. 

l'j3         9 

StiS"* 

gl^oS 

i.ii 

■9^ 

.956j(i9 

4: '3 

sg 

S3 

S 

'.atno 

111 

870047 

igo 

■956753 

1^ 

043277 

,'■''"'',   ;j     ' 

as 

■9' 

9.956977 

^■? 

St^ 

SO 

\             ..'      '-a' 

sa 

'^ 
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.02637 

I 
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.01174 
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.99718 

9 

321 
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10 
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.96823 

zz 

381 

.95385 

la 
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13 

440 

.92525 

X4 
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.91104 

11 

.14499  6 
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529 

.88278 

X7 
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.86874 

z8 

588 
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X9 
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.84082 

ao 
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.82694 

az 

678 

.81312 

aa 

707 

.79936 

83 

737 

.78564 

'4 
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.77199 
.75838 

11 

. 14796  6 

826 

.74483 

27 

856 

.73133 

88 

886 

.71789 

ag 

915 

.70450 

30 

. 14945  6 

.69116 

31 

975 

.67787 

32 

.15005 

.66463 

33 

034  ' 

.65144 

34 

064 

.63831 

11 

.15094  6 

.62523 

124 

.61219 

37 

153 

.59921 

38 

183 

.58627 

39 

213 

.57339 

40 

.  15243  6 

.56055 

4X 

272 

.54777 

42 

302 

.53503 

43 

332 

.52234 

44 

362 

.50970 

Ji 

. 15391  6 

.49710 

421 

.48456 

^l 

4§i 

.47206 

48 

481 

.45961 

49 

5" 

.44720 

50 

.  15540  6 

.43484 

51 

^   . 

.42253 

52 

.41026 

53 

630 

.39804 

54 

660 

.38587 

5| 

.15689  6 

.37374 

56 

719. 

.36165 

li 

749 

.34961 
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.33761 

^'1 
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32566 

.  15838  6. 

31375 

r 

Tan.   Cot. 


.31375 

.30189 

,29007 

27829 

26655 

25486 

.24321 

,23160 

,22003 

20851 

19703 

18559 
17419 
16283 

15151 
14023 

,12899 

11779 
10664 

■09552 

,08444 
.07340 
,06240 

.05143 
,04051 

,02962 

,01878 

,00797 

,99720 

,98646 

.97576 

,96510 

,95448 

.94390 

.93335 
. 92283 
,91236 
.90191 
.89151 
.88114. 

87080 
,86051 
.85024 
,84001 
.82982 
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.80953 

79944 
.78938 
.77936 

76937 

75941 

74949 
73960 

72974 
71992 
71013 
70037 
69064 
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Tan.   Cot. 


5.67128 
66165 
65205 
64248 
63295 

62344 
61397 
60452 

59511 
58573 

.57638 
.56706 

.55777 

.54851 

.53927 

53007 

52090 

.51176 
.50264 

49356 

.48451 
.47548 
.46648 

45751 

.44857 

43966 

.43077 
.42192 

.41309 
,40429 

39552 
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.37805 

36936 

,36070 

35206 

34345 

.33487 

32631 

.31778 


Cot.  (  Tan. 
81'' 


Cot.  \  Tan. 
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, 22566 

21744 
20925 
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19293 
18480 
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,16863 
16058 
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*ajTGHNT9  AND  COTANGENTS. 
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1.6746= 
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.59'56 
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Col. 
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»■  M63S  , 
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TABI,B  XVin.— NATURAL  TANGENTS  AND  COTAN 


16" 
Tan.   Cot. 
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,295 


44953 
.44576 
.44202 

.43829 
.43456 
.43084 
.42713 
.42343 
.41973 
,41604 

,41236 
,40869 
.40502 
,40136 

39771 
39406 

39042 

,8679 

.38317 

.37955 

37594 
.37234 
.36875 
.36516 

.36158 
35800 

.35443 
.35087 
.34732 
.34377 

34023 
.33670 
.33317 
.32965 
.32614 
,32264 

.31914 
.31565 
,31216 
,30868 

.30521 

.30174 
,29829 

29483 
9139 
8795 
.28452 
.28109 
,27767 
,27426 
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Tan.   Cot. 
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I    Tan. 
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.30573 

?^ 
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669 
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.30732 
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828 
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.30891 
923 
^5 

.31019 

.31051 
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"5 
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.31210 
242 

274 
306 
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.31370 

402 

434 
466 
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.31530 
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594 
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786 
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3.27085 

26406 
26067 

25729 
25392 
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24383 
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23714 
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22715 
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17804 

17481 
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14922 
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09914 
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Tan. 
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Tan.    Cot. 


.33298 


3.07768 
.07464 
.07160 

,06857 
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,06252 
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.P5649 
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.03556 
,03260 
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.02077 

.01783 
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.99738 
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:^ 
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.94872 
.94591 
.94309 
,94028 

.93748 
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.92910 
.92632 
.923! 


Tan. 
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,91246 

,90971 
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^ 
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~^ 
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S 
? 

i 

;B 

i 

.60057 

i 
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1 

as 
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640 
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.43619      3 

35 

1 

.7*771 

s 
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.55484 

.45655 

33881 

■^ 
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3-454S1 

■"i  " 

33693 

SO 
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.45^6 

335^5 

!l 

^ 

i'fsS 

s 

,57815 

S! 
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2-44433 

894 

33130 

.^ 
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■■^ 

-57371 
3.57150 

877 

939 

IS 

S 

.56918 

-44130 

32570 

.56707 

■'1 

33383 

43 

991 

.5&ta7 

iSasS 

41 

.37<a4 

.7«W 

.3?wa 

.56^*6 

.436^3 

33013 

V 

5.69833 

"1 

3.56046 

-43136      3 

31336 

40 

090 

133 

:S; 

:^ 

49 

■  43019 

305 

IS^ 

157 
190 

■  37K3 

3.68653 

1^ 

.55389 

.41251 

; 436 18 
3.42418 

..5 . 

1;^ 

1 

1 

:Zi 
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^5473^ 
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.43218 

.4»i9 

m 
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S3 

.67937 
.6770° 

s 

i 

fl 

.373^ 
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.39391 
4'S 

"■B 
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''^\fi 

■'^i  • 

s 

30 

Si 

% 
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.S^?6 
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i 

'.40817 
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F 

39619 

■"B 

3.66iSi 
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3-52786 

■*s 

=.40435 
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Si 

387  0 

|i 

s; 

:6H76 
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694 

-53143 

1 

-39841 
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w 

s 

« 

3.65119 
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■41763 

.43B.S    3 

38167 

..i 

Pi 

.64875 

164^10 
-64177 
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i 

i 

§ 
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2^636 

ii 

3.63945 

-63714 
.634S3 
. 63151 

.39896 

3.50653 
-50440 
:S3 

■'1 

3!3S473 
.37891 

"*^ 

36730 

1 

.3S™ 
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.40031 

.49E07 

-37697 

!'655» 

■*s 

■:S; 

■•"S 

•■.s 

"""IS 

3.37504 

■■"J"     " 

li 

9 

i 
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1" 

1 
■'"i 

3.4B549 
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.43*76 

3-36541 

=79 
.44349     = 
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B 

I 
5 

Si 
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-4S340 
-4835 
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■36158 

ja 
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3» 

i 
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3.47509 
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° 
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Ss 
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tpjrmtl-KATURAt,  TANOSHTS  AND  COTAKGBIrtS. 


1.36S00   I 

■.x\ 


.32S8, 

319S4 


.:3.1 


.0^7    ■ 


.34160 
.3i99| 


.393S5 
.19239 


I, 38379 


'Mm 


':X. 
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TABI.K  XVni.— NATURAI.  TANGENTS  AND  COTANGE 


M. 


o 

z 
a 

3 
4 

i 
I 

9 

xo 
zz 
za 

X3 
X4 

X9 

ao 
az 
aa 

% 

ag 

30 

31 
3a 

33 
34 

n 

ii 

39 

40 
41 
4a 
43 
44 

49 

50 
5» 

5a 
53 
54 


Tan.   Cot. 


% 


.62487 

527 
568 
608 
649 
.62689 
730 

852 
.62892 

933 

,  973 

.63014 

.^095 
136 
177 

.63299 
to 


462 

.63503 

544 

625 
666 

.63707 
748 
789 
830 
871 

.63912 

953 

,  994 

.64035 
076 

.64117 
158 

199 

240 

281 

.64322 

363 
404 
446 
487 

.64528 

569 
610 

652 
,  693 
.64734 
775 
817 
858 

64941 


1.60033 

59930 
,59826 

.59723 
59620 

59517 
59414 

593" 
59208 

59105 

59002 
58900 

58797 
58695 
58593 
58490 
58388 
58286 
58184 
58083 

57981 
57879 
57778 
57676 
57575 
57474 
57372 
57271 
57170 
57069 


56767 
56667 
56566 
56466 
56366 
56265 
56165 
56065 


5i 

55766 

55666 

55567 
55467 
55368 

55269 
55170 
55071 

54972 
54873 
54774 
54675 
54576 
54478 

54379 
54281 

54183 
54o8§ 
53986 


Tan. 


33' 


.64941 
982 

.65024 
065 
106 

.65148 
189 
231 
272 

314 

.65355 
397 
438 
480 

521 

.65563 
604 

646 

688 

729 

.65771 

854 
896 

.^ 

.65980 

.66021 

063 
105 

147 

.66189 
230 
272 

,  356 
.66398 

440 
482 

524 
566 

.66608 
650 
692 

734 
770 
.66818 
860 
902 

944 
986 

.67028 
071 

"3 
155 
197 
.67239 
282 


Cot. 


53< 

53* 

53791 

53693 

53595 

53497 

53400 

53302 

53205 

53107 

53010 
^13 

52719 
52622 

52525 
52429 
52332 
52235 
52139 

52043 
51946 
51850 
51754 
51658 
51562 
51466 
51370 
51275 
5"79 

51084 


3 

50797 
50702 

50607 
50512 

50417 
50322 
50228 

50133 
50038 

49944 
49849 

49755 
49661 

49566 

49472 

49378 

49284 

49190 
49097 

49003 
48909 
48816 
48722 
48629 
48536 

.4^M9 


Tan.   Cot. 


I. 48256 

.48163 
,48070 

.47977 
.47885 
.47792 
.47699 
.47607 
.47514 
.47422 


.45501 
.45410 
.45320 
.45229 
.45139 
.45049 

:J^ 

.44778 
.44688 

.44598 
.44508 
,44418 

.44329 

.44239 

,44149 
,44060 

.43970 

,43881 

.43792 


Tan. 


35 


.70021 
064 
107 

151 

.70238 
281 

3g 

412 

.70455 
499 
542 


.70673 

717 

848 

.70891 
935 

979 
.71023 

066 

.71110 

^^ 
198 

242 

285 

.71329 
373 
417 
461 

505 

.71549 

593 

ll 

725 
.71769 

857 

946 
.71990 

.72034 
078 
122 
167 

.72211 
255 
399 


72432 
477 

565 
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ND 
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i. 
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to 
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.9S»4S 

^;;i^ 

ii 
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^ 
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n 
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= 

" 

48 

3« 

■"^ 

030II 

i" 
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TABLE  XXI.— SQUARES,  CUBES,  SQUARE  ROOTS, 
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TABI.1C  XXI.—SQUARES,  CUBES,  SQUARE  ROOTS, 


No. 

Squares. 

Cubes.            |J 

luare 
oots. 

Cube 
Roots. 

Recipro- 
cals. 

340 

52^ 

13824000        15 

■4919334 

6. 2144650 

.004166667 

341 

58081 

13997521 

.5241747 

. 2230843 

4149378 

243 

58564 

14172488 

.5563492 

.2316797 

4132231 

343 

59049 

14348907 

.5884573 

. 2402515 

4115226 

a44 

59536 
60025 

14526784 

.6204994 

.2487998 

.0043x53 

246 

14706125        15 

.6524758 
.6843871 

6. 2573248 

60516 

14886936 

.2658266 

4065041 

4048583 
4032258 

247 
248 

61009 

15069223 

. 7162336 

.2743054 

61504 

15242992 

.7480157 

. 2827613 

249 

62001 

15438249 

•7797338 

.2911946 

4016064 

250 

62500 

15625000        15 

.8113883 

6.2996053 

.004000000 

asi 

63001 

15813251 

.8429795 

.3079935 
.3163596 

3984064 

252 

63504 

.8745079 

3968^ 

253 

64009 

16194277 

.9059737 

•3247035 

3952569 
3937008 

a54 

64516 

16387064 

.9373775 

,•3330256 

255 
250 

65025 

16581375        15 

.9687194 

6.3413257 

.003921569 

65536 

\     16777216        16 

.0000000 

.3496042 

3906250 

'S 

66564 

16974593 

.0312195 
.0623784 

•357861 I 

3891051 

17173512 

.3660968 

3875969 

259 

67081 

17373979 

.0934769 

•  37431 " 

3861004 

260 

67600 
68121 

17576000        16 

. 1245155 

6.3825043 

.OQ3846154 

261 

17779581 

' 1554944 
.1864141 

•3906765 

3831418 

262 

68644 

17984728 

.3988279 

3816794 
3802281 

263 

69169 

18191447 

.2172747 

.4069585 

264 

69696 

18399744 

.2480768 

.4150687 

3787879 

in 

70225 

18609625        16 

.2788206 

6.4231583 

.003773585 

70756 
71289 

18821096 

.3095064 

.4312276 

3759398 

^1 

19034163 

.3401346 

.4392767 

3745318 

71824 

19248832 

•3707055 

.4473057 

3731343 

369 

72361 

19465109 

4012195 

.4553148 

3717472 

370 

72900 

19683000        16. 

4316767 

6.4633041 

.003703704 

37X 

73441 

1990251 I 

4620776 

.4712736 

3690037 

372 

73984 

20123648 

4924225 

.4792236 

3676471 

273 

74529 

20346417 

5227 116 

.4871541 

3663004 

274 

75076 

20570824 

5529454 

.4950653 

3649635 

a7S 
376 

75625 

20796875        16. 

5831240 

6.5029572 
.5108300 
.5186839 

.003636364 

76176 

21024576 

6132477 

3623188 

377 
378 

76729 

21253933 

6433170 

3610108 

77284 

21484952 

6733320 

.5265189 

3597122 

379 

77841 

21717639 

7032931 

.5343351 

3584229 

380 

78400 

21952000        16. 

7332005 

6. 5421326 

.003571429 

38z 

78961 

2218804 I 

7630546 

.5499116 

3558719 

383 

79524 

22425768 

7928556 

.5576722 
.5654144 

3546099 

383 

80089 

22665187 

8226038 

3533569 

*!< 

80656 

22906304 

8522995 

•5731385 

3521127 

lU 

81225 
81796 

23149125        16. 

8819430 

6.5808443 

.003508772 

23393656 

9115345 

.5885323 

3496503 

l^ 

82369 

23639903 

9410743 

.5962023 

3484321 

82944 

23887872 

9705627 

.6038545 

3472221 

389 

83521 

24137569        17. 

0000000 

.6114890 

3460208 

390 

84100 

24389000        17. 

0293864 

6. 6191060 

.003448276 

39Z 

84681 

24642171 
24897088 

0587221 

.6267054 

3436426 

393 

85264 

0880075 

.6342874 

3424^ 
3412969 

393 

85849 

25153757 

1172428 

.6418522 

094 

86436 

25412184 

1464282 

.6493998 

3401^1 

^ 

87025 

25672375        n 

•17S5640 

6.6569302 

.003389831 

87616 

25934336  \ 

.2o^e>^«, 

\         .tjfe^MSl 

V          ^&ips78 

i*97 

88209 

26198073  \ 

.23368.19 

\                 .^ll^OT, 

\          -a^fTfsni 

298 

88804 

26463592  \ 

.26261^' 

A     -^n^ 

i\        -^ssip 

999 

89401 

26730899  \ 

.29161^ 

,^  \          .(j^itiBSti 

Sii.\         -iawj 

a"LO 


cnaa  BOOTS  and  RgciPKoCALa. 

1 

iquarci. 

Cubca. 

VSSi-      s 

ubi 

""t- 

No. 

1 

90000 

w™™ 

r7.3»508i          6 

69«>M 

■TO.a» 

son 

:^li^;' 

70917'9 

sr.% 

V 

M 

.  4068951 
■49=fiS57 

3^7974 

m 

5S4S1 

1S934443 

:» 

iii 

1 

^l 

SG 

17.SD6S169         6 

767S995 

.00  295806 

"1543^ 

3" 

W- 

3095914* 

:?S 

an 

314 

ID114 

skI 

.8335545 

i  184610 

8ijS4J 

.00  ■74603 
■54557 

Si 

roij6. 

.S60S711 

83'7T'4 

319 

lOltDD 

JI768110D 

IT.B8S5438         6 

S3W37 

3»> 

|W 

MUiiia4 

-9m7i9 

«8^55 

■  15-65 

■  05590 

1.1 

3>4 

Hiesjg 

18.0177564         6 

«SiS8 

■"il 

m 

sffi 

^^y 

■  '38^7' 

5964345 

304a7Si> 

si; 

s 

1B.1S590JI          6 

ii 

jo.jo^a 

193 

Jf^^s? 

,Mfta7S 

931300S 

.2756669 

9.1823»< 

"1 

3U 

iii 

pi 

1S.303D051           6 
.3303W8 

945 '49* 

Si 

Si 

Si 

1149" 

38g^«9 

^TbSA 

339 

;as; 

as 

"S    ' 

»; 

.002941176 

340 
341 

ii 

4a»l6Sg 
«0.«36o7 

ss 

41781953 

.493a,» 
.SJOJ.WJ          7 

i8'574175S         7 

993 '906 

>o6796j 

0103490 
0271058 

2923977 

34> 

i 

St 

i« 

033H497 

'873563 

inBoi 

4asoas49 

0405806 

1865130 

349 

wasco 

(:.S750» 

l8.;oaj«fi9         7 

0473987 

.002857143 

3S» 

■ 

l«»i 

^SMJMl 

0540041 

1849003 

35" 

^ 

0606967 
'■673767 
0740440 

isoe^ 

i 

V 

SSI 

m 

i/ 

Sj 

.'947*)5J 

107191 

\  "is\^ 

1                d 

TABI«K  XXI.— SQUARES,  CUBES,  SQUARE  ROOTS, 


No. 

Squares. 

cube..           I^ti? 

Cube 
Roots. 

Recipro- 
cals. 

360 

129600 

46656000               18. 

9736660 

7. 1137866 

.002777778 

361 

130321 

47045881               19. 

0000000 

.1203674 

2770083 

362 

131044 

47437928 

0262976 

.1269360 

2762431 

363 

131769 

47832147 

0525589 
.0787840 

.1334925 

2754821 

364 

132496 

48228544 

. 1400370 

2747253 

fei 

133225 

48627125               19. 

1049732 

7. 1465695 

.002739726 

133956 
134689 

49027896 

13"  265 

.1530901 

2732240 

367 

49430863 

. 1572441 

! 1660957 

27247^6 

368 

135424 

49836032 

, 1833261 

2717391 

369 

136161 
136900 

50243409 
50653000               19 

.2093727 

•L725809 

2710027 

370 

.2353841 

7.1790544 

•002702703 
26954^ 

371 

137641 

510648 I I 

. 2613603 

. 1855162 

372 

138384 

51478848 

.2873015 

.1919663 

2688172 

373 

139129 

51895II7 

.3132079 

.1984050 

2680965 

374 

139876 

52313624 

.3390796 

. 2048322 

2673797 

376 

140625 

52734375               19 

.3649167 

7.2112479 

•002666667 

141376 

53157376 

.3907194 

.2176522 

2659574 

^ 

142129 

53582633 

.4164878 

.2240450 

2652520 

142884 

54OIOI52 

.4422221 

.2304268 

26455«g 

379 

143641 

54439939 

.4679223 

.2367972 

2638522 

380 

144400 

54872000        19 

.4935887 

7.2431565 

.002631579 

381 

145161 

55306341 

.5192213 

.2495045 
.2558415 

. 2621675 

2624672 

3? 
383 

145924 
146689 

56181887 

.5448203 
.5703858 

2617801 
2610966 

384 

147456 

56623104 

.5959179 
.6214169 

.2684824 

2604167 

lU 

148225 

57066625        19 

7.2747864 

.0025974P3 

148996 

57512456 

.6468827 

.2810794 

2590674 

3!2 

149769 

57960603 

.6723156 

.2873617 
.2936330 

2583979 

388 

150544 

5841 1072 

.6977156 

2577320 

389 

151321 

58863869 

.7230829 

.2998936 

257«6H 

390 

152100 

59319000        19 

.7484177 

7.3061436 

.002564103 

39X 

152881 

59776471 
60236288 

.7737199 

.3123828 

2557545 

392 

153664 

.7989899 
.8242276 

.3186114 

2551020 

393 

154449 

60698457 

.3248295 

2544539 

394 

155236 

61 162984 
61629875         19 

.8494332 

.3310369 

2538071 

395 

156025 

.8746069 

7.3372339 

.002531646 

156816 

62099136 

.8997487 

.3434205 
.3495966 

2525253 

397 

158404 
159201 

62570773 

.9248588 

2518892 

398 
399 

63044792 
63521 199 

.9499373 
.9749844 

.3557624 
.3619178 

2512563 

400 
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64000000         20 
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40X 

160801 
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2487^ 
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^ 
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409 
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TABIDS  XXI.— SQUARES,  CUBES,  SQUARE  ROOTS, 


Ko. 

Squares. 

Cubes. 

Square 
Roots. 

Cube 
Roots. 

Recipro- 
cals. 

^!° 

230400 

I 10592000 

21.9089023 

7.8297353 

.o(Xi(£^XM 

^' 

231361 

111284641 

.9317122 

.8351688 

2079002 

^ 

232324 

111980168 

.9544984 

.8405949 

2074689 

^P 

233289 

112678587 

. 9772610 
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2070393 
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22.0000000 
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S 
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114791256 

.0454077 
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.0680765 
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118370771 

.1585198 
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2032520 

493 
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.9051294 
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TABI*«  XXI.— 8QUARBS,  CUBES,  SQUARE  ROOTS, 


No. 

Squares. 

Cubes. 

Square 
Roots. 

Cube 
Roots. 

Recy^ro.  , 

600 
601 

360000 
361201 

24.4948974 
.5153013 

8.4343267 
.4390098 

.001666667 
1663894 

3IOO00O0O 

31708180I 
318167208 

603 

362404 
363009 

.4436877 

1661130 

603 

219256227 

.5560583 

.4483605 

l§58375 
1655629 

604 

364816 

220348864 

.5764115 

.4530281 

^ 

366025 

221445125 

24.5967478 
.6170673 

8.4576906 

.001652893 

2^722^ 

222545016 
223648543 

.4623479 

1^165 

^ 

368449 

.6373700 
.6576560 

.4670001 

1647446 

608 

369664 

224755712 

.4716471 

1644737 

609 

370881 

225866529 

.6779254 

.4762892 

1642036 

610 

372100 

226981000 

24.6981781 

8.4809261 

.ooi$39344 

6xx 

373321 

22809913I 

.7184142 

.4855579 
.4901848 

1636661 

6xa 

374544 
375769 

229220928 

.7386338 

1633987 

613 

230346397 

.7588368 

.4948065 

1631321 

1628664 

.001626016 

614 

376996 

231475544 

.7790234 

.4994233 

615 
6x6 

378225 

232608375 
233744896 
2348851 13 

24.7991935 

8.5040350 

379456 

.8193473 

.5086417 

J623377 

6x7 
6x8 

380689 

.8394847 

.5132435 

1620746 

381924 

236029032 

.8596058 

.5178403 

1618123 

6x9 

383161 

237176659 

.8797106 

.5224321 

1615509 

630 

384400 

238328000 

24.8997992 

8.5270189 

.00161 29(n 
1610306 

6ai 

385641 

239483061 

.9198716 

.5316009 

6aa 

386884 

240641848 

.9399278 

.5361780 

1607717 

623 
624 

388129 
389376 

241804^67 
242970624 

.9599679 
.9799920 

.5407501 
.5453173 

1605 136 
1602564 

625 
626 

?2 

390625 

244140625 

25.0000000 

8.5498797 

.001600000 

391876 
393129 

245314376 
246491883 

.0199920 
.0399681 

;g^ 

1597444 
1594896 

628 
609 

394384 
395641 

247673152 
248858189 

.0599282 
.0798724 

!568o8o7 

630 

396900 

250047000 

25.0998008 

8.5726189 

•  001587302 

631 

398161 

251239591 

.1197134 

.5771523 

1584786 

632 

399424 

252435968 
253636137 

. 1396102 

.5816809 

1582278 

633 

400689 

. 1594913 

.5862047 

1579779 

^ 

401956 

254840104 
256047875 

. 1793566 

•5907238 
8.5952380 

1577287 

63^ 

403225 
404496 

25. 1992063 

.001574803 

257259456 

.2190404 

•5997476 

m^ 

^ 

405769 

258474853 

.2388589 

.6042525 

.407044 

259694072 
260917119 

. 2586619 

.6087526 

1567398 

639 

408321 

.2784493 

.6132480 

1564945 

640 

409600 

262144000 

25. 2982213 

8.6177388 

•00x562500 

64X 

410881 

263374721 

.3179778 

.6222248 
.6267063 

1560062 

642 

412164 

264609288 

.3377189 

1557632 

643 

413449 

265847707 
267089984 

.3574447 

.6311830 

1555210 

644 

414736 

.3771551 

•6356555 

1552795 

\% 

416025 

268336125 

25. 3968502 

0.6401226 

.00x550388 

417316 

269586136 

.4165301 

•6445855 

1547988 

H 

418609 

270840023 

.4361947 

.6490437 

1545595 

1  648 

419904 

272097792 

.4558441 

•6534974 

1543210 

649 

421201 

273359449 

•4754784 

•6579465 

1540832 

650 

422500 

274625000 

25.4950976 

8. 662391 I 
.66^310 
.6712065 

.001538462 

65X 

i*238oi 

275894451 

.5147016 

1536098 

652 

425104 

277167808 
278445077 

.5342907 

1533742 

653 

426409 

.5538647 

•6756974 

1531394 

654 

427716 

279726264 

•5734237 

Q*S°"37 

1529052 

6^1 

429025 

28101 1375 

25. 5929678 

8.(^45456 

.001526718 

430330 

2823PO416 

\   .tgaic^Tfi 

S,     ^Si^^flo 

^"7 
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283593393 

\    .6p,oi\2 

\    \s»on^ 

1 

452964 
434281   1 

284890312 
28619II79 

\     .651510' 

ai6 


cunt  ROOTS  AMD  RSCIFSOCAIA 

■ 

SquHf 

CubM. 

&.• 

Cub. 

Recipro- 

No. 

tSgii 

X^, 

15.6904*53 
.7099»>3 

■:SS 

1512859 

Ka 

^..75=8 

MB 

"■.SS 

:!» 

,506014 
1501501 
1497«i« 

UlT' 

:'& 

1494768 

«9 

!wJ1435 

s 

'li 

1 

3oZi8wJ4 

.53i5n» 

■7677191 

14S3680 

S14 

4S^^ 

pS 

as.  980761  ( 

.00,48,481 

^ 

IS 

OS8S7J3 
3046S39 

:iS 

s 

M?^^ 

1 

IS 

3 
3 

J«.o76«09« 
.09MT67 

;;» 

.15339S7 

irli 

■"ii 

IS 

1 

» 

sas 

.1916017 
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.8,94474 

■"iss 

SS 

SS 

.11116848 

.831,850 

1451379 

ABB 

47«™ 

saSjixiMiij 

>S.j678s.. 

B. 8365559 

.00,449175 

6B" 

.aS687S<l 

■  S4i)S,i7 
.8450854 

as; 

1443001 

14347=0 
143166s 
1430615 

1 

la 

J4153J099 

^l^lfc^ 

'ItS^ 

'**'°^ 

'liSS 

» 

.OO141S571 
1416534 

TOO 

MwSsi^ 

.49S»*'S 

.687488= 

701 

gsi 

as 

■6170539 

.891706J 
,8959104 

{J^g 

F?i! 

■51 

.9117369 

.9'6!)iil 

14,6431 
1410437 

709 

S04ii«> 

a.w4isj,ii 

is 

191530^ 

.00,406451 
M06470 

710 

^S 

36"467ogT 

:3S; 

I40,si5 

JIS 

Hi 

.9S7atM 

.-s 

7>4 

\ 

»?/ 

'■^iTM 

,\    ^iSS\' 
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TABIrB  XXr.— SQUARES,  CUBES.  SQUARE  ROOTS, 


No. 

Squares. 

Cubes. 

Square     C 
Roots.     R 

ube 
oots. 

Recipro- 
cals. 

Na 

790 

518400 

373248000 

26.8328157    8. 

9628095 

.001388889 

720 

721 

519841 

374805361 

.8514432 

9669570 

1386963 

721 

7aa 

521284 

376367048 

.870(^77 

971 1007 

1385042 

728 

733 

522729 

377933067 

.8886593 
.9072481 

9752406 

1383126 

m 

724 

524176 

379503424 

9793766 

1381215 

•m 

735 
726 

525625 

381078125 
382657176 

26.9258240    8. 

9835089 

.001379310 

n 

527076 

.9443872 

9876373 

1377410 

728 

528529 

384240583 

.9629375 

9917620 

1375516 

^ 

529984 

3858283^2 

.9814751 

9958829 

1373626 

729 

531441 

387420489 

27. 0000000    9. 

0000000 

1371742 

m 

730 

532900 

389017000 

27.0185122    9. 

0041 134 

.001369863 

730 

731 

534361 
535824 

390617891 

.0370117 

.0082229 
0123288 

1367989 

731 

73a 

392223168 

.0554985 

1366120 

7I» 

733 

537289 

393832837 

.0739727 

.0164309 

1364256 

733 

734 

538756 

395446904 

.0924344 
27. I 108834    9 

.4)205293 

1362398 

734 

540225 

397065375 
398688256 

0246239 

.001360544 

^ 

736 

541696 

.1293199 

.0287149 
.0328021 

1358696 

737 

543169 

400315553 

.1477439 

1356852 

^ 

738 

544644 

401947272 

.1661554 

.0368857 

1355014 

739 

546121 

403583419 

.1845544 

.0409655 

1353180 

739 

740 

547600 

405224000 

27.2029410    9 

.0450417 

.001351351 

740 

741 

549081 

406869021 
408518488 

.2213152 

.0491142 

1349528 

741 

742 

550564 

.2396769 

.0531831 

1347709 

74" 

743 

552049 

410172407 

.2580263 

.0572482 

1345895 
1344086 

743 

744 

553536 

4 I 1830784 

.2763634 

.0613098 

744 

745 
746 

555025 

413493625 
415160936 

27.2946881    9 

.0653677 

.001342282 

]% 

556516 

.3130006 

.0694220 

ittsss 

747 

558009 

416832723 

.3313007 

.0734726 

7« 

748 

559504 

418508992 

.3495887 

.0775197 

1336898 

748 

749 

561001 

420189749 

.3678644 

.0815631 

I335II3 

749 

750 

562500 

421875000 

27.3861279    9 

.0856030 

.001333333 

7J) 

751 

564001 

423564751 

.4043792 

.0896392 

1331558 

7? 

75a 

565504 

425259008 

.4226184 

.0936719 

7S» 

753 

567009 

426957777 

.4408455 

.0977010 

1328021 

7S3 

754 

568516 

428661064 

.4590604 

. 1017265 

1326260 

7S4 

570025 

430368875 

27.4772633    9 

. 1057485 

.001324503 

^ 

571536 

432081216 

.4954542 

.1097669 
.1137818 

1322751 

757 

573049 

433798093 

.5136330 

1321004 

@ 

758 

574564 

435519512 

.5317998 

. 1177931 

I3I926I 

759 

576081 

437245479 

.5499546 

, 1218010 

1317523 

759 

760 

577600 

438976000 

27.5680975    9 

.1258053 

.001315789 

s 

761 

579121 

44071 1081 

.5862284 

.1298061 

1314060 

s 

762 

580644 

442450728 

.6043475 

.1338034 

I3I2336 

£ 

763 

582169 

444194947 

.6224546 

. 1377971 

I3I06I6 

fi 

764 

583696 

445943744 

.6405499 

. 1417874 

1308901 

7J4 

'M 

585225 

447697125 

27.6586334    9 

.1457742 

.001307190 

1305483 

s 

586756 

449455096 

.6767050 

- 1497576 

767 

588289 

451217663 

.6947648 

. 1537375 

I30378I 

s 

768 

589824 

452984832 

.7128129 

.1577139 

1302083 

769 

591361 

454756609 

.7308492 

,1616869 

1300390 

•A 

770 

592900 

456533000 

^•7488739    9. 

1656565 

.001298701 

770 

771 

594441 

458314011 

.7668868 

, 1696225 

1297017 

m 

77a 

595984 

460099648 

.7848880 

.1735852 

1295337 

I29366I 

m 

773 

597529 

461889917 

.8028775 

.1775445 

773 

774 

599076 

463684824 

.8208555 

. 1815003 

1291990 

774 

775 
776 

600625 

465484375 

27.8388218    9. 

1854527 

.001290323 

^ 

602176 

46728857b 

.8567766 

1894018 

1288660 

777 

6os72g 

469097433 

.8lA1^9T  \ 

.^^^flAI^ 

^    1287001 

!\li 

778 
779J 

605284 
606841  \ 

470910952 
472729139 

.892^5H  \ 

\   ^^^^"^ 
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CITBB  KOOTS  AMD  KSCIPROCALS 

^™ 

■ 

■ 

Squiie.. 

Cube*. 

fS>"" 

Cube 

'■:ir.'- 

». 

te§4(xi 

454SSi™ 

J7.9J84Sor 

9.»5'64i 

^,a 

7B0 

r» 
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:s;a 

.2090962 

1280410 
127877' 

It 

a1 

6aa9M 

4S0D4B637 

m 

.9821371 

38.0178515 

■0356915 

.Jii 

1173165 

ST^,'. 

Si 

.2316189 
.236S'77 

xi 

^ 

6«S« 

«i  169069 

.»404333 

1267427 

7S» 

!«'" 

<93039™ 

38. 1059^ 

.00.36S833 

790 

gstsi 

.MJM4 

;^^ 

791 

'.  1434946 

793 

638401 

f^^ 

.;i|| 

12715592 
.I7M35' 
.3793081 

JS 

1^6181 
1154705 

793 
794 

T99 

6(0800 

jB.rf4'7" 

9.3831777 

^3^ 

11?^ 

S'^S 

.3S70440 

■"iSi 

£J 

64480, 

5.778.617 

■  3375546 

:SS; 

1245330 

S03 

elflS 

SW"8464 

.  3548938 

1143781 

&>4 

|gs 

as.  37=5^19 

':SS 

.001242236 
1140695 

^ 

.4077454 

^ 

65*64 

.43554°S 

!jl40I90 

1337634 

654481 

SW75H9 

.44!9'S3 

.3178599 

■336094 

Bag 

6s6wo 

as. 1604989 

9.3316975 

.001334568 

8.0 

ST" 

.4730617 

■IS 

.  337°' 67 

1333046 

Si  I 

-4956 137 

1231537 

8i« 

««S 

H7367797 

■xsm 

;3s: 

£^ 

669IM 

iS3 

38.548J04B 
-5657137 

"■.SXf, 

.DOiiievM 
1225490 

Sli 

M533^IJ 

:KI 

:g| 

1333990 

s:£ 

6JOJ6. 

.6181760 

h9 

«7!i*<» 

5S'J68™ 

18.635642. 

9'W"6 

.001219512 

Sm 

If; 

SSJ387661 

1316027 

Bii 

UiiS 

:S 

i 3675051 

1215067 

Baa 

S!S| 

'■Si 

■7576077 

'lig 

JJ1359J 
.2IDS54 
1209190 

g 
^ 

lgs 

.7749891 

:Ss 

.79»360. 

l^2n 

Big 

sSe? 

i-S 

ja8e>97»6 

9' 3977964 

.001204819 

.8270706 

■  4oH^7 

1203369 

I 301 933 

^3 

^^ 

SmWTW 

;3"96^ 

1199041 

Si 

5aaiS&75 
584377056 

9-4166297 

■"V«. 

\^ 

■ga^ssaj 
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hSmI 

:ss; 

"■*1^1 

■  41i6* 

\     'S3 

0^ 
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TABLE  XXL— SQUARES,  CUBES,  SQUARE  ROOTS, 


No. 

Squares. 

Cubes. 

Square 
Roots. 

Cube 
Roots. 

Recipro- 
cals. 

S^ 

705600 

592704000 

28.9827535 

9.4353880 

118764 

« 

59^7^ 

29.0000000 
.0172363 

.4391307 
.4428704 

!« 

710649 

599077107 
601211584 

.0344623 

.4466072 

118624 

S^ 

712336 

.0516781 
29.0688837 

.4503410 

118483 

^ 

714025 

603351125 

9-4540719 

.00118343 

715716 

605495736 

.0860791 

.4577999 
.4615249 

ii8ao3 

S^ 

717409 
719104 

607645423 
609800192 

.103264A 
.1204396 

I 18063 
117924 

849 

720801 

61 1960049 

. 1376046 

117785 

Ss° 

722500 

614 I 25000 

29. 1547595 

9.4726824 

.00117647 
I 17508 

fs^ 

724201 

616295051 

. 1719043 
.1890390 

.4763957 

S*" 

725904 

618^70208 
620650477 

.4801061 

I 17370 

S53 

727600 
729316 

.2061637 

.4838136 

"7233 

?54 

622835864 

. 2232784 

.4875182 

117096 

S55 

731025 

625026375 

29. 2403830 

9.4912200 

.00116959 

856 

732730 

627222016 

.2574777 

.4949188 

1 16822 

257 

734449 
736164 

629422793 

.2745623 

. 4986147 

116686 

858 

6316287 I 2 

. 2916370 

.5023078 
.5059980 

11655c 

859 

737881 

633839779 

.3087018 

116414 

860 

739600 

636056000 

39.3257566 
.3428015 

9-5096854 

.00116279 

861 

741321 

638277381 

-5133699 

I16144 

86a 

743044 
744769 

640503928 

.3598365 

.5170515 

1 1600c 

S3 

642735647 

.3768616 

.5207303 

"587^ 

864 

Si 

746496 
748225 

644972544 
647214625 

.3938769 
29.4108823 

.5244063 
9.5280794 

"574< 
.00x15606 

749956 
751689 

649461896 

.4278779 

.5317497 

"5472 

ss 

651714363 

.4448637 
.4618397 

.5354172 

"534< 

868 

753424 

653972032 

.5390818 

11520; 

869 

755161 

656234909 

.4788059 

.5427437 

11507^ 

870 

756900 

658503000 

29.4957624 

9.5464027 

.0011404: 
Ii48i( 

£' 

758641 

66077631 1 

.5127091 

.5500589 

£^ 

760384 

663054848 

.5296461 

.5537123 

11467^ 

£3 

762129 

667627624 

.5465734 

.5573630 

"454: 

S74 

763876 

. 5634910 

.5610108 

1144H 

I7I 

765625 

669921875 

29.5803989 

9-5646559 

.ooii428.< 

767376 

672221376 

.5972972 

.5682^2 

"4151 

£2 

769129 

674526133 
676836152 

.6141858 

.5719377 

11402' 

878 

770884 

.6310648 

.5755745 

"389: 

879 

772641 

679151439 

.6479342 

.5792085 

"376: 

880 

88x 

774400 
776 I 61 

681472000 
68^797841 
686128968 

29.6647939 
.6816442 

9-5828597 
.5864682 

.00113631 
JiSSO* 

88a 

777924 

.6984848 

•5900939 

in37^ 

S3 

779689 

688465387 

.7153159 

.5937169 

"325« 

S^ 

781456 

690807104 

.7321375 

11312: 

^ 

783225 
784996 

693154125 
695506456 

29.7489496 
.7^57521 

.6045696 

•"ilJS 

^ 

786769 

697864103 

.7825452 

.6081817 

11273. 

788544 

700227072 

.7993289 

.6117911 

11261: 

889 

790321 

702595369 

.8161030 

.6153977 

1 1 248,' 

If 

792100 

704969000 

29.8328678 

9.6190017 

.0011235c 

S^i 

793881 

707347971 

.8496231 

. 6226030 

11223: 

S?' 

795664 

709732288 

.8663690 

.  6262016 

11210^ 

!93 

797449 

712121957 

.8831056 

.6297975 

iiiqS: 

iii85< 

.00111731 

5?^ 

799236 
801025 

714516984 
716917375 

.8998328 
29. 9165506 

.6333907 
9.6369812 

802816 

719323136 

.9332591 

.6405690 

11160; 

f^Z 

804609 

721734273 

.9499583 

.6441542 
.6477367 

11148: 

S^* 

806404 

724150792 

.9666481 

111355 

899 

808201 

726572699 

.9833287 

.6513166 

XII234 
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r 

^ 

crma  roots  and  khciprocaw 

■ 

It 

Squ.».. 

Cube>. 

R^i,"!,'!" 

Cub. 

»..,f„. 

»., 

9" 

SloqOD 

719000000 

SO.OdOOOOO 

■i 

OOllIlllI 

BOO 

g 

9=4 

813604 

11«S78 
110S19S 

904 

810836 

7,fifcii3i2 

30.0831179 

:tsa 

.001,0497" 
""3753 
1102^ 

B 

IS 
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m.<v> 

81SIOO 

»2 

30. 1665063 

9.6905=11 
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m¥^ 
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.18,7765 

.6940694 

1097693 
109&491 
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m 

7I104S497 

:\?M 

•S 

B13 

Si 

.1654919 

.31501^ 

,7"363i 

1091703 

«i4 

Hi 

Si 

J 

1^ 

IS 

30.3315018 
.3379818 
■  36445=9 

9.75^883 
.7191109 

■"iss 

V" 

IOB4599 

9" 

i 

.4466747- 
.46.WJ4 
.4795013 

17575™ 

10834 H 

.,.a;s; 

iii 

1 

9^9 

IS 

ii 

.5J867io 

30-5777*97 

9.7610001 
.7S44974 

.001075269 

930 

i 

is 

isSi 

.7iW86l 

i§i 

i 

WijAoci 

9.79586.1 

.001063830 

MO 

|«M8J 

jgg 

:g| 

:ail 

'^f*? 

M> 

.80637. I 

1060445 

sSES 

l| 

1054851 

9« 

910116 

sas 

^ia^B^ 

':SS3 

1051515 

951 

SSJ! 

"?5S^ 
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9S< 
9IS 

1 

|7g»79" 

:^;i?fl 

iiSi 

95B 
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681971079 
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TABI,^  XXI.— SQUARES,  CUBES,  BTC. 


) 


No. 

Squares. 

Cubes. 

Square  .- 
Roots. 

Cube 
Roots. 

Recipro- 
cals. 

<)6o 

921600 

884736000 

30.9838668 

9.8648483 

.00104166: 

9bz 

923521 

887503681 

31.0000000 

.8682724 

104058' 

?? 

925444 

890277128 

.0161^48 

.8716941 

103950] 

^ 

927369 

893056347 

.0322413 

.8751135 

103842: 

?S^ 

929296 

895841344 
898632125 

.0483494 

.8785305 

103734^ 

^ 

931225 

31.0644491 

9.8819451 

.  001036264 

933156 

901428696 

.0805405 

.8853574 
.8887673 

103519: 

^ 

935089 

904231063 

.0966236 

1034 1 2< 

968 

937024 

907039232 

.1126984 

.8921749 

103305^ 

969 

938961 

909853209 

. 1287648 

.8955801 

103199: 

970 

940900 

912673000 

31. 1448230 

9.8989830 

.  00103092? 

971 

942841 

915498611 
918330048 

. 1608729 

.9023835 

I0298« 

97.a 

944784 
946729 

. 1769145 

.9057817 

102880: 

973 

921167317 

. 1929479 

.9091776 

102774S 

974 

948676 

924010424 

. 2089731 

.9125712 

102669^ 

975 
976 

950625 

926859375 

31. 2249900 

9.9159624 

.00102564] 

952576 

929714176 

.2409987 

.9193513 

102459c 

977 

954529 

932574833 

.2569992 

. 9227379 

1023541 

978 

956484 

935441352 

.2729915 

.9261222 

102249c 

979 

,  958441 

938313739 

.2889757 

9295042 

102145c 

sfe 

960400 

94 I 192000 

31.3049517 

9.9328839 

.00x020408 

9? 

962361 

944076 14 I 

.3209195 

.9362613 

1019368 

9? 

$tin 

946966168 

.3368792 

•9396363 

101833c 

983 

949862087 

. 3528308 

.9430092 

1017294 

984 

968256 

952763904 

•3687743 

•  9463797 

101626c 

1 

970225 

955671625 
958585256 

31.3847097 

9.9497479 

.001015228 

972196 

. 4006369 

.9531138 

1014199 

111 

974169 

961504803 

.4165561 

.9564775 

1013171 

976144 

964430272 

.4324673 

.9598389 

1012146 

989 

978121 

967361669 

.4483704 

.9631981 

1011122 

990 

980100 

970299000 

31.4642654 

9.9665549 

.001010101 

99Z 

982081 

973242271 

.4801525 

.9699095 

1009082 

99a 

984064 

976191488 

•4960315 

.9732619 

100S065 

993 

986049 

979146657 

•5119025 

.9766120 

10c  "^9 

994 

988036 

982107784 

•  5277655 

.9799599 

1000036 

995 
996 

990025 

985074875 
988047936 

31.5436206 

9.9833055 

.001005025 

992016 

•5594677 

.9866488 

1004015 

99^ 

994009 
996004 

991026973 
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li 

0599 

■43a 

»66 

309^1.393^ 

4766  .5599 

643' 

7266 

S099 

893" 

97«« 

I 

^n 

■458 

:.^> 

3.«.J95S 

479' 

S6»s 

6458 

739a 

e.»s 

8938 

9792  I 

II 

(rfIS" 

I4S4 

ws 

3=51   .3984 

48,8 

5651 

6484 

7J1S 

S.j. 

%a, 

!«.SB 

4) 

C677 

lb'" 

"1344 

3.77.- 

4844 

5677 

6Sto 

7M4 

8177 

9010 

98«il 

li 

OJ03 

1536 

^37* 

3«4403« 

4870 

5t°3 

6536 

7370 

fi203 

9=36 

9670B 

1 

07«, 

'SS3 

'39* 

3>'9  .4^3 

4S96 

57»9 

6563 

7396 

8229 

90*3 

sft*  I 

1! 

6753 

■589 

1492 

3J55 

4089 

49" 

5J5S 

6589 

T4U 

8W3 

9089 

99»« 

il 

0781 

.«.5 

1448 

3>a. 

*I15 

494S 

5781 

£615 

7448 

SaSi 

9IIS 

99*ia 

Ji 

0807 

1641 

"474 

33'>7 

4.41 

4974 

5807 

6&41 

747* 

fl3«^ 

sm 

9974  1 

In. 

]] 

~^ 

]] 

7^ 

_^ 

3 

~J^ 

1 

* 

t 

« 

it  n 

Tai 

K,sxxvn 

-MtDDIA  OSDINATES  FOR  C 

URT 

INO 

EAM. 

t 

Length  of  Rail 

Curve 

- 

- 

*4 

■6 

*J 

at 

"9 

3" 

" 

« 

„ 

V' 

A" 
1 

A" 

1 

A" 

A" 
A 

A 

1" 

A 

k 

i" 
i 

1" 

A 

i" 
t 

1" 

41 

o°3<,' 

» 

A 

A 

I 

i 
A 

i 

A 
1 

A 

A 

A 

A 

1 

A 
A 

•A 

>A 
'1 

1  JO 

*> 

i 

A 

1 

A 

i 

i 

A 

A 

^l 

'A 

>l 

■SO 

A 

1 

A 

i 

A 

i 

ii 

11 

t 

>A 

>11 

v> 

1 

A 
1 

1 

^ 

i 

1 

Ji 

tl 

3A 
3f 

3SO 

r> 

1 
( 

A 
1 

j 

I 

t 

ti 

a 

>1 

'A 
'A 

<A 
>A 

41 

4tl 

430 

SP 

A 
1 

H 

i 

'A 

■  A 
'1 

■I 

lA 

■  A 

=A 

3A 

sA 

31 

3S0 

so 

i 

U 

<A 

'i 

'1 

-lA 

■  A 

■  A 

1,'. 
lA 

>A 
■1 

It 

3,^ 

Hi 

6i 
61 

6S0 

» 

it 

■A 

lA 

lA 

■J 

'J 
'I 

4l 

7A 
7A 

730 

9> 

i 

>A 

lA 

It 

1) 

'I 

IE 

" 

"A 

4* 

s 

«30 

H 

't 

i| 

lA 

'ii 

'I 

» 

=1 

aA 

4l 

81 

»> 

• 

lA 

lA 

i(i 

'it 

>)l 

'A 

H 

>H 

sf> 

8*1 

93° 

lA 

'* 

'* 

'1 

<H 

'A 

"A 

'i 

31 

jA 

9/, 

.0 

m 

■1 

'A 

'A 

1)1 

»t 

'1 

'A 
=A 

aA 

3i 

jA 

^1) 

9l 

10  30 

JB 

lA 

lA 

>l 

* 

'A 

^i 

aft 

=ii 

3i 

«t 

J-il 

"30 

■i 

■1 

'!i 

'i 

>A 

aA 

'1 

m 

3A 

6i 

"A 

» 

V 

lA 

'A 

'I 

=A 

=■1 

>A 

'i 

A^ 

3A 

61 

"I 

■130 

'1 

i| 

•H 

"A 

^1 

^il 

'I 

sA 

3)1 

(^ 

'»i 

IS 

V 

»A 

'H 

>A 

4 

=A 

n 

3 

3A 

3l 

7l 

iH 

13  30 

» 

lA 
It 

'1 

iH 

^1 

aA 

3|) 

3 

3.^ 
JA 

3A 

\± 

7A 

•3A 

_V 

k 

TABLE  XXVra.  — STADIA  REDUCTIONS 
VERTICAL  HEIGHTS 


Min- 

o'^ 

1° 

2° 

3° 

4° 

5° 

6^ 

7° 

8° 

utes 

o.oo 

1.74 

3-49 

S.23 

6.96 

8.68 

10.40 

12.10 

13.78 

0 

a 

o.o6 

1.80 

355 

S.28 

7.02 

8.74 

10.4s 

12.15 

13.84 

t 

O.I2 

1.86 

3-6o 

S.34 

7.07 

8.80 

10.51 

12.21 

13.89 

0.17 

1.92 

3.66 

S.40 

7.13 

8.8s 

10.57 

12.26 

13.95 

8 

0.23 

1.98 

3-72 

5.46 

7.19 

8.91 

10.62 

12.32 

X4X>i 

zo 

0.29 

2.04 

3.78 

S-S2 

7.2s 

8.97 

10.68 

12.38 

X4.06 

12 

0.3s 

2.09 

3.84 

S.S7 

7.30 

9.03 

10.74 

12.43 

14.12 

\t 

0.41 

21s 

390 

S-63 

7.36 

9.08 

10.79 

12.49 

14.17 

0.47 

2.21 

395 

S.69 

7.42 

9.14 

10.85 

12.55 

14.23 

i8 

0.52 

2.27 

4.01 

S.7S 

7.48 

9.20 

10.91 

12.60 

14.28 

ao 

0.58 

2.33 

4.07 

S.80 

7.53 

9-25 

10.96 

12.66 

14.34 

aa 

0.64 

2.38 

4.13 

5.86 

759 

9.31 

11.02 

12.72 

14.40 

li 

0.70 

2.44 

4.18 

S.92 

7.6s 

9.37 

11.08 

12.77 

14.45 

0.76 

2.50 

4.24 

S.98 

7.71 

9.43 

II. 13 

12.83 

14.51 

a8 

0.81 

2.56 

430 

6.04 

7.76 

9.48 

II. 19 

12.88 

14.56 

30 

0.87 

2.62 

4.36 

6.09 

7.82 

9S4 

11.25 

12.94 

14.62 

3a 

0.93 

2.67 

4.42 

6.IS 

7.88 

9.60 

11.30 

13.00 

14.67 

^ 

0.99 

2.73 

4.48 

6.21 

7.94 

9.6s 

11.36 

1305 

14.73 

1.0s 

2.79 

453 

6.27 

7.99 

9.71 

11.42 

13.11 

14.79 

38 

I. II 

2,8s 

459 

6.33 

8.0s 

9.77 

11.47 

13.17 

14.84 

4© 

1. 16 

2.91 

4-6s 

6.38 

8.11 

9.83 

11-53 

13.22 

14.90 

42 

1.22 

2.97 

4.71 

6.44 

8.17 

9.88 

"59 

13.28 

1495 

^ 

1.28 

302 

4.76 

6.50 

8.22 

9-94 

11.64 

13.33 

15.01 

1-34 

308 

4.82 

6.56 

8.28 

10.00 

11.70 

13.39 

15.06 

48 

1.40 

3.14 

4.88 

6.61 

8.34 

10.05 

11.76 

13.45 

15.12 

50 

1-45 

320 

4-94 

6.67 

8.40 

10. 1 1 

11.81 

13-50 

15.17 

53 

1-51 

3.26 

4.99 

6.73 

8.4S 

10.17 

11.87 

13.56 

15-23 
15.28 

i 

I.S7 

3.31 

SOS 

6.79 

8.SI 

10.22 

11.93 

13.61 

1.63 

3-37 

S" 

6.84 

8.S7 

10.28 

11.98 

13.67 

15.34 

58 

1.69 

3.43 

S.17 

6.90 

8.63 

10.34 

12.04 

1373 

15.40 

6o 

1.74 

3-49 

S.23 

6.96 

8.68 

10.40 

12.10 

13-78 

1545 

HORIZONTAL  CORRECTIONS 


0° 

1° 

2° 

3° 

4*^ 

5° 

6^ 

7° 

S*' 

Dist. 

O.I 

0.0 

0.0 

0.3 

0.5 

0.8 

z.z 

1.5 

19 

100 

aoo 

0.0 

O.I 

0.2 

0.5 

1.0 

1-5 

2.2 

3.0 

3? 

300 

0.0 

O.I 

0.4 

0.8 

IS 

2.3 

3-3 

45 

5-! 

400 

0.0 

O.I 

o.S 

I.I 

2.0 

30 

4-4 

6.0 

7.8 

^ 

0.0 

0.2 

0.6 

1.4 

2.5 

3.8 

S-S 

7.5 

9.7 

0.0 

0.2 

0.7 

1.6 

2.9 

4.6 

6.5 

8.9 

11.6 

JSS, 

0.0 

0.2 

0.8 

1-9 

3-4 

5-3 

7.6 

10.4 

13.6 

0.0 

0.2 

I.O 

2.2 

3.9 

6.1 

8.7 

1 1.9 

155 

900 

0.0 

0.3 

I.I 

2.4 

4.4 

6.8 

9.8 

13.4 

175 

zooo 

0.0 

0.3 

1.2 

2.7 

4.9 

7.6 

10.9 

14.9 

19.4 

1 

110 


TABLE  XXVIII.  —  STADIA  REDUCTIONS 
VERTICAL  HEIGHTS 


xo'' 

XX° 

12° 

13° 

14° 

15° 

x6° 

17° 

x8° 

19" 

— 

17.10 

18.73 

20.34 

21.92 

23.47 

25.00 

26.50 

27.96 

29.39 

30.78 

17.16 

18.78 

2Q.39 

21.97 

23.52 

25.05 

26.55 

28.01 

29.44 

30.83 

17.21 

18.84 

20.44 

22.02 

23.58 

25.10 

26.59 

28.06 

29.48 

30.87 

I7.26 

18.89 

20.50 

22.08 

23.63 

25.15 

26.64 

28.10 

29.53 

30.92 

17.32 

18.95 

20.S5 

22.13 

23.68 

25.20 

26.69 

28.15 

29.58 

30.97 

17.37 

19.00 

20.60 

22. X8 

23.73 

25.25 

26.74 

28.20 

29.62 

31.01 

17.43 

19.05 

20.66 

22.23 

23.78 

25.30 

26.79 

28.25 

29.67 

31.06 

17.48 

19.11 

20.71 

22.28 

23.83 

25-35 

26.84 

28.30 

29.72 

31.10 

17.54 

19.16 

20.76 

22.34 

23.88 

2540 

26.89 

28.34 

29.76 

31.15 

17.59 

19.21 

20.81 

22.39 

23.93 

25.45 

26.94 

28.39 

29.81 

31.19 

17.65 

19.27 

20.87 

22.44 

23.99 

25.50 

26.99 

28.44 

29.86 

31.24 

17.70 

19.32 

20.92 

22.49 

24.04 

25.55 

27.04 

28.49 

29.90 

31.28 

17.76 

19.38 

20.97 

22.54 

24.09 

25.60 

27.09 

28.54 

29.95 

31.33 

17.81 

19.43 

21.03 

22.60 

24.14 

25.65 

27.13 

28.58 

30.00 

31.38 

17.86 

19.48 

21.08 

22.65 

24.19 

25.70 

27.18 

28.63 

30.04 

31.42 

17.92 

1954 

21.13 

22.70 

24.24 

25.75 

27.23 

28.68 

30.09 

31.47 

17.97 
18.03 

18.08 

19.59 

21.18 

22.75 

24.29 

25.80 

27.28 

28.73 

30.14 

31.51 

19.64 

21.24 

22.80 

24.34 

25.85 

27.33 

28.77 

30.19 

3X.56 

, 

19.70 

21.29 

22.8s 

2439 

25.90 

27.38 

28.82 

30.23 

31-60 

18.14 

19.75 

21.34 

22.91 

24.44 

2595 

27.43 

28.87 

30.28 

31.65 

' 

18.19 

19.80 

21.39 

22.96 

24.49 

26.00 

27.48 

28.92 

30.32 

31.69 

18.24 

19.86 

21.4s 

2301 

24.5s 

26.05 

27.52 

28.96 

30.37 

31.74 

, 

18.30 

19.91 

21.50 

23.06 

24.60 

26.10 

27.57 

29.01 

30.41 

31.78 

1 

18.35 

19.96 

21.5s 

23.11 

24.6s 

26.15 

27.62 

29.06 

30.46 

31.83 

1 

I8.4X 

20.02 

2i.6o 

23.16 

24.70 

26.20 

27.67 

29.11 

30.51 

31.87 

1 

18.46 

20.07 

21.66 

23.22 

24.75 

26.25 

27.72 

29.15 

30.55 

31.92 

18.51 

•20.12 

21.71 

23.27 

24.80 

26.30 

27.77 

29.20 

30.60 

31.96 

, 

18.57 

20.18 

21.76 

23.32 

24.85 

26.35 

27.81 

29.25 

30.65 

32.01 

1 

18.62 

20.23 

21.81 

23.37 

24.90 

26.40 

27.86 

29.30 

30.69 

32.05 

1 

x8.68 

20.28 

21.87 

23.42 

2495 

26.45 

27.91 

29.34 

30.74 

32.09 

1 

18.73 

20.34 

21.92 

23.47 

25.00 

26.50 

27.96 

2939 

30.78 

32.14 

HORIZONTAL  CORRECTIONS 


X0° 

xx° 

X2° 

13° 

14° 

15" 

x6° 

17^ 

18° 

19° 

It 

, 

10 

3.0 

3.6 

^••' 

S-i 

5.9 

6.7 

7.6 

8.5 

9.5 

10.6 

10 

6.0 

7.3 

8.6 

lO.I 

11.7 

13-4 

15.2 

17rl 

28!6 

21.2 

M> 

9.1 

10.9 

130 

152 

17.6 

20.1 

22.8 

25.6 

31.8 

M> 

12. 1 

14.6 

17-3 

20.2 

23.4 

26.8 

30.4 

34.2 

38.2 

42.4 

K> 

18.X 

18.2 

21.6 

25.3 

29.3 

33.5 

38.0 

42.7 

47.7. 

53.0 

K> 

21.8 

25.9 

30.4 

35.1 

40.2 

45.6 

51.3 

57.3 

63.6 

K> 

21.x 

25.5 

30.2 

35-4 

41.0 

46.9 

53-2 

59.8 

6fi.8 

l^-l 

K> 

24.2 

29.1 

34.6 

40.5 

46.8 

53-6 

60.8 

68.4 

76.4 

84.8 

to 

37.2 

32.8 

38.9 

45  5 

52.7 

60.3 

68.4 

76.9 

85.9 

954 

to 

30.3 

36.4 

43.2 

50.6 

58.S 

67.0 

76.0 

85.5 

95.5 

X06.0 

21T 


TABLE  XXVIIL  — STADU  REDUCTIONS 
VERTICAL  HEIGHTS 


Min- 

ao<» 

ax« 

aa° 

23° 

24° 

utes 

32.14 

33.46 

34.73 

35.97 

37.16 

o 

a 

32.18 

33.50 

34.77 

36.01 

37.20 

i 

32.23 

33.54 

34.82 

36.05 

37.23 

32.27 

3359 

34.86 

36.09 

37.27 

8 

32.32 

33.63 

34.90 

36.13 

37.31 

lO 

32.36 

33.67 

34.94 

36.17 

37.35 

la 

32.41 

33.72 

34.98 

36.21 

37.39 

H 

32.4s 

33.76 

3502 

36.25 

37.43 

32.49 

33.80 

35.07 

36.29 

37.47 

i8 

32.54 

33.84 

35.11 

36.33 

37.51 

30 

32.58 

33.89 

35.15 

36.37 

3754 

aa 

3263 

33.93 

35.19 

36.41 

37.58 

^ 

32.67 

33.97 

35.23 

36.45 

37.62 

32.72 

34.01 

35.27 

36.49 

37.66 

a8 

32.76 

34.06 

3531 

36.53 

37.70 

30 

32.80 

34.10 

35.36 

36.57 

37-74 

3a 

32.8s 

3414 

35-40 

36.61 

37-77 

? 

32.89 

34.18 

35-44 

36.65 

37.81 

32.93 

34.23 

35.48 

36.69 

37.85 

38 

32.98 

34.27 

35.52 

36.73 

37.89 

40 

33.02 

34.31 

35.56 

36.77 

37.93 

4a 

33.07 

34.35 

35-60 

36.80 

37.96 

*1 

33." 

34.40 

35-64 

36.84 

38.00 

33.1s 

34.44 

35-68 

36.88 

38.04 

4« 

33.20 

34.48 

35-72 

36.92 

38.08 

50 

33.24 

34.52 

35.76 

36.96 

38.11 

sa 

33.28 

3457 

35.80 

37.00 

38.15 

g 

33.33 

34.61 

35.85 

3704 

38.19 

33.37 

34.65 

35-89 

37.08 

38.23 

S 

33.41 

34.69 

35-93 

37.12 

38.26 

33.46 

34-73 

35.97 

37.16 

38.30 

25* 


38.30 
38.34 
38.38 
38.41 
38.45 
38.49 

38.53 
38.56 

38.60 
38.64 
38.67 

38.71 
38.75 
38.78 
38.82 
38.86 

38.89 
38.93 
38.97 
39.00 

39.04 

39.08 
39.11 
39.15 
39.18 

39-22 

39.26 
39-29 
39.33 
39.36 
3940 


a6< 


39.40 
39.44 
39.47 

3951 
39.54 
39.58 

39.61 
39.65 
39.69 
39.72 
39.76 

39.79 
39.83 
39.86 

39-90 
39.93 

39.97 
40.00 
40.04 
40.07 
40.11 

40.14 
40.18 
40.21 
40.24 
40.28 

40.31 
40.3  s 
40.38 
40.42 
40.45 


ay' 

ai 

40.4s 

41 

40.49 

41 

40.52 

41 

40.SS 

41 

40.59 
40.62 

41 
41 

40.66 
40.69 

41 
41 

40.72 
40.76 

41 
41 

40.79 

41 

40.82 
40.86 
40.89 

41 
41 
41 

40.92 
40.96 

41 
41 

40.99 

41 

41.02 
41.06 

42 
42 

41.09 

42 

41.12 

42 

41.16 

42 

41-19 

42 

41.22 
41-26 

42 
42 

41.29 

42 

41.32 

42 

41.3s 

42 

41.39 

42 

41-42 

42 

41.45 

42 

HORIZONTAL  CORRECTIONS 


20° 

21° 

2a<» 

23° 

24° 

25° 

a6° 

27° 

a 

Dist. 

100 

II. 7 

12.8 

14.0 

15-3 

16.5 

17.9 

19.2 

20.6 

i 

aoo 

23-4 

25-7 

28.1 

30.5 

33-1 

35-7 

38.4 

41.2 

300 

^11 

38.5 

42.1 

45.8 

49-6 

53-6 

57-7 

61.8 

400 

46.8 

Si-4 

56.1 

61. 1 

66.2 

71.4 

76.9 

82.4 

iC 

58.5 

64.2 

70.2 

76.4 

82.7 

89.3 

96.x 

103.1 

70.2 

77.0 

84.2 

91.6 

99-2 

107.2 

115.3 

123.7 

C 

81.9 

89.9 

98.2 

106.9 

115.8 

125.0 

134.S 

144.3 

93-6 

102.7 

112. 2 

122.2 

132.3 

142.9 

153.8 

164.9 

/ 

900 

105.3 

iiS-6 

126.3 

137.4 
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TABLE  XXXIII.     NUMBERS  AND  FORMULAS. 


Ratio  of  circumference  to  diameter  >k 
Area  of  circle  (irr^)  radius  =  1 
Surface  of  sphere  {ircfi)  diam.  =  1 
Reciprocal  of  same 


Area  of  circle  f  —  ]  diameter  =  1    .    . 

Volume  of  sphere  (t  irr«)  radius  =  1 

Area  of  sector  of  circle  (length  of  arc  =  0 

Area  of  segment  of  parabola  (c  —  chord ; 
m~mid.  ord.) 

Area  of  segment  of  circle  (ap.) .... 

Base  of  hyperbolic  logarithms  .... 

Modulus  of  common  system  of  logs. » 
loge 

Reciprocal  of  same  =  hyp.  log.  10 .    .    . 

Length  of  seconds  pendulum  at  N.  Y. 
(inches) 

Acceleration  due  to  gravity  at  New  York 

Cubic  inches  in  1  U.  S.  gallon   .... 

Cubio  inches  in  1  Imperial  gallon  .    .    . 

U.  S.  gallons  in  1  cubic  foot 

• 

Imperial  gallons  in  1  cubic  foot     .    .    . 

Feet  in  1  meter 

Inches  in  1  meter 

Miles  in  1  kilometer 

Square  feet  in  1  square  meter  .... 

Cubic  feet  in  1  cubic  meter 

Pounds  (Ay.)  in  1  kilogram 

Ton  (2240  lbs.)  in  1  tonne 

Ft.-lbs.  in  1  kilogram-meter      •    •    •    . 

Feet  in  1  mile 

Square  feet  in  1  acre 
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Symbol. 


1 

ir 

}cm. 
e 

M 
M 


9 


Number. 


3-14159 

0.31831 
0.78540 

4.18879 


\ 


a.7i8a8 

0.43429 
2.30259 

39.1017 

3215949 

231 

277.274 

7.4805 

6.2321 

3.280833 

39.37 
0.62137 

10.7639 

353145 
2.90462 

0.98421 

7.23300 

5280 


Loga- 
rithm. 


0.497150 

9.502850 
9.895090 
0.622089 


\     ^^'s^V 


0.434294 
9.637784 

0.362216 

1. 592196 
1.507309 

2.363612 

2.442909 
0.873931 

0.794634 
0.515984 
1-595165 
9793350 

1. 03 1968 

1-547953 
0.343334 
9.993086 

0.859318 
3.722634 
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TABLE  XXXIII.     NUMBERS  AND  FORMULAS. 


SOLUTION  OF  RIGHT  TRLANGLES. 


1.  sin  A=-=cos  B 
c 

3.  tan^=-=cotjB 
b 

6.  8ec-4=-=cosecjB 

b 

7.  vers  A= =  - 


2.  co8^=-=8injB 
c 

4.  cotA^-  =  tSLaB 
a 

6.  co8ec-4=-=8ecjB 
a 

8.  exaecA=- 
c 


9.  a=  c  sin  A=b  tan  A=c  cos  jB=6  cot  jB= v  (c+6)  (c— 6) 

10.  6=c  cos  A=a  cot  ^=c  sin  jB=a  tan  5= v  (c-j-a)  (c— a) 

11.  d=cversJ.  12.  e=cex8ec^ 
rt           6           a           6            d  e 


13.  c= 


cos  ^    sin  ^    sin  A    cos  -4    vers  A    exsec  J. 


SOLUTION  OF  OBLIQUE  TRIANGLES. 


Given. 


14.  A,  B,  a 

15.  A,  a,  b 
1().  C,  a,  6 

17.  a,  6,  c 

18. 

19. 

20. 

21. 

22.  A,B,  C,a 

23.  C,  a,  b 


Sought. 


b,  c 
B,  c 
A-B 

A 


area 
area 

area 


Formulas. 


6=^^ .  sin  B,       c=-7^  sin  (A+B) 
sin  A  sin  A 

sin  B^^^ .  6,       c=^^. .  sin  C. 


a 


sin  A 


tan  i  (J-^)=^tan  i  {A+B) 


a+b 


Let«=i(a+6+c);  sin  M=\'^=^-^=^ 

'  PC 

^     be     __y     s  (*— a) 

^^2  ^  j?  (a— g)  (g— 6)  (<--c) . 
6c 


sm 


vers  ^=^  <«-;)(»-«) 
6c 


area=  '^^  («— a)  («— 6)  («— c) 

area = 

2sin^ 

area=\a6  8inC 
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TABLE  XXXIII.     NUMBERS  AND  FORMULAS. 

GENERAL  FORMULAS. 

24.  sin  .4  =  2  sin  i  A  cos  i  -4  =  Vl  —  cos^  A  —  tan  A  cos  A. 

25.  cos^  =  2cos2i^  — 1  =  1  — 2sin2iil  =  cosaM  — sinSM 
sin  A         sin  2 .4 


26.  tan^  = 

27.  cot^  = 


cos  A     1  +  cos  2  A 

cos  .4        sin  2  ^  sin  2  ^ 


sin  J.     1  — cos2-4     vers  2 -4 

28.  vers^  =  1  — cos^  =  sin  J  taniil  =  2sin2i^ 

29.  exsec  ^  =  sec  ^  —  1  =  tan  A  tan  J  .4  =  X^^s^ 

cos  .4 

30.  sin2^.  =  2sin^cos^ 

31.  cos2^  =  2cos2^  — l^cosa^  — sina-4«l  — 2sina^ 

32.  tan2^=    2tan^ 

1  — tan2^ 

33.  cot2J=^Q^'^-^ 

2cotil 

« 

34.  vers  2A^2  sin^  ^  =  2  sin  ^  cos  A  tan  A 

QK    »«a^»o  A        2  tan^  ^ 
3o.  ex8ec2-4  =  -^ — — 

1  — tan2^ 

36.  8in2^  +  cos2^  =  l 

37.  sin  (-4  ±  £)  =  sin  ^  •  cos  Z?  ±  sin S  •  cos^ 

38.  cos  (-4  i  B)  =  cos  A  •  cos  B  =F  sin  4  •  sin  B 

39.  sin^  +  sini?  =  28ini(^4'5)cOtt^i.^  -  B) 

40.  sin^  — sin5  =  2cosi(^-f  5)siii!t^^  -  B) 

41.  coSi4  +  cosjB*»-'iicoei(il-r^)cosi(^  — ^) 

42.  cosi?  — cos^  =  2sini(^  +  -B)sini(^  — 5) 

43.  8in2  ji  —  sin2  b  =  cos^  B  —  co82  ^  =  sin  (A  +  B)  sin  (A^B) 

44.  co8a^  —  sin2  5  =  cos(^+B)cos(-4  — B) 

45.  tan^  +  tani?  =  .5inLdi?I 

cos  A  •  cos  B 

46.  tan^-tani?  =  -5!llMz-BI 

cos  -4  •  cos  B  X 
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TABLE  XXXIII.     NUMBEBS  AND  FORMULAS. 


(1)  siniD-^ 

(4)  i?^  =  ^(ap.) 

(6)  2;  =  ^(ap.) 

(8)  £«  =  |l(ap.) 

(10)  C=2/?smi/ 


SIMPLE  CURVE  FORMULAS. 

50 


(12)   R^ 
(14)   i?  = 


i; 


(2)   i?=    .    ^n 
(5)    r=/?tanil 

(7)  ^=/?exseci/ 

(9)  if=i?versi7 

(11)  i?=rcoti/ 
if 


exsec^/ 


(13)  R  = 


vers  i  / 


C 


2sini/ 


(16)  2>a -^(ap.) 
(18)  c»2i?sin&(2 


(20)  d  = 


100 


(23)  X=:100^(ap.) 


(26)  i>  = 


1007 


(27)    a,-i  =  ai(7).  -  Z)i) 


(29)   a,  =  aioo 


lOOa 


(16)  i)a  =  ^(ap.) 

(17)  Da  =  |l(ap.) 

(19)    -^=4(ap.) 
^100     D^  ^  ' 

(22)    ^=cx0.3'xi>a(min.) 

(24)  /=f|(ap.) 

(26)  a  =  —     «1<K,=  2^ 
(28)  a„=n2aioo(ap.) 

(30)  c-a  =  M(ap.)  =  ^(ap 
2c  2a 


(31)  M^R- 


Ordinate  =V(i?  +  «)(i?-g)  ""^(^"^2)  (^"l) 

(36)  Offset  =  _£L  if  (ap.) 


(33) 


(34)  ^-^(aP) 


(36)  Ordinate  =  ^^^(ap.)      (37)  AA'  =  ^ 

(38)   jB-jB'  =  -^ 
^    '  vers/ 

vers  I 
C42;   44'  =  (^  -  -R')  tan  I 


(39)    BB'=-,-Vr 
sin^  J 


^«»  »-«'=-^5Sl 
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TABLE  XXXIII.     NUMBERS  AND  FORMULAS. 


COMPOUND  AND  REVERSED  CURVES. 

(46)  wera Ii^-^ '- 

(47)  r,  =  (i?, -/?,)  sin  Ji  +  i?,  sin /-r.  cos  I.    Also  (49). 

(48)  jj^^jf^^T.siuI-R.yersI 

vers/j 

(50)  taniJ,==     T.slnl-Ii.yersl 

(51)  ji^^ji^^T,-^T.cosI-R.siuI 

/Ko\  T      ^i  vers  I—  T,  sin  / 

(52)  ver8  7.  =  -i -i 

(63)  r.=  ^,sinJ-(i?<-/?,)sinJ.-r,co8J.    Also  (55). 

(64)  ji^^ji^^Riy^rsI-T.Hinl 

vers  /, 

/K/j\   *      ir         i?i vers /— r, sin/ 
(56)  tani7,=  — — ;  * 


/?4  8in/— r,co8/— t; 

(57)  «.-«.  =  :«tSi°I=:ii£2Ltia 

sin7« 

iii —  ii« 

(65)  — ^——  =  vers  /«'  —  vers  Ii 
Ri—B, 

(66)  -  -  ^ —  =  vers  /f  —  vers  /i' 

(67)  ^  D  =  v*''®  "'•  ~"  ^****®  ■'^'' 


(68) 


Ri-R. 


vers  /«'  —  vers  /• 


(69)   vers/r  =  i^ 


R 


(70)   R 


i£. 


(72)    7?  =  -^ 
40 


vers  7^ 


(75)   /?i+i?a=3-J2-- 
vers  7^ 

(81)   /?=  ^ 


(74)  (f  =  2\/:^ 


tan  i  7^  +  tan  i  7^ 

(78)  ra«rico8  74-7?i8in7— (/?i+^2)sin-fa 

(79)  ver87i  =  ^2 vers 7+  rasin^ 

(80)  ri=r2eo8  7+/?2  8in/+(fii-VR2)ftVxiI\ 
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TABLE  XXXIll.    XL-MBEKS  AND  FORMULAS. 

PAKABOLA8,  TURNOUTS,  AXD  SPIRALS. 

(82)  v>  =  *p'x 

|«i)„,  =  S-|lij: 

m  n.i^ 

(8i>)  «>tlf=2 

lai- 

'  '     *2    a,i,i(J''  +  «.i 

tii(*'-S) 

(»)  ^— '+'£nTr+sf+*'™''+'" 

(lOS). .«-(«  +  !)  vm  J- 

(IW)  v.=(«+p8ln/'-fteo3*'  +  n6 

(107)  a-ff-(HH-2)vera*'  +  A9iuf 

(110)  ;.S^£»!«!!i' 

(HI)  «.+f-^^ 

(113)  flj  +  ^=£^ 

versf 

(117)  E  =  ign 

(UK)  fl  =  2s«a 

(120)  tauiO-'J^^2)i? 
«-  +  ? 

'™*-f=5S^ 

»«"'-*s;s^;; 

""'"•ijSs 

(141)  i(  =  ^ 

t"^"=2-|r. 

<»"";& 

*^"''-^. 

<--"-=l|- 

(146)  i-|;  ic  =  | 

(imA)  i^i'{j-f 

(148)  }  =  !/,-B^sl 

lie 

{[iSA)  p^x,-R,yeTesc 

(149)    T.  =  q+Tc+ptaBH 

^"^^'-du 

(150J)  <;  =  ?+pta 

niJ 

(151)   R.-B,  +  A^-|iA 

<151^)  <l^g-lR,- 

R3+ft)3) 

t,-ltaA>  il=ii-VR\-Ri*\aV 


TABLE  XXXin.    NUMBEBS  AND  FOBMULAS. 

f  EAKTHAVORK. 

i    (153)  Tg  =  hi-hg  (154)  r^  =  rg^-g 

[    (165)  c=ry-re  (156)d  =  46  +  »c 

[.(167)  dr=J6  +  «^  (158)   F=i«±Ai.i 


C(dj-hdr)-|-|(Ai  +  Ar) 


(leO)  a  =  c(6 -|-«c)  (161)  A  = 

(162)  A  =  (c-h^)^-^  (163)  ^^cft+/rtfr+/ic?i 

(163^)  F=(^o  +  4^+-4i)i        (166)  C  =  -^(6i-&o)(^i-Ao) 

O  l!a 

(167)  C  =  -^(ci-Ce)(Z)i-Do)(tt.) 

(168)  Cioo  =  g^  (ci  -  Co)  (2>i  -  Do)  (yds.) 

(169)  rp=  Ve-C  (mA)   F^  =  j^(Fe,«-Cioo) 

(173)  C'  =  (I  +  5c) {hr-hi)  {dr  +  rfO  X  0.00011  D  (yds.) 

(174)  C  =  (|  +  8c) (hr  -  hi)  (dr  +  di)  ^?i  X  0.00011  D  (yds.) 

(176)  ,,  =  ^ (cf.  +p,  -  D^  (178)  ,3  =  ^-^'^^Y^^^' 

(179)  F=:^^^  +  ^J»+>  (180)  |r^^^i  +  Aa  +  /^8H-A4 

3  4 

(183)   F,=^?i±2Mi3V±ii4    (18^^)  S==L-hKihi-\-hr-2c) 
(185)  Tr=^^J  +  ^a  +  ^8  +  ^^4-|(A,-^l  +  ^^  +  ^«  +  ^^) 
(185^)  T.^^^i  +  ^2  +  ^8  +  ^4^^(^^^j^a^ 

(187)  Ve,oo  =  5o  H-  ^1  (188)  F.,  =  (So  +  ^i)  ^ 

(190)  Vp,  =  (So  +  Si  -  C) ^         (191)  S^^aB 

(204)  c,  =  g.^k^(ft.)  (206)  x,^  =  ^f.^« 

lUU  ^ 
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EXPLANATION  OF  TABLES. 


For  all  Circular  Curves  except  Metric  Curves  the  degree  D 
is  the  central  angle  subtended  by  a  chord  of  loo  feet. 

Table  I.  The  Radius  is  computed  from  the  Logarithm,  and 
the  latter  is  in  general,  therefore,  superior  in  precision.  A  few 
of  the  large  Radii  at  the  beginning  of  this  table  are  taken  from 
ten-place  tables  and  are  superior  in  precision  to  the  correspond- 
ing Logarithms.  For  many  computations  the  Logarithms  are 
more  convenient  than  the  Radii  themselves. 

Table  IL     Tangent  Offsets  and  Middle  Ordinates. 
These  are  given  for  chords  of  loofeet. 

Table  III. )  Tangent  Distances  for  a  i°  Curve. 

Table  IV. )  Correction  for  Tangent  Distances. 

The  intersection  angle  /  is  marked  by  degrees  at  the  top  and 
minutes  at  the  side.  The  tangent  distance  for  a  curve  of  any 
specified  degree  is  obtained  by  taking  from  Table  III.  the  tabular 
number  for  the  given  intersection  angle,  and  dividing  this  by 
the  specified  degree  of  curve.  This  gives  a  result  approxi- 
mately correct.  The  correct  result  may  be  obtained  by  apply- 
ing from  Table  IV.  the  correction  for  the 'specified  degree  of 
curve  and  the  given  intersection  angle.  This  correction  is  to 
be  added  after  dividing  by  the  degree  of  curve. 

Example,    Degree  =  9°.     Intersection  angle  =  60®  48'. 
Tabular  number  =  3361.6(9  =  D. 

373.51       approx.  value  T, 

.38   =  correction  9°  and  61**. 
373.9     =  correct  value  for  Tangent 
Distance. 

Table  V.    External  Distances  for  a  1°  Curve. 
For  any  specified  degree,  divide  the  tabular  number  by  the 
specified  degree  of  curve.    The  result  is  closely  approximate. 
No  table  of  corrections  is  given  lot  X\i\».    "^Yict^  ^^^Lxvlte  pre- 
cision  is  required,  find  result  by  \oga.T\\Xi\si\a  c^aoseoXaSStfiii. 
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EXPLANATION  OF  T 
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'I'aule  VI.     SpiiulH  fur  VarluUH  Uegrees  al  Curvn. 

The  spiral  adopted  lierc  is  tlie  Am.  Ky.  Eiig.  Aw'n  apiral  iu 
wLicli  UiB  leiiKib  of  Hpiral  is  iliu  uum  ot  Ibii  equuX  cbnrda,  and 
III  which  the  spinil  aiiglex  vary  ua  the  gqiiareii  of  the  luu^tlw  fruoi 
the  T.S.  The  Am.  liy.  Kiig.  Arh'u  has  cuinputad  vaiuen  of 
ye,  x,,  C,  in  loriDB  of  the  ieugtii  iif  spiral  I,.  These  values  liave 
bi'tfn  used  wt  tim  fundaiim^utal  baslit  lit  CDiiiputiii^  the  vulues  of 
Vn  '^r,  V-  Pi  bi"^  the  lung  chord  C  in  this  lablu.  LuEigihn  of  spinil 
are  here  given  In  tuultiples  ot  ao  feet  for  variouB  degrees  of 
curve  from  i"  to  zo°.  The  values  of  «,  nre  also  given  In  tlila 
table.  Fur  finding  the  deflection  angles  this  value  iif  tc  '^  "^*^  '" 
Table  VII  iui mediately  following. 

Tablb  VH.    Deflection  Angles  for  Spirals. 

For  tliB  values  of  s,  found  in  Table  VI  or  by  other  juetliod, 
the  ten  deflection  angles  to  chord  points  are  given.  However 
the  spiral  may  have  been  selected,  when  >,  li  determined,  the 
values  of  tliu  ten  deflection  angles  are  as  found  in  this  table. 

TiBLK  VII  A.  Defleolion  Angles  from  Inlermediale  Points 
on  Spirals. 

For  any  given  spiral  when  »,  U  determined  the  flrsL  defleotiuu 
angle  ii  Is  found  in  Table  VII.  When  the  ti'ansit  is  al  any  in- 
tennediale  point  Table  VII  A  gives  coefficients  by  which  ii  la 
to  be  multiplied  when  sighting  at  any  chord  point  (forward  or 
backward)  used  either  as  a  backsight  on  an  established  point, 
or  as  a  new  point  to  be  fixed  on  tiie  spiral. 

SrampU.    Spiral  angle  «,  =  8^36'  =  8.6". 

Table  Vn  gives  (,  =  o-oi.72'. 

Transit  at  point  6 

BackdoSection  to  7*.^.  =  01.7J' x    36=63' 

Forward  defleution  to  point  7  =  01.7a'  x    20  s  0^34' 

8  =  01.73' X    44='°"6' 

9  =  01.72'  X      72  =  2°04' 

S.C.  io  =  oi.ja' X  io4  =  a"59' 
There  Ik  a  slight  approximation  in  these  coetflclenU  but  they 
are  correot  in  ordinary  caues  and  according  to  the  Am.  Ky. 
Eng.  Ass'n  in  any  case  "  if  the  central  angle  from  Uw.  V"i*m«» 
pciint  to  the  point  of  sight,  lesB  l\vo  maViici  wi-fi*.  Viw 
r.S.  to  tfie  tramtit  point  dow  pot  ftXOwA  v" 
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EXPLANATION  OF  TABLES, 

Table  VII  B.    Spirals.     Coefficients  of  Xc,  tfa  p,  q. 

Ordinarily  the  spiral  will  be  selected  from  Table  VI  and 
values  of  p  and  q  taken  from  that  table.  In  revising  line  irreg- 
ular values  of  1^  and  Dc  will  frequently  be  used.  Table  Vn  B 
allows  values  of  p  and  q  to  be  computed  with  little  difficulty 
and  Xe  and  y^  found  if  needed.  The  value  of  s^  can  be  found 
by  ordinary  computation. 

Table  VII  C.     Diagram  for  Length  of  Spirals. 
This  diagram  explains  itself. 

Table  VIII.    Long  Chords  and  Actual  Arcs. 

The  actual  arc  for  any  given  number  of  full  stations  may  be 
found  by  multiplying  the  length  of  arc  for  one  station  by  the 
number  of  stations.  Actual  arcs  corresponding  to  sub-chords 
may  be  found  by  finding  the  angle  and  then  multiplying  the 
radius  by  the  value  taken  from  Table  XX. 

Table  IX.     Acres  for  Strip  loo  Feet  Wide. 

The  fractions  of  acres  are  carried  to  hundredths.  The 
*^  Lengths  in  Feet^*  are  the  limits  between  which  the  acres 
(or  fraction  of  acre)  apply. 

Example.  How  many  acres  in  1146.97  lineal  feet?  1146.97 
lies  between  1143.45  and  1 147.81,  between  which  we  find  2.63, 
the  required  number  of  acres. 

Table  X.    Curves  for  Metric  System. 

This  is  computed  on  the  basis  that  the  Degree  of  Curve 
equals  the  Deflection  Angle  for  a  chord  of  20  meters,  or  very 
nearly  that  the  Degree  of  Curve  is  the  central  angle  subtended 
by  a  chord  of  10  meters  or  i  station  in  length.  The  radius, 
the  chord,  length,  offset,  or  other  linear  dimensions  on  the 
metric  curve  will  be  ^  that  of  U.S.  curves  of  double  the 
degree  or  nearly  ^  those  of  U.S.  curves  of  the  same  degree. 
The  table  shows  the  corresponding  U.S.  degree  for  each  metric 
curve  given. 

Table  XI.     Barometric  Tables. 

The  approximate  difference  \i\  Yve\^\»  \xv\^^\,  \&  t^xind  by 
taking  the  difference  between  U\e  tat^xV^T  \i»5£!\j«»  <^rraa^\A* 
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EXPLANATION    OF   TABLES. 

ing  to  the  observed  readings  of  the  barometer  in  inches.  Tern- 
perature  correction  is  made  by  the  formula  which 

lOOO 

is  easily  computed  when  necessary.    The  corrected  difference 

in  heights  D=(H-h)(i-^  ^^^^^)  ^^®^®  ^*°^  ^  ^P" 
resent  barometer  and  thermometer  readings  at  one  station  and 
h,  ty  at  the  other. 

Examples.    Barometer  Readings  29.83      28.17 
Thermometer  75°         62° 

Tabularnumber  28.17      2609 

29.83      1049 
1560 

1037 
Temp.corr.    =  75  +  62  -  100  1560 

1000  6222 

^  37  5185 

1000  1037 


Diff.  in  height  =  1618  ft.  1617.720 

Table  XII.     Logarithms  of  Numbers. 

Where  there  are  more  than  four  significant  figures,  the  table 
of  proportional  parts  will  be  found  useful.  The  star  opposite 
certain  logarithms  shows  that  the  two  figures  at  the  left  are  to 
be  taken  from  the  line  below. 

Example.    Required  log  of  6723.46. 

For  left  672  and  top  3  the  logarithm  =  .827563  and  diff.  =  65. 

Table  of  prop,  parts  65  gives  26  for  4 

4  for  .6 

3-827593 

the  characteristic  3  being  one  less  than  the  number  of  signifi- 
cant figures  to  the  left  of  the  decimal  point,  in  6723.46. 

Example.    To  find  number  for  log  2.672962 
Log  of  4709  =    .672929 

33 
Diff.  =  92 ;  for  3  prop,  part  ss  28 

•5  prop,  part  «  V^ 

Number  is  470.  g^^ 
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EXPLANATION   OF   TABLES. 

Table  XIII.  Logarithmic  Sines,  Cosines,  Tangents,  and 
Cotangents. 

In  taking  out  degrees  and  minutes,  use  the  minutes  at  the  left 
with  the  degrees  at  the  left,  whether  the  degrees  appear  at  top 
or  at  bottom  of  page ;  use  the  minutes  at  right  in  a  similar  way 
with  the  degrees  at  right.  Use  headings  for  Sin.,  Cos.,  Tan., 
Cot.,  as  given  at  top  with  the  degrees  shown  at  top  (whether 
right  or  left)  ;  use  headings  for  Cos.,  Sin.,  Tan.,  Cot,  as  given 
at  bottom  with  the  degrees  given  at  bottom  (whether  right  or 
left).  The  difference  for  i  second  is  given  for  every  minute, 
and  is  to  be  multiplied  by  the  number  of  seconds  and  the  result 
added  or  subtracted. 

For  very  small  angles  up  to  5°,  where  results  precise  for  the 
nearest  second  are  required,  Table  XIV  should  be  used. 

Table  XIV.  Auxiliary  Table  for  Logarithmic  Sines  and 
Tangents  of  Small  Angles. 

This  table  is  computed  upon  the  basis  (approximately  true) 
that  the  sines  of  small  angles,  or  the  tangents  of  small  angles, 
are  proportional  to  the  angles  themselves. 

Example,    Required  log  sin  0^47' 12". 

Then  sin  47' 12"^  4/ ig*^ 

sin  47'  47' 

Bin  47'  12'  =  4/  12"  ^  =  2832"'^ 

log  sin      47'  =8.135810 
log        2820"  =  3.450249 

4.685561 
log         2832"  =  3.452093 

log  sin  47'i2"  =  8.137654 

This  auxiliary  table  gives  for  47',  shown  in  the  example 
above,  the  value  of  log  sin  47'  —  log  2820"  =  4.685561  as 
appears  above,  and  for  each  minute  in  similar  fashion  ;  the 
number  given  in  the  table,  then,  is  to  be  added  to  the  log  of  the 
required  angle  (given  in  seconds).  It  should  be  noted  that 
the  table  gives  the  value  of  every  xivVttvvXfe  m^efcoii^*  K^^J^^ 
4y=  2820'^;  whence  also  47'  12"  =  2.%^2". 


EXPLANATION   OF   TABLES. 

Example.     Required  angle  whose  log  sin  =  8.325327. 
Log  sin  1°  13'  is  the  nearest  (Table  XIII). 

Required  log  sin  =  8.325327 

Table  XIV  (sin)  1°  13'  =  4.685542 

4363"  log  =  3.639785 

or  1°  12'  43"  =  required  angle. 

Example,    Required  log  sin  3®  19'  34". 

Table  XIV.  value  for  f  19'  (sin)  =  4.685332 

3°  20'  =4-685330 

Interpolate  tabular  value  for  3®  19'  34"  =  4.685331 
Then  log  1 1974"  =  4.078239 

log  sin  f  19'  34"  =  8.763570 

Table  XV.    Logarithmic  Versed  Sines  and  External  Secants. 
No  explanation  appears  necessary. 

Table  XVI.  It  may  be  shown  that  vers  A  =  28in'^iA; 
it  follows  that  for  small  angles  it  is  approximately  true  that 
the  versines  of  angles  vary  as  the  squares  of  the  angles.  The 
external  secants  also  vary  as  the  squares  of  the  angles. 

Example,   --—---^^-^^——^-^ 

vers  o°  41'  17"  =  24772Z?!^^!4i! 
'  ''      2466a 

The  tabular  number  for  o°4i'  =  log  vers  0^41'  —  log  2460^. 

=  9.070115 
2  log  2477  =  3-393926  X  2        =  6.787852 

log  ve  rs  0°  4 1 '  1 7"  =  5.85  7967 

Example.     Required  angle  whose  log  vers  ss  6.309065. 
Log  vers  1^9'  is  the  nearest  (Table  XV.). 

Required  log  vers         =  6.309065 
Table  XVI  (vers)  i°9'  =  9.070105 

7.238960(2 
4164"  log  =  ^.6\9A?o 

or  I  ®  09'  24"  =  xec^VtA  vci^^ 
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EXPLANATION   OF   TABLES. 

Similarly  for  external  secants  of  small  angles. 

For  exsec.  of  90°  —  small  angles,  it  may  be  shown  that 

«^o^«  A      vers^ 
exsec  A  = 

cos^ 

^^0^.0^0      A     vers  90°  — ^     vers  90°  — .4 
exsec  90  —  ^  = Z— = f- — 

cos  90°  —  -4  sin  A 

where  sin  A  may  be  taken  from  auxiliary  tables. 

Tablb  XVII.  )  Natural  Sines  and  Cosines. 
Table  XVIII. )  Natural  Tangents  and  Cotangents. 
Use  the  minutes  at  the  left  with  the  degrees  at  the  top,  and 
the  minutes  on  the  right  with  the  degrees  at  the  bottom. 

Table  XIX.    Natural  Versed  Sines  and  External  Secants. 
This  requires  no  explanation. 

Table  XX.    Lengths  of  Circular  Arcs ;  Radius  =  i. 

To  find  the  arc  for  a  given  angle  and  given  radios,  look  out 
the  tabular  number  for  the  given  degrees,  also  for  the  minutes, 
also  for  the  seconds.  Add  these  together  and  multiply  by  the 
radius.    The  result  will  be  the  length  of  arc. 

Table  XX  A.     Difference  between  Circular  Arcs  and  Chords. 
The  table  shows  values  for  radius  =  i.      For  any   central 
angle,  the  tabular  number  is  to  be  multiplied  by  the  radius. 

Table  XXI.     Squares,  Cubes,  Square  Roots,  Cube  Roots, 
and  Reciprocals. 
This  requires  no  explanation. 

Table  XXII.    Turnouts  and  Switches. 

The  Frog  Angles  and  Angles  of  Crotch  Frog  are  good  for  any 
kind  of  turnout.  The  lead  and  length  of  switch  rail  are  com- 
puted for  Stub  Switch  only. 

Table  XXII  A. 
XXU  B. 

These  tables  are  the  standard  tables  of  recommended  practice 
of  the  Am.  Ry.  Eng.  Ass^n.    The  combinations  of  frogs  with 
switches  shown  in  the  table  are  a  part  of  the  standard  recom- 
mended. 
The  table  explains  itself  othexvjw©. 
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•  I  Turnouts  for  Split  Switches. 


EXPLANATION  OF  TABLES. 
TikBi.B  XXIII.     Velocity  HeighlB. 
These  are  compiilflil  by  the  foriiiula  .3  =  0.0355  P'' 
includes  the  elfciit  due  to  the  rotative  energy  of  the  wheels. 

Tabe-h  XXIV.    Rise  per  Klile  Varioufl  Groiles. 
riDLB  XXV.     Elevation  u{  Uuter  liail  on  Curvea. 
This  Ubie  ia  based  on  the  furmahi  e.  = 'J^^ 


Table  XXVI.     Inches  in  Decimals  of  a.  Foot. 
This  table  requiree  no  special  explanation. 

Tabi.b  XXVII.     Middle  Ordinate  for  Curving  Rails. 

This  table  gives  in  common  fractions  of  an  inch  the  middle 
ordinate  for  various  lengths  of  raihi.  This  will  be  more  con- 
venient for  une  than  It  would  be  if_  decimal  frat^tions  were  to  b^ 


Table  XXVIII.   Stadia  R 


(,  Horizon 


.1  and  VRrtioal. 


Stadia  hairs  are  utit.  so  tiiat  the  borlzoutal  illHtatice  with  the 
line  of  siifht  level  will  be  loo  times  the  rod  reading,  or  100  r. 

To  ChlH,  however,  must  be  added  a  constant  c,  due  to  the  op- 
tical conetrueUon  of  the  instrument.  It  is  common  practice 
to  OBsame  that  c  =  i  ft.  for  transits,  and  c  =  a  ft.  for  alidades. 
-  For  a  level  sight  the  horizontal  distance  will  be  100  r+  i  for 
transit,  and  this  distance  100  r -I- t  Is  also  used  in  computing- 
vertical  heigbifl,  when  a  vertical  angle  has  been  taken. 


Example.     Hod  reading  =  5.27  at  7°37';  f  =  1 

100  J- -I-  I  =528  tor  a  transit 
Vertical  beiRht  from  Table  for  rod  reading  of  1  ft.  =  (3.14 
For  rod  reading  5.17  use  corrected  value  5.28  x  13.14  =  69- 
For  horiionta!  correction,  interpolate  for  518  iind  for  7^37' 
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EXPLANATION  OF  TABLES. 

Tablb  XXIX.     Mean  refraction  in  Declination. 

This  table  is  copied  from  W.  and  L.  E.  Gurley's  Manual  by 
I>ermission.  The  hour  angle  indicates  the  distance  of  the  sun 
from  the  meridian ;  for  example,  2  hours  indicates  either  10  a.m. 
or  2  P.M.  For  one  hour  either  before  or  after  noon  the  refrac- 
tion may  properly  be  taken  the  same  as  at  noon,  or  o  h. 

Declinations  north  appear  as  +  in  the  table,  and  the  refrac- 
tion is  to  be  added.  Similarly,  declinations  south  appear  as  — , 
and  refractions  are  to  be  subtracted.  The  refractions  here 
given  are  to  be  applied  to  declinations  taken  from  the  Nautical 
Almanac,  and  a  sufficient  record  of  these  must  be  made  before 
going  into  the  field. 

Example.  Required  corrected  declinations  Monday,  Sept.  11, 
1905,  at  New  Orleans.     (Lat.  29°  57'  46" ;  Long.  6*»  oo"*  13.9".) 

Greenwich    Mean   Noon  =  6  a.m.    New   Orleans    (standard 
time). 
Naut  Aim.  gives  Decl.  N.  or  +  4^43  16",  Diff.  for  i  hour  = 


ty  57"  QsuDtract 

)' 

Lat.  30** 
Decl.  +  5® 

New  Orleans 

Declination 

Refraction 

6  a.m. 

+  4°  43' 16" 
-57" 

for 

5^  =  1' 52" 
4^  =  0'  52" 

7 

4°  42'  19" 
57" 

+ 

I' 52" 

= 

4^44'n" 

8 

4°  41 '22" 

+ 

0'  52" 

= 

4^*42' 14" 

9 

4°  40'  25" 

+ 

o'39" 

= 

4**  41' 04" 

10 

4°  39'  28" 

+ 

o'3i" 

= 

4**  39'  59' 

II  a.m. 

4°  38' 31" 

+ 

0'  27" 

s;: 

4°  38'  58' 

12  M. 

4°  37'  34" 

+ 

0'  27" 

= 

4*>38'oi" 

I  P.M. 

4°  36' 37" 

+ 

0'  27" 

s= 

4037/04" 

2 

4^35  40" 

+ 

o'3i" 

= 

4°  36' 11" 

3 

4°  34'  43" 

+ 

o'39" 

=: 

4°  35'  22" 

4 

4"  33' 46" 

■V 

0'  s^" 

^ 

*?  -JA'  ^8" 

5 

40  32'  49" 

■V      1'  s*** 

'       -^  V^  K^'^ 

2^% 


EXPLANATION  OF  TABLES. 

Example,    Required  corrected  declinations  Monday,  Feb.  6, 
1905,  at  Denver.     (Lat.  39°  45' 00";  Long.  6*»  59™  58.2».) 

Greenwich  Mean  Noon  =  5  a.m.  Denver  (standard  time). 
Decl.  S.  or  -  15°  43' 46"  Diff.  for  i  hour  =  0' 46"  (subtract). 

Lat.  40° 


# 

Decl.  —  15 

0 

1 

Denver 

Declination 

Refraction 

5  A.M. 

6 

•15' 43' 46" 

46" 

15°  43' 00" 

46" 

for  5»»  =  25'  18" 
(not  suitable  to 

use) 
for  4*»  =   3'  21" 
for  3^  =    2'  02" 

7 

15^42' 14" 

8 

15^41' 28" 

— 

3' 21" 

= 

15**  38' 07" 

9 

15^40' 42" 

— 

2'  02" 

= 

15°  38'  40" 

10 

15' 39' 56" 

— 

I' 35" 

^ 

15° 38' 21" 

II  A.M. 

150  39'  10" 

— 

I' 21" 

= 

15° 37' 49" 

12  M. 

15° 38' 24" 

— 

I' 21" 

= 

15°  37' 03" 

I  P.M. 

15° 37' 38" 

- 

I'  21" 

= 

15°  36' 17" 

2 

15° 36' 52" 

— 

I'  35" 

= 

15-35' 17" 

3 

15° 36' 06" 

— 

2'  02" 

= 

15°  34' 04" 

4 

15°  35'  20" 

— 

3'  21" 

^ 

15°  31' 59" 

Table  XXX.    Triangular  Prisms. 

Any  end  area  of  a  section  of  earthwork  may  be  divided  into 
a  number  of  areas,  each  triangular  in  form.  This  table  gives 
the  solidity  in  cubic  yards  of  a  triangular  prism  50  feet  in 
length,  the  factors  required  for  the  table  being  the  height  or 
altitude  a  and  the  width  or  base  B^  in  accordance  with  the 
formula  S  =  iiaB.  The  end  area  solidity  for  100  feet  in 
length,  due  to  two  different  end  sections,  will  be  the  sum  of 
the  two  solidities  for  the  end  secUons,  01 

F.ioo  =  So  -^  Si 
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EXPLANATION   OF  TABLES. 


Example,  Sta.  i      ^''    —  7.4 


-5.8      '"^  -8.4 

Base    14  ft.  12.7  14.2 

'    -3-5 


Slope  IJ  to  1  -  3.8      ^  "^  -  4.8 

For  Sta.  o  the  calculation  may  be  put  in  the  form 


^0  =  M(3.5  X  12.7  +  14.2)  +  |J(7.o  X  3.8  +  4.8) 
=  f  J(3.5  X  26.9)  +  JS(7.o  X  8.6) 

where  the  triangles  are  grouped  in  pairs,  in  which  there  is  a 
common  base  for  the  two  triangles  in  any  pair. 

Since  the  table  is  in  the  form  /S'  =  f }  aB  the  solidity  for  20 
will  be  10  times  that  for  2,  and  the  solidity  for  ^  will  be  ^  that 
for  2.    The  use  of  the  table  is  then  simple. 

For  instance,  to  find  fS('9-3  X  24.7),  find 

from  Table  XXX.       19.3        20.    =  357.4 

4.    =    71-5 

/8'=  441.4 

In  the  example  given  by  notes  above, 

So  =  iS(3.5  X  26.9)+  4J(7.o  X  8.6) 

from  Table  XXX.       26.9         3.    =    74.7 

.5        12.5  87.2 

8.6  7.  55^  142.9 

Si  =  M(7.4  X  35-3)  +  M(7.o  X  14.2)      ' 

from  Table  XXX.  35.3  7.    =  228.8 

.4=    '3'^  241.9 

14.2         7.    =  92.0         333-9 

noo  =So+Si=  476.8 

//  the  section  be  80  feet  long  instead  of  100,  the  correct  result 
will  be  4^6,8  X  0.8  =  38144,  and  lot  wv^  \«a!i^  Nsi  ^\s^\  ^to- 
portioD, 
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EXPLANATION   OF  TABLES. 

Irregnlai'  Beotions  of  efinhwork  may  also  be  divided  into  palni 
of  triangles,  and  eacli  pair  calculated  for  50  feet  in  length  by 
S  =  a  aB.  If  divided  into  trapezoids  the  oompulatioa  may 
still  bH  put  ill  the  form  S=\\aB.  In  botli  tliese  cases  tbis 
table  evidently  applies. 

Wliere  speed  is  desired,  each  quantity  may  be  taken  from 
the  tAble  to  tlie  nearest  yard  only,  and  tno  or  more  parts  added 
by  mental  arithmetic.  The  precision  thus  secured  is  generally 
superior  to  lliat  of  tbe  field  meaaureineDta,  where  a  difference 
I  foot  In  the  helglit  of  any  cut  or  fill  meaoH,  commonly, 
several  yards  difference  in  solidity. 

Tablk  XXXI.    Prismoidal  Correction. 

This  table  gives  the  correction  to  be  applied  to  the  "  end 
Uea"  solidity  to  xecure  a  result  strictly  correct  by  prismoldal 
formula.  Tbe  table  gives  values  for  C=— i—  (ci— Co)(i>i- 
In  this  table  also  the  correction  for  zo  will  be  10  times  that  b 
3,  and  the  correction  fur  ^  will  bo  ^  that  for  2. 

Example.    Uaa  data  given  above  for  Table  XXX  (top  p.  2 
The  correction  will  be 


3-H 


(7-4  -  3-S)(i9-6+"S.7  -  I4-I  +  "7) 
-C3-9)C35-3-a6-9) 


=— C3.9)(84) 
from  Table  XXXI.    3.9 


=  9.63 

=  ^ 


From  Example  Table  XXX.    r.,„  =  476.8 

from  above  O     =    lo.i 

Correct  Solidity  =  r^„  =  466.7 

It  the  section  be  So  feet  long  instead  of  100,  the  correct 
result  will  be  466.7  x  0.8  =  373.36  and  for  auy  length  in  direct 
proportion. 

Tlie  niultiplicfttion  by  0.8  can  bes\.  \)ft  matift,  wi  \'a»X-  ataciis., 
(ffier  applj/Sng  the  correetio)i. 
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EXPLANATION   OF  TABLES. 

Table  XXXIL  Earthwork  for  various  bases  and  for  slope 
ijto  I. 

It  applies  only  to  regular  "Three  Level  Sections."  Each 
table  gives  for  any  center  height  two  quantities  under  colunms 
L  or  K.  Column  L  gives  the  solidity  in  cubic  yards  of  a  level 
section  50  feet  in  length  and  of  the  given  center  height.  Col- 
umn iT gives  a  quantity  to  be  used  in  connection  with  the  side 
heights.  The  figure  from  column  ^^  is  to  be  multiplied  by  the 
difference  between  (a)  the  sum  of  the  side  heights,  and  (6) 
twice  the  center  height,  or  KQir  +  ^1  —  2c)  and  the  result  is  to 
be  added  or  subtracted  depending  upon  whether  the  arithmetical 
sum  of  the  side  heights  is  greater  or  less  than  twice  the  center 
height. 

Example.  Sta.  i  — 5^  —  7.4  _g 

Base  14  feet  12.7  14.2 

Slope  li  to  I  °  -3.8  ""  ^'^  -  4.8 

Sta.o  3.5  Z=  124.8       -Sr=    11.3       3.8=3'A| 

18.1  1.6       4.8  =  Ar 


142.9  678       8.6 

113  7.0  =  2C 


18.08        1.6 

Sta,  I  74-^=  344.0       J5r=   16.8       5.8 

— 10. 1  —     0.6       84 


333.9 


8q  =  142.9 
81  =  333.9 


"^^100  =  476.8 

The  remits  agree  with  those  g\^eTiloxT«XAa^XX.*'^^«»th« 
notes  are  the  same. 
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